The Chow-Kontsevich dilogarithm

Sinan Unver

Abstract. Based on a variant of the Kontsevich 1%—logarithm function, we construct a reg-
ulator for a curve over the ring of dual numbers of a field of characteristic p. This also leads
to an infinitesimal invariant of certain cycles in characteristic p.

1. INTRODUCTION
The Shannon entropy function defined by
H(z) := —zlog(z) — (1 — z)log(l — z),
for 0 < & < 1, satisfies the fundamental equation of information theory:

Y x
This same equation reappeared in the work of Cathelineau ([2], [3]) which gave an infinitesimal
analog of Hilbert’s third problem. If k is a field of characteristic 0, let S3(k) be the vector space
over k generated by the symbols (z), for z € k> \ {1} with relations generated by
Yy x
_ 1— W —2—y — (1 —
(@) = )+ (1 -2 ) - (=)

when z +y # 1. The map D : B2(k) — k ® k* defined on the generators by

D({a)) =a®a+(1—a)®(1—a)

is an infinitesimal analog of the Dehn invariant. Cathelineau proves that the cokernel of D is
isomorphic to Q4 [2, Theoréme 1]. The infinitesimal version of the scissors congruence group can
be seen as the limit of the hyperbolic scissors congruence group as it approached to the euclidean
one ([5],[6]). The observation that in the limit the hyperbolic volume map should approach the
euclidean volume map, led Bloch and Esnault to define an additive dilogarithm based on a K-
theoretic complex in [1]. A similar dilogarithm map was expected on an infinitesimal scissors
congruence group [6]. Letting k,, := E[t]/(t"), such a dilogarithm function fiy (§2.2.1), on the
Bloch group Ba (k) (§2.1) is defined in [10]. Letting & : Ba(k,,) — A%k be the Bloch complex
(§2.1), it was shown that the infinitesimal part of ker(d) is isomorphic to the indecomposable
part of K3(k,,)/Ks(k), and the infinitesimal part of coker(d) is isomorphic to K2 (k,,)/ K3 (k),
as expected. Moreover, for m = 2, the Bloch complex includes Cathelineau’s complex f2(k) —
k ® k* as a subcomplex.

The indecomposable part of K3(ks)/K3(k) is isomorphic to k®k, if k is a field of characteristic
p > 5, whereas it is isomorphic to k, if k is of characteristic 0. This suggests that in characteristic
p, there might be two independent dilogarithm functions on Bs(ks). In [8], Kontsevich defined
the function

%

1<i<p—1
which he called the 1%—10garithm since it satisfies the four-term functional equation (1.0.1). This
function was modified in [11], to define a characteristic p dilogarithm map figp ) (83), from Ba (k)

to k. This dilogarithm function éiép ) together with /iy was used to compute cohomology of the

Bloch complex in characteristic p in [11]. The aim of the present work is to define an infinitesimal
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Chow dilogarithm on a curve, which reduces to Ez(p ) for the projective line. Next we describe the
main theorem.

Assume that k is a field of characteristic p > 5 and C' is a smooth and proper curve over ko.
For each closed point ¢ of C, we fix, once and for all, a closed subscheme ¢ of C' such that ¢ is
smooth over ks and has support equal to c. Let & denote the set of all these subschemes ¢, and
let 1 be the generic point of C. For a point « of C let O¢, denote the local ring of C at x.
Let k(C, 22)* denote the subgroup of (’)C , which consist of those f in OF , such that if ¢ is a
closed point of C and § € O¢ . defines the closed subscheme ¢ then f = us” for some n € Z and
ueOf,.

In §2.3, we modify the construction in characteristic 0 in [12] to obtain the infinitesimal Chow-
dilogarithm

p: A3k(C, 2)*
However, the main construction of this paper is the map

K N3K(C, 2)*

which is based on the Kontsevich logarithm and is a purely characteristic p object. This is stated
as the main theorem:

Theorem 1.0.1. Let k be a field of characteristic p > 5, and C a smooth and projective curve
over ko and & and k(C, P)* as above. We have a regulator map:

K - ABk(C, y)x

associated to the Kontsevich lé—logarithm £1, which canonically associates an element in k to a
triple of functions on C. When C' is the projective line ]P’,l62 with coordinate function z, then

pr((z—=a) A (z=B) A (z=7)) = a” - La(s),
where T ﬁ =s+as(l —s)t, witha € k, s € k™ \ {1}.

We call the function px, the Chow-Kontsevich dilogarithm. The regulators px and p are linearly
independent. If ¢ denotes the variable in ko, rescaling ¢ to a - t, results in multiplying p with a3
whereas pg is multiplied with a?.

One can interpret the existence of px as part of a strong reciprocity law on curves. Let X be
a smooth and projective curve over a field k. Suslin proved that the sum of norms of the residue
maps

Dae|x|res, Dre| x| Ne(z)/k
B

K (k(X)) Dre| x| KL (k(2)) KLy (k)

from the Milnor K-group of the function field of X to those of the closed points of X, is equal to 0
[9]. When n = 1, this states that the degree of the divisor of a rational function is 0. When n = 2,
this is a restatement of Weil reciprocity. We are interested in the case when n = 3. Assuming
that k is algebraically closed, Goncharov conjectures in [7] a stronger version of this reciprocity
law: the sum of the residue maps from the motivic complex of k(X) to that of k is homotopic
to 0. In particular, this implies the existence of a map from A3k(X)* to the Bloch group Ba(k)
(§2.1). Composing with any map from By (k) to a group A gives a map from A%k(X)* to A.

The analog of Goncharov’s conjecture in our main set-up would give us a map A*k(C, £2)*

By (ka) (cf. [12, §3.4]). Composing with the characteristic p dilogarithm fz(p) By (ka) — k,
would give a map from A3k(C, 22)* to k. The Chow-Kontsevich dilogarithm pg is expected to
be this function.

We will also use px to define an infinitesimal invariant of cycles. Let koo := E[[t]], and
OF = koo Xk (P \ {1})™. For 0 < ¢, n, we define a certain subgroup 2%(koo,n) of cycles of
codimension ¢ in O} (§7.2.1), [12, §4]. For fixed ¢, these groups form a complex. Based on the
construction of the map in Theorem 1.0.1, we define a regulator map

PK : é?(koovg’) - ka

which vanishes on boundaries and has the property that if two cycles are congruent modulo (¢2)
then they have the same image under px (Theorem 7.2.3).
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Outline. In §2.1 and §2.2 , we review the definitions of the Bloch group and the Bloch complex,
the additive dilogarithm of [10] and the construction of the infinitesimal Chow dilogarithm in
the characteristic 0 case [12]. In §2.3, we describe the modifications that are needed in order
to carry this construction to characteristic p. In §3, we review the construction of Ei(Qp )7 the
additive dilogarithm in characteristic p, based on the Kontsevich 1%—logarithm and its relation
to K-theory [11]. In §4, we describe the construction of the 1-form Q) which helps us control
different local liftings of a curve. This section handles the split case. In §5, we prove that the
residues of the 1-form Q®) are independent of the parametrization: the main result is stated as
Proposition 5.4.1, the main step of the proof is Lemma 5.2.1. In §5.5, we use this invariance
of residues to define the residue of the 1-form Q) for a pair of smooth algebras of dimension
1 over kj, which have isomorphic local rings at their generic points. Lemma 5.5.2 shows that
this residue depends only on the reduction of this isomorphism to the reduced closed subscheme.
In §6, we relate the additive dilogarithm Ziép) to the residue of Q®) in Proposition 6.0.5. In
§7.1, we prove Theorem 1.0.1, which constructs the Chow-Kontsevich dilogarithm and use this
construction in §7.2 to define an infinitesimal invariant of cycles in g?c(koo, 3).

Notation. Let A be a ring and I be an ideal of A. If a € A, we let a|; € A/I denote
the reduction of a modulo I. If p = (a,b,c) € A® is a triple of elements in A, we write p|;
for (alr,blr,clr) € (A/I)®. If the ideal is I = (t™), we also write a|ym instead of afmy. If
a: X — Y is any function and p = (a,b,¢) € X x X x X, we abuse the notation and write a(p)
for (a(a), a(b), alc)).

For a ring R, we let Ro, := R[[t]] be the formal power series ring over R and R, := R[t]/(t™),
the truncated polynomial ring over R of modulus m. If R is a Q-algebra then the exponential
map is defined as e* := Y, % for @« € (t) € R. The same formula defines a map for
a € (t) C R,,. On the other hand, if R is a ring of characteristic p, even though there is no such
an exponential map on R, we define the modified version e® := ZOSH<;D %, for a € (t) C Reo-
This gives a map from tR., to Ry. We denote the induced map from tR, to R, with the same
symbol.

2. THE INFINITESIMAL CHOW DILOGARITHM

2.1. Definitions of the complexes. If R is any ring, we let R’ := {r € R|r(1 —7) € R*}. The
Bloch group Bs(R) is defined to be the quotient of Z[R’] by the subgroup generated by

(2.1.1) 2] =[] + [y/2] = [(1 =271 /A =y~ )]+ [(1 - 2)/1 - y)],

for all z,y € R” with z —y € R*. Let § : By(R) — A2R* denote the map which is defined on
the generators by 6([z]) := (1 — 2) A z. The complex obtained by putting Ba(R) in degree 1 and
A2R* in degree 2 is called the Bloch complex of weight 2:

By(R) —2— A2RX.

2.2. The characteristic 0 case. In this section, we review the theory in characteristic 0. We
refer the reader to [10] for the details on the additive dilogarithm and to [12] and [13], for the
details on the infinitesimal Chow dilogarithm.

For aring R, let Ry, := R[[t]] denote the ring of formal power series over R. If R is a Q-algebra,
let log : (1 + tRoo)* — Roo denote the logarithm given by log(1 + z) := ZKn(fl)”H%, for
2z € tRy. Let log® : RY — R, be the branch of the logarithm associated to the splitting of
R — R corresponding to the inclusion R < R... In other words, log® is defined as log®(a) :=
log(5(57), for a € RZ,. For ¢ = Yo<i @it" € Roo, we define t;(q) := ¢;. For a € R, we let

li(a) = t;(log” (). h

2.2.1. Additive dilogarithm. If R is a Q-algebra, and m > 2, we defined maps

Cim.r : Bo(Rim) — R,
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for each m < r < 2m. In this paper, we will only use this map for m = 2 and r = 3 and with the
notation fiy instead of liy 3. Hence fiy defines a map

lis : By(Rs) — R.
Explicitly, this map is given by
a3
This can also be described using the map 6 : Ba(Ro) — A2RZ as follows. If we let
by Nl A°RE — R
be given by (€2 A £1)(a Ab) := la(a)ly(b) — l3(b)¢1(a) then the map (¢3 A £1) o § factors through
the canonical surjection By(Ro) — Ba2(Rs) :

(2.2.1) lig([s + at]) = —

Bs(Roo) —>— A2R%

L e

BQ(RQ) L) R,
and, abusing the notation, we write

(2.2.2) lig = (ba AN ly) 0 0.
In the following, we will also use the notation ¢ := /5 A {1 and hence write
(2.2.3) lio = Lo d.

2.2.2. Infinitesimal Chow dilogarithm. In this section, we review the infinitesimal Chow diloga-
rithm when the base field k is of characteristic 0. We refer the reader to [12] and [13] for the
details.

Definition 2.2.1. Let S be a smooth algebra of relative dimension 1 over k,,,, with m € NU{oo},
such that the reduction § of § modulo () is a discrete valuation ring. Let ¢ be the closed point of
Spec(S). We say that a closed subscheme ¢ of Spec(S) is a smooth lifting of ¢, if ¢ is smooth over
k., and is supported on c. If § is an element of S such that its reduction in § is a uniformizer,
we also call § a uniformizer. If n is the generic point of Spec(S) and S, is its local ring at 7,
then we let
(S5,3) == {a € 5 |a=wus", forsome u € S* andn € Z}.

If the closed subscheme on S defined by § is ¢, then we say that § is a uniformizer for c. In this
case, we also write (S,¢)* := (S, 35)*.

Note that since any two uniformizers for ¢ differ by multiplication by an element in S*, the
definition of (S,¢)* is independent of the choice of the uniformizer. We say that an element
a € S, is good with respect to ¢ or equivalently is c-good if o € (S,¢)*. If C' is a smooth curve
over k,, and c is a closed point of C, the analogous notions are defined by taking S as the local
ring of C at c.

Let R be any smooth algebra of relative dimension 1 over k,,, whose reduction R is not
necessarily a discrete valuation ring, and ¢ be a closed point of Spec(R). We define a smooth
lifting of ¢ to Spec(R) as a smooth lifting of ¢ to Spec(R.).

Definition 2.2.2. Suppose that R is a smooth algebra of relative dimension 1 over k,,, with
m € NU {oo}. Fix a smooth lifting ¢ of every closed point ¢ of Spec(R) and denote the set of
these liftings by &2. We let
(R,.2)" = [ (Reo)”
ce€|Spec(R)|

and (R, 2)" .= {f € (R, 2)*|1 — f € (R, P)*}. We define By(R, ) to be the quotient of
[(R, 2)°] by the group generated by the five term relations (2.1.1) associated to pairs z and y
n (R, 2)" with the property that  —y € (R, 2)*.

N

—-
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Let k(c) denote the residue field of ¢ and k(c) denote the ring of regular functions on the affine
scheme ¢. We have a map
§:By(R,P) = N> (R, 2)%,
as above, whose value on the generator [z] is given by 6([z]) = (1 — ) A z. This induces a map

§:By(R, P)® (R, 2)* — A3(R, 2)*,

which sends [z] ® y to §([z]) A y. Abusing the notation, we denote this map also with the symbol
0. For each ¢, we have residue maps

resc : Bo(R, Z)® (R, 2)* — Ba(k(¢)),
and
res. : A3(R, 2)* — A%k(c)%,

which give a commutative diagram:

By(R, ) @ (R, 2)* —2—> A} (R, 2)*

iresc lresc

Bo(k(c)) ————= A%k(c)%.

Suppose that C is a smooth and projective curve over k,, and |C|, the set of its closed points
and let 1 be its generic point. For each ¢ € |C], fix a smooth lifting ¢ of ¢ to C and let & denote
the set of all of these liftings. For an open subset U of C, let &|y denote the set of those ¢ € &
such that ¢ C U.

Let (O¢, 2)* (resp. (Oc,2)’) be the sheaf on C such that

(Oc, 2)(U) = (Oc(U), Z|u)* (resp. (Oc,2)(U) = (Oc(U), 2|v)")

for each affine open subset U of C. Similarly, let Bo(O¢, &) be the sheaf associated to the
presheaf whose sections on such U are Bo(Oc(U), 2|y).
This gives us a complex & (C, &) of sheaves on C which are concentrated in degrees 2 and 3:

(2.2.4) By(Oc, 2) @ (Oc, 2)* = @cejcyics(Ba(k(0))) & A*(Oc, 2)*,

where i, : ¢ = C' is the inclusion map. Let k(C)* := Oé‘m denote group of units of the local ring
of C at its generic point n and k(C, Z)* :=T(C, (O¢, £)*) C k(C)* denote those which are
also Z-good.

When m = 2, in other words when C/ks is a smooth and projective curve, the infinitesimal
Chow dilogarithm p is a map p : A%k(C, 2)* — k.

Suppose that A/k. is a smooth algebra over k., of relative dimension 1, and & is a set
of smooth liftings of closed points of Spec(A) as above. For ¢ € &, recall that k(c¢) denotes
the ring of functions on the affine scheme c¢. If k¥’ denotes the residue field of ¢, there is a unique
isomorphism of k.-algebras between k(c) and k. which is the identity map modulo (¢). Therefore
we can identify k(c) and k’_. In particular, this gives us a canonical map ¢ : A%k(¢c)* — &/, which
corresponds to £ = € A £y : A%(k.)* — k' via the above identification k(c) = k_.

If £, 3, he (A 2)* and ¢ € 2 then res.(f AgAh) € A%k(c)*. Applying ¢ to this object we
obtain an element in &’ and taking its trace to k, we obtain

Trr(L(rese(f AGAR))) € k.

This term will be essential in defining the local contribution to the Chow dilogarithm.

Suppose that C/ko has a global lifting C /koo. Namely, C is a smooth and projective curve
over ko, together with a fixed isomorphism between C X, k2 and C. Let 2 be a set of smooth
liftings for each point of ¢ € |C] to C' which reduce to the liftings in % modulo (#2). Suppose
further that f, §, h € k(C, @)X reduce to f, g and h modulo (¢2). Then

(2.2.5) p(f NgAh) =" Tr(U(ress(f AGAD))),
ce|C|

where ¢ € & denotes the lifting of c.
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In general, such global liftings do not exist. Even when they exist, we do not know, a priori,
that (2.2.5) is independent of the choice of the liftings. Our method to define p in general, is
to choose local liftings of the curve and the functions and also to choose a generic lifting of the
curve and the functions and then to measure the defects between the local liftings and the generic
lifting. This defect between the different liftings will be measured by the residue of a 1-form.
Next we describe this in detail. ~ R

We start with the following data. Let R and R are smooth ky.-algebras of relative dimension
one, and x an isomorphism X : R/(12) = R/(t2) of ky- algebras. Suppose further that we a
have a triple p := (f g, ) of functions in R and a triple p := (f g, ) of functions in R*, such

that x(pl;z) = Pls2. To this data, we will attach an element w(p,p,x) € QR/k, where R is the

reduction modulo (¢) of R.

We will proceed as follows. Let X : R = R be any kso-algebra isomorphism which reduces
to x modulo (¢2) and ¢ : R — R be any splitting of the canonical projection. Denote by @ the
corresponding isomorphism R[[t]] <> R of k-algebras, which extend ¢. Then we define:

w(p,p,x) = Qe (X(B), 7 (),
with € as below. .
Let ¢ = (1,92,93) and G = (§1,92,93), with §;, g € R[[]]*, and §; — g; € (£?), for all
1 <4 < 3. There are unique ag; € R ™ and a3, &, &5 € R, for 1 <4 < 3 and 2 < j such that

2,7‘ — ao,etali+t2d2i+~-
i = Qg

and
~ . 2~ . cee
Ui = a0ieto¢11+t Qo+

We then define

g, q) = Z (—1)7a15(1)(G20(3) — G2s(3)) - dlog(aps(2)) € ng/k'
oc€S3
It turns out that the definition of w(p, p, x) is independent of the choices of the lifting ¥ and the
splitting ¢. It does depend on the liftings of the triples of functions and on Y, as reflected in the
notation.

Suppose that C/ky and & are as above and f,g,h are in k(C, Z)*. We will describe the
definition of p(f A g A h) € k below.

First let p := (f,g,h) and let  be the generlc point on C. Let A be a smooth k —algebra
together with an isomorphism « : .A/ (t*) = Oc,y. Let p, be a triple of functions in A, whose
reductions modulo (¢?) map to the germs p,, of the functions p at 7. For each ¢ € |C|, let B° be a
smooth kyo-algebra together with an isomorphism 7, : BO /(t?) = OC ¢, from the reduction of BO
modulo (#?) to the completion of the local ring of C' at c. Let £, = {c} denote the smooth lifting
of the point ¢ to C. Let 2. := 5(Z.) denote the corresponding smooth lifting on Spec(gg)
obtained by transport of structure via the isomorphism 4.. If p. denotes the triple of functions
obtained by taking the germs of the functions in p at the point ¢ then p. € ((O¢.c, 2.)*)?. With
the notation above, we have q. := 7. 1(p.) € ((Eg/(tz),fzc)X)?’. Let 2, be a smooth lifting to
Spec(gg) which reduces to 2. modulo (¢?). Let §. € ((Eg, 2.)*)3 which reduces to g. modulo
(t2). If G = (o, B,7), and 2. = {¢} then resz(aABA~) € A2k()*. We denote the last expression
resg(a A B A7) by resc(q.) in order to simplify the notation.

If we let 7, % o o, denote the isomorphism obtained by composing the completion of a at ¢
and the localization of the inverse of 4. at the generic point then the value of p on p is given by:

(2.2.6) o) = 3 Tr(Ulrese(d) +resco(fy, der Fok © ac)).
ce|C|

Here the term w(py), e, '7;% o a.) should be interpreted in the following sense. The map 7, }] o Q.

is an isomorphism form the completion A./(t?) of A/(t?) at ¢ to the localization g‘;n/(tQ) of
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gf /(t?) at the generic point 7. The images of the triples of functions p, and g. in the completions
and localisations give liftings to zflc and to go This is precisely the set-up in which we can use
w to obtain a 1-form w(py, Ge, o © ) ON Bo n/( ). The residue of this 1-form at the closed point
of B2/(t) is an element in the residue field of c.

It is the main theorem of [12] that the above sum is finite and is independent of all the choices
involved. Moreover, p induces a map from A3k(C, 2)* to k.

2.3. Modifications in the characteristic p case. Suppose that R is a ring of characteristic
p. We cannot define a logarithm map from (1 4+ rR,) to R since the power series expression
of the logarithm map has denominators. On the other hand, there is a well-defined logarithm
homomorphism

log: (1+tRn)" = R

given by log(1 + z) = Zl§n<p(_]‘)n+1%"7 for 2 € tR,,, when m < p. Similarly, the map log®
RYX — R, is defined by log®(a) = log(ﬁ) and is a homomorphism. As above, the maps
¢; : RY, — R are defined by the formula ¢;(«) = ¢;(log°(«)), for 1 < i < m.

We can define a map fis : Bo(R2) — R using the formula (2.2.1), when p > 2. More explicitly,
the map £ := lo Al : A2R§< — R is used to define is : Ba(R2) — R by the following commutative
diagram

Bay(Rs) —2— AZRJ

[T

By(Ry) —2 R,

exactly analogous to (2.2.2).

If we assume now that C/ks is a smooth and proper curve, where k is a field of characteristic
p > 2 then the construction in the previous section carries over in this case to give a map
p: A3k(C, 2)* — k. In the construction, we need to make the following modifications. In the
characteristic 0 case we choose liftings A and B" which are smooth over k. In the characteristic
p case, we will choose these hftlngs to be smooth ks-algebras. Also in the definition of w, we will
start with smooth kz-algebras R and R. Then X will be a morphism of ks-algebras and % will
be an isomorphism from R3 to R, where R := R/(t). Finally, we note that the definition of Q
works as in characteristic 0. In the definition of €, in order to obtain the coefficients aq;, Go;
and @g;, we are essentially using ¢; and ¢, which also makes sense on &.

3. THE ADDITIVE DILOGARITHM IN CHARACTERISTIC p

From now, we assume that p > 5 throughout the paper. When R is a ring of characteristic
p, the additive dilogarithm fis : Bo(R) — R does not tell the whole story. There is another
function, which is of characteristic p in nature that completes the picture. Such a function was
constructed in [11]. We describe this function in this section.

The construction is based on the 1%—logarithm defined by Kontsevich in [8]. Let us first recall
this function which is defined as:

1<i<p—1
for s € R. If we define
p aP s
G f)i= - Li(s) = = Y
iz (s +at)) sP(1—s)p 1(s) sP(1—s)p i’

for s + at € R}, we deduce that Eigp) induces a map:

6% By(Ro) > R
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using the functional equations for £; [11]. We note that with the notation of [11], we have
Ziép ) = £i5. Because of the context, it is not possible to confuse the notation figp ) for the one for
the p-adic dilogarithm.

Similar to /i, the map éigp ) can be expressed in terms of the differential in the Bloch complex.
Namely, the diagram:

Bs(R,) —>> A*R

i lézl<i<p i'epf'i/\ei
a®

Ba(Ry) R,
commutes, allowing us to write
1
(3.0.1) G = (5 D i bp-inti)od.
1<i<p

We put () := 1 > o1<icptLp—i NL;, and rewrite the above expression as

(3.0.2) 6P = ¢®) o 5,

The above expression should be thought of as analogous to the expressions (2.2.2) and (2.2.3)
which express fis in terms of 6 and ¢ and used to construct the infinitesimal Chow dilogarithm
above. Similarly, the expression (3.0.2) will be used to define a Chow-Kontsevich dilogarithm.

We mentioned in the beginning of this section that, in characteristic p, the additive dilogarithm
does not tell the whole story. More precisely, that one does not get an injective regulator map
if one restricts fis to the appropriate part of the K-group. Below is a justification that together
with ¢, they suffice [11]:

Theorem 3.0.1. Let k be the algebraic closure of F),. The direct sum lis & ﬂiép) induces an
isomorphism

Kg(kig) — B;(k'g) —kdk
when restricted to the infinitesimal part of Ks(ka).

We expect the analog of the above theorem to hold for any field k of characteristic p > 5. In
the general case, however, one would get an isomorphism with indecomposable part of K3(k2)°.

4. THE COMPARISON 1-FORM FOR THE CHOW-KONTSEVICH DILOGARITHM

One of the most essential steps in defining the infinitesimal Chow dilogarithm was the con-
struction of a 1-form that compares the different choices of liftings for the parameters. More
precisely, this 1-form ) has the property that for two different choices of liftings, the difference
of the ¢ values of their residues can be expressed in terms of the residue of  [12, Proposition
2.4.4]. In characteristic p, we will construct a similar 1-form, which will denote with Q@) that
will have this property with ¢() replaced with ¢ in the last sentence.

4.1. The definition of Q) on A®RX. Suppose that R is a ring of characteristic p. We define
QP on AR as the unique map
QP APRY — O

which satisfies the following properties (i)-(vi).

(i) QP (uAvAw) =0, if u €1+ (?)Ra.
This last expression implies that the map Q) descends to give a map from A3R;. Every element
of R is represented by products of terms of the form f with f € R* C R and terms of the
form e®t" € R, with € R and 0 < a < p. It is sufficient to determine Q®) on the elements of
the form f and et We proceed to do this.

(i) QP (fAgAh) = QW) (e ANgAh) =0, for f,g,h € R* and o € R, and 0 < a < p.

(iii) QP (2" AP Ah) =0, if a+ b # p; and QP (" AP’ A R) = abBit for h € R* and
a,BER,andp>a>b>0,witha+0b=p.
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(iv) Q@) (2" A Bt A ) =0,ifa+b+c#p.

(v) QP (et A P A ) = a(bB - dy — ¢y - df) € QL ifa+b+c=panda>b>c>0.
Here, d: R — Q}{ denotes the canonical derivation.

(vi) QP (eot” A Bt ANe') =~(aa-dB —bB-da) € QL ifa+b+c=panda=0b>c>0.

We can rephrase the above definition much more concisely by slightly abusing the notation.
First note that in the above, the contribution coming from the term h € R* is %. If we abuse
the notation and write h = €7, then % = dry and this expression resembles the contributions
coming from other terms of the form e®*" with 0 < a.

We can then replace the conditions (ii)-(vi) above with the following equivalent formulation.
For p>a>b>c¢>0, we define Q® (e*" A Bt A et as:

(@) 0, if a+b+c#p

(#i1) abB-dy—cy-dB), if a+b+c=p,anda>b>c>0

(iv) y(aa-dB —bB-da), if a+b+c=p, anda=b>c>0.

Note that in the above expression, if ¢ = 0 even though the expression v does not make sense
we set ¢y := 0. We emphasize that the above definition covers all the possibilities since p > 5.

4.2. The definition of Q) for a split algebra. If A is a ring and I is an ideal of A, we let
(A, 1)* .= {(a,b)la, b€ A*, a—b e I}, and let m; : (A, I)* — A*, for i = 1,2 denote the two
projections. We define a map

QP - A3(R,, (1) — QL.
Let s : A*(Ry, (t))* — AR, denote the map given by the difference s := A®m; — A3my. Then
we define Q®) := Q®) o s as the composition of s and Q).

5. THE INVARIANCE OF THE RESIDUE OF Q) WITH RESPECT TO REPARAMETRIZATION

In order to generalize the definition of Q®) to certain rings without a prescribed set of coor-
dinate functions, we need a certain invariance property for Q). The aim of this section is to
describe and prove this invariance property.

5.1. An elementary formula for an infinitesimal automorphism of £((s)).. Suppose
that o is the ko-automorphism of k((s))s such that o(s) = s+ xt* with w > 1 and x € k((s)).
We first do an elementary computation to express the images of o(f) and o(e®") in k((s)),,
where f € k((s))* and o € k((s)) and a > 1, in terms of the logarithmic derivatives of f and the
derivatives of a.

The formulas in question do not have p-torsion when they are reduced modulo () as above.
In order to prove the formulas, it is easier to prove them first when k is replaced with a ring R
which does not have Z-torsion and then deduce the result for k by using an appropriate map
R — k. The advantage of using R is that here one can use the Taylor expansion formula, which
has denominators, after passing to Rgp. We start with a lemma which is a restatement of the
Taylor expansion formula.

Lemma 5.1.1. Suppose that R is a ring without Z-torsion and o is the unique continuous Ro-
automorphism of R((s))eo such that o(s) = s+ xt*, with x € R((s)) and w > 1. Then for
f € R((s)) we have

2tW)E (2)
o(f) = 3 TSI ¢ R(s)) ) € Ro((s))(1A).

1!
0<i
Here, f' is defined by df = f'ds and f@ := (fO=D) with £ .= f, fori > 1.

Proof. By using R-linearity and continuity, we reduce to the case when f(s) = s™ for some
n € Z. By using the map that sends t to zt*, we reduce to the case where o(s) = s + t. By
the naturality of the formula, it suffices to check it for R = R. Let f(s) = s™ for some n € Z.
If we first fix s to be a value near 1 and vary ¢ near 0 and expand f(s + ) near s, the Taylor
expansion formula gives f(s+1t) =3, ! mi(!s)tl. Now letting s vary, we realize that both sides
are analytic functions of s and ¢ near 1 and 0 and we have the formula we are looking for between
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two analytic functions. The result then follows by identifying the analytic functions with their
power series expansions. O

Lemma 5.1.2. Suppose that R and o are as above. Then, for 1 < a and o € R((s)),

N z2ta(®) Jatiw
o(e") = eXo=e TT ™ € Ro((5))oe

and, for f € R((s)))*,
wi(fl/fl)(i—l)ti

o(f) = fe>rsi " € Ro((5))oo-
Proof. Note that for the proof, we can replace R with Rg and assume that R is a Q-algebra. If

ot o

1 < aand a € R((s)) then by the previous lemma we have o(a) = >, ( ]
that N

, which implies

2ta(® jatiw

o(e™") = (" = X0z i

On the other hand, for f € R((s))*, both sides of the formula for o(f) above are compatible
with multiplication. Therefore, it is enough to prove the formula for f = s, for f € R* or
for f € 1+ sR][s]]. The formula clearly holds for f € R* since o(f) = f and f' = 0. In case
f €1+ sR[[s]], then letting a :=log(f) € R[[s]], we have f = e®. Using the previous lemma we
obtain

Tq (1) i 2t (! i—=1) iw
el yiw RO AVE St

o(f) = e (@) — ¢Xo<i 0 = f621§z

For f = s, we have

xt® ot ()i g 2t (1/5) 07D
o(s) = s+ 2t = s(1 + ——) = selo8H57) = o2z —— (57)" = g2 Tt
S

]

For aring R on which (p—1)! is invertible and for o € t R, recall that we put e® := > o, %
Next we consider the case when k is a field of characteristic p. -

Lemma 5.1.3. Let o be the automorphism of the ko algebra k((s))co, which is the identity map
modulo (t) and has the property that o(s) = s + xt™, with w > 1 and x € k((s)), then

U(eata) _ H e:ni(;!(i) patiw

0<i<p
in k((s))p, for 1 <a and a € k((s)); and

2t/ NCTD Giw
o) =5 I &

in k((s))p, for f € k((s))*.

Proof. Suppose that we are given z, f and « as in the statement of the lemma. We can choose a
ring R without Z-torsion and on which (p — 1)! is invertible such that there is a map R — k, and
there is &, f € R((s))* and & € R((s)), which map to z, f and «. We first apply the previous
lemma to f and e®", and the automorphism given by a(s) = s+ Zt™. If we then reduce the
expression modulo (¢?), notice that the expression is in R((s)),, and then take the image under
the map from R to k, the lemma follows. O

Remark. Asin §4.1 above, if we slightly abuse the notation, the images under o of f € R((s))*
and of e®*" with a € R((s))) and 1 < a can be expressed using a single formula. Namely, suppose
that we allow the notation f = e®", with a = 0. Then we can express both of the formulas in
Lemma 5.1.2 as

io (i) patiw

(") = B0 T € Ry ()
for a > 0. Note that if a = 0, this formula reads:

zta(® yiw

2606219 il = f621g¢

m'i(;!(i) piw

2L/ NETD i
! t
I

o(f) = o(e”) = Fns:
if we think of o as log(f) and hence use the convention that (¥ := (f'/ )= for i > 1.
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In exactly the same manner, both of the formulas in Lemma 5.1.3 can be expressed as

zia(® jatiw
I ¢ ekl((s)s

0<i<p
for 0 < a.

5.2. The effect of reparametrization on Q). In order to prove the invariance with respect
to reparametrization, we will start with the lemma below which deals with the most basic infin-
itesimal automorphism. In fact, these automorphisms will generate all the automorphisms that
we are interested in.

Lemma 5.2.1. Suppose that k is a field of characteristic p, and o is the koo-automorphism of
k((8))oo given by o(s) = s+ xt®, with 1 <w and x € k((s)). Then

at® b c at®
(5.2.1) Q@ (a(e*™ NP N ™)) - QP (2t A P A e e Q}c((s))/k
is an exact form for a,b,c >0 and «, 8,7 € k((s)).

Note that in this case of characteristic p dilogarithm, we do not need to assume that w > 2
as we had to in characteristic 0 [13].

The expression (5.2.1) is 0, if wtp—(a+b+c) or if a +b+ ¢ = p. So let us assume that
wlp — (a+b+c¢) and let ¢ = %‘M > 0. We will express the above expression as an exact
form using the following identity:

(5.2.2)
a c a c 4q ) )
QP (e A NOT)) QP AP N ) = d( Y] TS(a,b, i, g, k)a® By W),
FES
where S(a,b,c;i,7,k) is defined as follows. We define
. bk —cj
S(a,b,c;i,j, k) := T

if a + iw > max{b+ jw,c+ kw} or b+ jw = ¢+ kw > a + iw.
In case, b+ jw > max{a + tw,c+ kw} or a +iw = ¢+ kw > b + jw then we let
S(aabv C;i,j,k) = _S(baa7c;j77;ak)'
In case, ¢ + kw > max{a + iw,b + jw} or a +iw = b+ jw > ¢+ kw then we let
S(a,b,c;i, j, k) == S(c, a,b; k,i, j).

Let us explain how the expression on the right hand side of (5.2.2) in fact makes sense. Note
that the expression involves terms of the form a(¥3@W~(*) On the other hand for k = 0, we
defined v*) only for ¢ > 0. Therefore, we have to make sure that the coefficient S(a,b,c;i,7,k) is
0, if £ = ¢ = 0. The same statement would be true for j = b = 0 and ¢ = a = 0, by anti-symmetry.
If k=c¢=0, then (a +iw) 4+ (b + jw) = p. Since p > 2, we then have a + iw # b+ jw. In case,
a+iw > b+ jw then S(a,b,c;i,7,k) = bl’,“ ,,:,J = 0. In case, b+ jw > a + iw, the same follows by
anti-symmetry.

5.3. The proof of Lemma 5.2.1. We will instead prove the identity (5.2.2), which gives a more
precise statement than the lemma.

5.3.1. The coeﬁiczents of 0 a'a® B~ () Suppose that i+ j+ k = q. The coefficient of
29712/ W) ~(*) in the right 81de of (5.2.2) is S(a, b, c;1, 7, k). We need to check that this is the
same as its coefficient in the left side of (5.2.2).

Suppose first that a 4+ iw > max{b + jw,c+ kw} or b+ jw = ¢+ kw > a + iw. The term in
(5.2.1) that contributes to this coefficient is

o kaFla! zF iy bk — cj
(6D R y C) VA Aty 1)) e L/ o0 g() A (k) 22 — =)
BT = (e ) T T I 00) = a1t alD g0y S
whose coefficient is precisely S(a, b, ¢; 1, j, k). The other cases follow from this one by the anti-
symmetry of Q) and S.

ﬁa(i)((b + jw)
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5.3.2. The coefficients of L™ B ~F)  We need to check that on both sides of (5.2.2) the

TR

2’ B~ (k) are the same. Let us temporarily write @ := a-+iw, b= b+jw, and

Arn

¢i=c+kwwithi+j+k=qg+1andletd :=a—w, b :=b—w and & := & — w. There are many

cases to consider and we will only write down the answer in each case. The computations are

routine but tedious and are omitted. Without loss of generality, we will assume that a > b > ¢.
Case (i). If one of the following cases hold:

coefficients of

!/ ~/

> =c¢>7,

n
\Y
SH

a>a >b>b>c>7d, a>a >b>e>0 >7,

/

>
/>5/:

sy
[k

>

[N

a>a >b=¢>V =&, a>b=
then the coefficient on the left side of (5.2.2) is
i-0+(-1)j- (c+kw)+k-(b+ jw) =kb— jc
and the coefficient on the right side of (5.2.2) is

i+j+k—1

é(i(kb —je) + j(kb— (j — 1)e) + k((k — 1)b) — jc) = (kb — jc) = kb — jc.

Therefore the coefficients on both sides of the identity match. Note that the assumption that
the characteristic is p is not needed in this case.

Case (ii). If one of the following cases hold:

a>b>é>a >V >, a>b>da >é>V >, a>b>a >V >é>7,
a>b>a >b=¢>7, a>b>é=a >V >¢&
then the coefficient on the left side of (5.2.2) is
ilc+ kw)+ (=1)j - (c+ kw) + k- (b+ jw) = ic + ikw + bk — jc.
Putting first ¢ = ¢+ 1 — 7 — k and then noting that qw = —a — b — ¢ in characteristic p this can
be rewritten as
gc+ ¢ — 2jc — 2ke — ka + kw — jkw — k*w.
The coefficient on the right side of (5.2.2) is

1, . .
g(z((z —De—ka)—5((j — e —kb) + k((k—1)b— jc)).
Again first putting ¢ + 1 — j — k instead of ¢ and then using —w =
expression matches the one above.
Case (iii). If one of the following cases hold:

#, we see that this

a=b>da =b>¢>7, a=b>é>a =V>¢, a=b>a =V=¢>7,

then the coefficient on the left side of (5.2.2) is
—i(=(c+ kw)) + j(—(c+ kw)) + kO = ic — jc + ikw — jkw.
Proceeding exactly as in the previous case, this can be rewritten as
qc+ ¢ — 2jc — 2ke — ka — kb + kw — 2jkw — k*w.
The coefficient on the right side of (5.2.2) is
1

J(Silka = (i = 1)e) + (kb = ( = 1)e) + k(ja — ib))

This matches the above expression after first we put i = ¢+ 1 — j — k, then replace a + b+ ¢ with
—quw.
Case (iv). If one of the following cases hold:

s}
V
ol
[
S
V
@‘\I
I
o™
V

a>a =b>c¢>V>&, a>a=b>b>¢>7,
then the coefficient on the left side of (5.2.2) is
—i(b+ jw) — j(c+ kw) + k(b + jw) = —2ib — jc+ gb+ b — jb — ijw.
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The coefficient on the right side of (5.2.2) is
1. .. . o .
7 (We = @=1)8) = j((G = De = kb) + k((k = 1)b — je)).

Replacing k£ with ¢ + 1 — ¢ — j and proceeding as above we see that this matches the above
expression. B ~
Case (v). Ifa=b=¢>a’ =V =& then the coefficient on the left side of (5.2.2) is 0. In
this case, the coefficient on the right side of (5.2.2) is
1
—(i(kb — je) — j(ka —ic) + k(ja — ib)) = 0.
q

Finally, it can be checked without difficulty that the cases above comprise all the possibilities.
Let us at least note that we cannot have the case when @’ =b=_¢sincea +b+c¢=p>3. O

5.4. The invariance of the residues of Q). We will next prove the invariance with respect
to reparametrization.

Proposition 5.4.1. Suppose that k is a field of characteristic p, and o is a continuous koo-
automorphism of k((s))eo which is identity modulo the ideal (t). Then we have the equality of the
residues:

ress—oQLP) (U(g‘”u /\gﬁtb /\Q"*tc)) = resS:()Q(p)(gata /\me /\g’ytc) €k,
fora,b,c >0 and o, B,y € k((s)).

Proof. Let us write o(s) = s+ >, ., ¥ut", with z,, € k((s))). If we let 7 be the automorphism
of k((s))oo given by 7(s) = s+ 32, c,,<, Twt®, since o and 7 are congruent modulo (),

Q(P)(O.(Qata /\gﬁtb /\g’ytc)) _ Q(p)(T(gata /\Qﬁtb /\g'yt“)).

Letting similarly 7, defined by 7, (s) = s + yt* for 1 < w < p, we notice that 7, are of the
form as in the statement of Lemma 5.2.1. This lemma then implies that for any ¢ € A3k((s))X

ress—o(2P (1, (9))) = ress—o (2% (q)).

Choosing y., € k((s)) appropriately for 1 < w < p, we can write 7 = 7,_;0--- w07 and applying
the last equality (p — 1)-times gives us the equality:

ress—oQ® (T(Qata A gﬂtb A Q’th)) = ress_oNP) (g“ta A Q’gtb A §7t0)7
from which the proposition follows. O

5.5. The definition of the residue of w®) for a pair of smooth algebras of dimension 1
over k,. Using the previous section, we generalize the definition of wP) to pairs of elements in
smooth algebras of dimension 1 over k, with the same reduction. As opposed to the split algebra
case, which was considered in §4.2, the general case will essentially depend on Proposition 5.4.1
above.

Let R be a smooth kp-algebra of relative dimension 1 as above. Let 1 be the generic point
and x be a closed point of the spectrum of R. Then we define a map

res;w® : A3(R,, (1) — K,
where &’ is the residue field of x, as follows. To ease the notation let us write S = R,,. Since
R /kjp is smooth, there is an isomorphism ¢ : & — S, of kj-algebras which is the identity map
modulo (t). Here S denotes the reduction of & modulo (t) and S, := S[t]/(t?).
The map ¢ then induces an isomorphism
Ao A3(S, (1) = A%(S,. (1),

by transport of structure, whose composition with

QW L A%(S,, (1) — QF,
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will be denoted by wfap) CA3(S, (1) — Qli Taking the projection to ng/k and taking residue at

the closed point = gives us the map reszwg(pp ). The next lemma, which shows that the residue is
independent of the choice of ¢, is essential.

Lemma 5.5.1. If ¢ and ¢ are two isomorphisms between the kj-algebras S and S,, then
(p)

resxw;”) =Tesyw, -

Proof. By the Cohen structure theorem, if S denotes the completion of S at the valuation
determined by x, then there is a k-isomorphism S — k((s))). By the smoothness of S over k,,
we also know that there is a kj-isomorphism & ~ &, which is identity modulo (¢). Therefore,
replacing S by §,, and then completing at x, we are reduced to proving the lemma for S = £'((s)),
and ¢ and ¢ two kj-automorphisms of k'((s)), which reduce to the identity automorphism modulo
(t). The smoothness assumption implies that k'/k is separable. Since ¢ and v are k-algebra
morphisms which reduce to identity modulo (t), the separability of k’/k implies that they are
also k’-algebra morphisms.

Suppose that (£, f).(3.9), (h,h) € (K ((s))p: (). Then resswi” ((F, f) A (3.9) A (B 1) is
equal to the residue of

(5.5.1) QW () A (@) A p(h)) = 2P (o(f) A p(@) A p(h)
at s = 0. By Proposition 5.4.1, the residue of
(5.5.2) QW(fAGAR) = QP (o(f) A @(§) Ap(h))

at s = 0, is equal to 0. Since a similar formula is true for the second term in (5.5.1), we can
rewrite the residue of this expression as the residue of

QW (fAgAaR) = QP (f NG AR,
which of course does not depend on . ]

Since, as we have seen, T@Swng) does not depend on ¢, we will denote it by res,w® . Below,

we will need a variant of this construction for pairs of algebras. Next we describe this.
Suppose that A is a ring with an ideal I and B and B’ are two A-algebras together with an
isomorphism y : B/IB ~ B’/IB’ of A-algebras. We let

(B,B',x)* = {(p.p)lp € B* and p" € B s.t. x(p|1) = p[1},
where p|; denotes the image of p in (B/IB)*.

Suppose that R and R’ are smooth k,-algebras of relative dimension 1, together with a k-
isomorphism x : R — R'. We identify the spectra of R and R’ via this isomorphism. Suppose
that x is a closed point and 7 is the generic point of this spectrum. We would like to construct
a map

reswwg’? : AS(RU,R%,X”)X — K,
where £’ is the residue field of x. Let us put, as above, § := R, and &’ := R Since, as above,
S~§,and § ~ Q;, we can choose an isomorphism X, : & — &’ which lifts x,. The map Xy,
induces an isomorphism

Xn

(8,8 xn)* —= (8. (1)" .
Composing these, we obtain

A3 )
Teswwg:]) : A3(Rn,’R§,,X,,)X —1 A3(R,,7 (1)) jiiay Y3

Lemma 5.5.2. The map resxwg:) does not depend on the choice of the lifting X of x»-

Proof. The proof is exactly the same as that of Lemma 5.5.1. We reduce to the case where R,
and R; are both k'((s)), and Xy, is replaced with ¢ in the proof of this lemma. Then the result
follows from the fact that the residue of (5.5.2) at s =0 is 0. O
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Since this map is independent of the choice of the lifting ¥, we will denote it by resmw,(f;). If the
map Xy is clear from the context, we will simply denote it by resw®.
The following lemma is an immediate consequence of the definition of res,w®.

Lemma 5.5.3. Suppose that R, R’ and R" are smooth ky-algebras of relative dimension 1 and
¢ : R — R and ¢y : R — R” are k-algebra isomorphisms of their reductions modulo (t).
Following the notation above, if (q,q') € A*(R,), R}, ¢n)™ and (q',q") € A> (R}, Ry, ¢y)* then
(a, qH) € AS(Rna RZ,% © ¢n)><
and
res,w®(q,q") = res,w® (q,q") + res.w® (q',q").
6. THE RESIDUE OF Q(p) IN THE CASE OF GOOD LIFTINGS

In this section, we relate the residues of Q) to &'gp ) in the case of good liftings, continuing
with our assumption that p > 5. We start with comparing the difference between the values
under ¢®) of the residues of ,

q/ — (8 _ Cll‘tw) /\gat /\gﬂt

and

q=sAe" N,
where w > 2, a,b> 0, x € k and «, 8 € k[[s]]. If a = 0 or b = 0, we follow the conventions above.
Lemma 6.0.1. With notation as above, we have
(6.0.1) 0P (res,_ o (q') — 0P (resy(q)) = ress—oQP) (¢ — q).
Proof. We start with noting that
Fesy_ppw (q/) _ 7a(mtw)ta /\Qﬁ(mt“’)tb

and res,(q) = e A Ol
First, suppose that w{p— (a+b) or p < a + b. In this case,

() (res, o () = £ (res, (q)) = 0.
On the other hand,
Q(P)(q’ —q) = 2 (E*thn@ L(et2yn A eot” /\Qﬁt”) 0.
Similarly, in case a + b = p, we have
(P (res,upn(q) = €% (ress(a)) = ba(0)5(0)

and Q) (g’ — q) = 0.

In case, a = b = 0 and w = p, we similarly have £%)(res,_ . (q")) = £®)(ress(q)) = 0 and
QP)(g' —q) = 0.

Therefore, from now on, we assume that w|(p — (a +b)) and 0 < a + b < p and we put ¢ =
uﬁrb). We also put @ = >, a;s* and 8 = Y, Bis’. With these assumptions, £ (ress(q)) =
0 and £®)(res, 40 (q')) = 29 > it j=q(b+wj)a;B;. In order to compute ress—oQP) (4" — q), we
look at the possible cases:

(i) max{a,b} <p—(a+0)

(ii) p — (a + b) < min{a,b} and a # b.

(ili) p— (a+b) < a and a = b.

(iv) p — (a + b) = max{a,b} and a # b

(v) min{a, b} < p — (a + b) < max{a, b}.

It is easy to see that these cases are exhaustive under the assumption that p > 5. Let us look
at these cases separately:

(1) In this case,

Qg —q) =~ (%)?(aad8 — bida)
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and
24
ress=oQ?(q' —q) = —— (aj — bi)aif3;.
i+j=q

Since qw = p— (a+0), —%(aj —bi) = —%(aj —blg—7j)) = —“TH’]'—H) = wj +b in characteristic
p. Therefore in this case the residue matches with the difference of the £(P)’s

(ii) In this case because of the anti-symmetry between the terms we may assume without loss
of generality that a > b. Then

) = alba(~> 2w d8) = st 4

s4

zt™ K

Q(p)(q/_q) — Q(P) (gata /\gﬁtb /\gi Zl§n<p %( s

).

54
Hence the residue is
zf Z (b+wj)oify,
i+j=q
which again matches exactly to the above difference of £(P)’s.
(iii) In this case

W

a x n 1
QP (¢ — q) = QP (2" AP A e Drgncr w55y = — 2 (D)4(qadB — bBda)
q's

and we proceed exactly as in (i).
(iv) In this case again, without loss of generality, assume that a < b. Then we have

zt“’

QP (g — q) = QP (P A g™ Tagner 5 ()" A g0t) = (bﬁ(—fd ) + w dﬁ)

and we proceed as in (ii).
(v) In this case, again assuming without loss of generality that a < b, we proceed exactly as
in (iv). This finishes the proof of the lemma. |

We will need the following very elementary observation for the proof of the general proposition
on the residues.

Lemma 6.0.2. Suppose that s'|;2 = s|2. There exists u € k|[s, t]]* and x,, € k, for w > 2 such
that 8" = us + Y o, Twt™.

Proof. By assumption, s’ = s+ t?(a + sf) with « € k[[t]] and 3 € k[[s, t]]. If we put u = 1 +#283
and t?a = Y o<w Twt™, We obtain the expression we are looking for. O

Lemma 6.0.3. Suppose that s'|;> = s|> and that ' = s’ Ap and q = s \p, where p = et AePt’,
with 0 < a,b and «, B € k[[s]], then we have

(6.0.2) (P (resq (q) — (W) (res(a)) = res—o QP (q" - q).

Proof. Let us write 8" = us + )y, 7,t" as in Lemma 6.0.2 above. If we let s := us and ¢ :=
s" Ap then resgr (q") = res,(q) and since Q®) (¢ —q) = Q@) (urp) € Qllc[[s]]/k?’ ress—oP)(q"—q) =
0.

Let us put s; = s” and s;41 = s; + 2,41t 7! for 1 <i < p— 1. If we also let q; := s; A p and
apply Lemma 6.0.1 to the pair q;41 and g; for all 1 <i < p — 1 and take their sum, we obtain

(P (resy, _, (dp-1)) — £ (ress, (1)) = ress—oQ2P (qp—1 — q1).

Using the previous paragraph, this can be rewritten as:
(P (res,, , (ap-1)) = 7 (res,(q)) = rese=oQ? (qp-1 — q).

In order finish the proof of the lemma, we need to compare the terms corresponding to s
and s,—1. Note that s’ — s,_1 = P f(t), with f(¢) € E[[t]]. This implies that the images of
resy (s’ Ap) and res,, , (s,—1Ap) are equal to each other in A%k and hence that (P (resy(q')) =
0P (ress, ,(qp—1)). Since ¢’ — qp_y = (1 + ° f(f)) AP, 4’ — qp—, has image 0 in A3k((s)), and
hence Q) (¢’ — q,_,) = 0. This completes the proof. O
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Lemma 6.0.4. Suppose that a,b > 0, and «, B € kl[[s]], then
K(p)(ress(s At A Qﬁtb)) = res— QP (s A e A gﬁtb)

Proof. Both sides of the expression above are equal to 0 if a+b # p, or if a = 0 or b = 0. Suppose
that a + b = p, and a,b > 0. Without loss of generality assume that a > b. Then the right hand
side is ress—o(abf%) = ba(0)B(0). The left hand side is £,(e*@*" A e#©%) = ba(0)(0). This
proves the lemma. O

We will use the lemmas above to prove the following.

Proposition 6.0.5. Suppose that s|;2 = s'|s2 and q is s-good and ¢’ is s'-good and ql2 = q'|s=.
Then we have

(6.0.3) 0P (resy (q) — (P (resy(q)) = ress—oQ® (¢’ — q).

Proof. First, we note that when q € A%k[[s]]% then the same is true for q’. This shows that the
left hand side of the equation is 0 since ress (q') = ress(q) = 0. Similarly, the right hand side of
the equation is 0 as well since Q®) (¢’ — q) € Qllc[[s]]/k.

By the multi-linearity and the anti-symmetry of both sides of the equation, we easily reduce to
the case where ¢/ = s’ Ae®AeP and q = sAe®Ae”, where &, 3, &, 3 € k[[s, t] with a—a € t2k[[s, 1]]
and 3 — f € t2k[[s, t]]. Therefore, in order to prove the proposition, it is enough to prove it in
the following two special cases: i

(i) q = Ae* Aef and q = s Ae® AP with &, 3 € k[[s, 1]]

and

(i) g’ = s A e A Pt where a, 8 € k[[s]] and @ > 2, and b > 0; and g = 0.

The first case follows from Lemma 6.0.3. The second case follows from Lemma 6.0.4. Note
that here the assumption a > 2, is not needed in fact. This finishes the proof. O

Remark. Note that in Lemma 5.2.1, where we show that the residue of Q) is independent
of the coordinates, we only need w > 1. Therefore, the residues of Q® are independent of
the chosen coordinates when the choice of coordinates agree modulo (t). Recall that, in the
characteristic 0 case, which was discussed in [12] and [13], the condition that w > 2 was essential.
This might mistakenly suggest the reader that in characteristic p, one might define the Chow-
Kontsevich dilogarithm for a curve over k rather than for a curve over ko. In fact, this is not
true. The argument of comparing the residues of Q) to the values of Eiép ) does not work if we
only consider matching of the parameters only in modulo (¢). More precisely, we need w > 2 in
Lemma 6.0.1. The following example shows that this lemma does not hold with w = 1.
Let us consider the ring k[[s, t]] and choose the elements

I =6E-tAA+sPHA(1+s)
and
qg=sA(1+sL")A(1+5).
These two elements are the same modulo (t) but not modulo (#?). Note that
ress_q = (1+ P A (141t)

and since £P) ((14+tP~1)A(1+t)) = 1 we have £(P) (res,_;q') = 1. On the other hand, res4(q) = 0.
So we have,

(P (resy_yq') — 0P (res.q) = 1.
On the other hand,

QP (g — q) = QO (1 — é) A+ A (1L +5)) = 0.

Therefore,
(W) (rese_1q’) — 0P (ressq) = 1 # 0 = res,—oQP (¢’ — q).
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Suppose that R and R’ are smooth k,-algebras of relative dimension 1, together with a ko-
isomorphism y : R/(t?) — R'/(t?) of their reductions modulo (¢?). We identify the spectra of R
and R’ through this isomorphism and assume that c is a closed point and 7 is the generic point
of this spectrum. Let us assume further that ¢ and ¢’ are smooth liftings of ¢ to R and R’ and
that the reductions of ¢ and ¢/ modulo (¢?) map to each other under y. Finally, suppose that
g€ A*R is c-good and q' € A*(R})* is ¢’-good and that their reductions modulo (#*) map to
each other under .

Similar to the discussion following (2.2.4), there is a unique isomorphism between the k,-
algebras k(c) and k(c), which is the identity map modulo (¢). Using this, we identify A?k(c)*
with A?k(c)X. Combining this identification with the map £() : A%k(c)X — k(c), gives us a map

0P A%k () = K(e),
which we denote by the same symbol.

Corollary 6.0.6. With the notation as above, we have
resew® (4,q") = £ (resc(q)) — €7 (rese (d'))
Proof. This is a restatement of Proposition 6.0.5. O

7. AN INVARIANT OF CYCLES IN CHARACTERISTIC p

We will use the above constructions in order to define the Chow-Kontsevich dilogarithm and
in turn use this dilogarithm to construct an infinitesimal invariant of one dimensional cycles in
three dimensional space over a field of characteristic p.

7.1. Proof of Theorem 1.0.1. We separate the proof to two parts. In the first part we give
the construction of the Chow-Kontsevich dilogarithm. In the second part, we compute this
dilogarithm on the projective line.

7.1.1. Construction of the Chow-Kontsevich dilogarithm. Suppose that C' is a smooth and proper
curve over ko where k is a field of characteristic p > 3. We fix a smooth lifting ¢ for each closed
point ¢ of C' and we let &2 be the set of all these smooth liftings as in §2.2.2. We saw in §2.3
that we have a map
p: N3k(C, P2)* =k,
which is essentially the same one that was constructed in [12] for the characteristic 0 case.
We will construct another such map

pr : NE(C,2) — k

that is based on the constructions of this paper and has a distinctly characteristic p flavor. We
refer to §2.2.2 for the details of the construction of p and the notation. We will follow the same
notation for the construction of pg.

Suppose that f,g,h are in k(C, Z2)*. Denote the triple of functions (f,g,h) by p. Suppose
that we fix: .

(i) A, a smooth k.-algebra together with an isomorphism « : A/(t?) = O¢,,

(ii) py, a triple of functions in ./Zl, whose reductions modulo (¢2) map to Dy Via a,

(iii) gﬁ, a smooth k.-algebra together with an isomorphism 7. : gg/(ﬂ) = @C,m for each
celCy,

(iv) gc, a triple of elements in the localization of Eg at its minimal prime ideal (generic point),
which give a good lifting of the image of p, under the map 5/;%, for each ¢ € |C|. Here %_71;
denotes the localization of the inverse of 7. at the generic point 7. R

Let a. denote the completion of a at c. The composition 4.} o a, identifies A./(t?) with

Eg,n /(t?*). Denote the image of the triple of functions p, in the completion A, at ¢ of A with the
symbol py, .. Similarly, denote the image of the triple of functions g. in the localization Bgm of

B? at its generic point, by §. . The reduction of p, . modulo (t2) is mapped to the reduction
of e, modulo (?) by the map 7, ,17 o a.. In precisely this situation, we know that the residue
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resewP) (P ey Gens Femoae)) of wP) at ¢ associated to py ¢, Ge., and the map Yoo is well-defined
by §5.5. ’

On the other hand, using the notation before (2.2.6), res.(d.) € A%k(c)*. Similar to the
notation in Corollary 6.0.5, by identifying the koo-algebras k(¢) and k(c)o, with the unique map
which is identity modulo (t), we have a canonical map

0P A2E() = k(c).

Therefore, we can define () (res.(G.)) € k(c).
The value of px on p is defined by:

(7.1.1) pr(p) = > Trp(lW) (resc(qe)) + rescw™ (By.c, G Vo © )
ce|C|

We need to check that the above sum is finite and is independent of the auxiliary choices.

7.1.2. The finiteness of (7.1.1). Let S C |C| be a finite subset of the set of closed points of C,
outside of which all the functions in p and p, are regular. Let c € |C|\ S.

Since p is regular at ¢, so is ¢. and hence res.(¢.) = 0. Similarly, since p, is regular at c,
resc(p,) = 0. These imply that £P) (res.(G.)) = ¢® (res.(p,)) = 0. From Corollary 6.0.6, we also
deduce that

resew® (Pr,es (jc,n,fy;}, o) = o®) (resc(py)) — Z(p)(resc((jc)) =0.

This implies that the sum in (7.1.1) is in fact over S and hence is finite.

7.1.3. Independence of (7.1.1) from the choices. Fix a ¢ € |C|. Let B°, be another smooth koo-
algebra together with an isomorphism 7/, : géo/(tz) = (’A)Cyc and ¢., a triple of elements in the
localization of gfj’ at its minimal prime ideal which gives a good lifting of the image of p, under
the inverse of the map 7, .

The difference of

E(p)(resc((jc)) + resw® (Pn.cs e, :y;}] o)
and
(P (rese(q.)) + rescw™ (By.e, Goys (Fe) "' o )
is equal to
f(p)(TGSC(‘jC)) — (@) (7'630((1,3)) - rescw(p)(‘jcmv qé,na ('72,7;)71 © :ch)

by Lemma 5.5.3. On the other hand, the last expression is 0 by Corollary 6.0.6. This proves
independence from the local choices.

Next we prove independence from the global choice. Let A’ be a smooth koo-algebra together
with an isomorphism o : A’/(t2) = Oc,, and p,,, be a triple of functions in A, whose reductions
modulo (t?) map to p, via o’. Similar to above, the difference of

f(p)(resc((jc)) + resew® (Pr,e» de,ns '~Yc_; o)
and

E(p)(TGSC(QC)) + rescw®) (ﬁ;],cv e, :Vci,é o ay)
is equal to

-1 OLC)

Tescw(p) (f)n,c»ﬁfq,cv (O‘lc)
by Lemma 5.5.3. This implies that the difference between the expressions (7.1.1) corresponding

to p, and p;, is equal to

S Tre(reseto® (s s (00) L0 0)).
ce|C|

Let us choose an isomorphism 3 : A — A’ whose reduction modulo (t) is the same as the
reduction of (a/)™1 o, and ¢ : k(C)s — -"In is any k-algebra isomorphism. Let ¢ denote the
inverse image of p, under ¢ and ¢’ denote the inverse image of p, under 3, o . Then ¢ and ¢’
are triples of functions in k(C) with the same reduction modulo (¢).
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By its definition, for any ¢ € |C|, res.w® (Pr,er Py s () 1 0 @) is equal to the residue of

QP (G- q) e Qhcy/n

at c. Since the sum of the residues of a 1-form is 0, this finishes the proof of the independence.

7.1.4. Computation of the Chow-Kontsevich dilogrithm on the projective line. Using functoriality
with respect to the map that sends z to = :g, we will assume without loss of generality that o = 1,
B =0and vy = s+as(l—s)-t. Therefore we need to compute pr ((1—2)AzA(z—(s+as(1—s)-t))).
In order to do this computation, we may choose the global lifting ]P’}%o and the triple of functions
pi=(1—-2)AzA(z—(s+as(l —s)-t)) as a global lift of the functions. Let us put § :=
s+as(1—s)-t. The only singularities of p are at 0, 1, 00 and §. Since ressp = 0 for § € {0, 1, 00},
and resz = (1 — §) A §, we find that

pr((L=2) Az (2= (s+as(l—s) 1) =L@ ((1—3)A3) =il (3) = aP - £1(s).

7.2. An infinitesimal invariant of cycles in characteristic p. We constructed an invariant
of codimension two cycles in the three dimensional space over a field of characteristic 0 in [12,
4] which we denoted by py. In characteristic p > 5, this construction carries without any
modification and we denote this regulator by p. On the other hand, in characteristic p, there
is another regulator which is based on the Chow-Kontsevich dilogarithm and which we will
denote by px. This new regulator has no characteristic 0 analog.

Since the definitions and the proofs are exactly analogous to those in characteristic 0, we will
omit most of the details and refer the reader to [12, §4]. We start by recalling the definitions of
Bloch’s higher Chow groups for a smooth scheme over a field and its version for the truncated
polynomial ring over a field from [12, §4].

7.2.1. Bloch’s higher Chow groups. Let Oy, := P} \ {1} and O} the n-fold product of Oy, with itself
over k, with the coordinate functions 1, - - , yn. For a smooth k-scheme X, we let 0% := X x ;7.
A codimension one face of % is a divisor F? of the form y; = a, for 1 <i <n, and a € {0, c0}.
A face of 0% is either the whole scheme % or an arbitrary intersection of codimension one
faces.

Let 29(X,n) be the free abelian group on the set of codimension g, integral, closed subschemes
Z C O% which are admissable, i.e. which intersect each face properly on % . For each codi-
mension one face F¥, and irreducible Z € z9(X,n), we let 92(Z) be the cycle associated to the
scheme Z N F®. We let 9 := 1" | (=1)"(8° — 8?) on 29(X,n).

Let 29(X, n)degn denote the subgroup of degenerate cycles and 2%(X, -) := 24(X, ) /29(X, -)degn
the corresponding non-degenerate complex. The complex (2%(X, -),d) is called the higher Chow
complez of X and its homology CH?(X,n) := H,(29(X,-)) is the higher Chow group of X.

7.2.2. Cycles over koo. Let Oy := P}, ﬁ;; the n-fold product of O, with itself over k, and
ﬁzw := O, X koo. We define a subcomplex 2$(koo, ") C 2%(keo, ), as the subgroup generated
by integral, closed subschemes Z C LJ;  which are admissible and have the property that Z
intersects each s x F properly on izm, for every face F' of [J}. Here s denotes the closed point
of Spec ko.. We refer to such cycles as cycles having finite reduction. Modding out by degenerate
cycles, we have a complex Z?(k‘om ).

7.2.3. Definition of the invariant. Let 1 denote the generic point of Spec k.. An irreducible cycle
o
not meet ({0,000} x Ok ) U (Ok, x {0,00}). Let G denote the normalisation of g and |G| denote
the underlying set of the closed fiber ¢ x;__ s of G. Let 7 : ¢ — (.. \ {0,00})? denote the
composition of the normalization map from ¢ to g and the inclusion of g to (O \ {0, 00})2.
For r € |G, let k(r) denote the residue field of r. We have a surjection Oy, — k(r). Since

k(r)/k is finite étale there is a unique splitting k(r) — (’A)q,r of the above surjection, and a unique

q in g?(koo, 2) is determined by its generic point g, of 007, such that its closure g in Eim does

isomorphism k(1) — @q,r of kso-algebras which extend this splitting.
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We let 7, denote the composition of the isomorphism Spec k() — Spec @q,r, the natural
map Spec O;,» — ¢ and the map 7. If y is an invertible function on (O \ {0,00})?, we let

Cri(y) = Li(m7(y),
for 1 <14 < p. Similarly, we let
Ur) == (b ANMlra) (Y1 A y2)

and
1 .
(P (r) == 3 D il M) (Y1 Ay),

1<i<p

where y; and yy are the coordinate functions on (Ok__ \ {0, 00})%.
We define the values of £ and £(?) on ¢ by:

(7.2.1) Uq) = > Trp(l(r))

reld|

and

(7.2.2) (PN (q) = D Trg(e®(r)).
relg|

Definition 7.2.1. We define the regulators p and p(®) as maps from g?p(koo,ii) to k as the
compositions of £ and ¢(P) with the boundary map:

pi=00d and px =P od.

Exactly as in [12], we see that p and px vanish on boundaries. In other words, the compositions
podand px o0 from g?p(koo,él) to k are both 0.

7.2.4. Modulus property. The most important property of the regulator maps p and py states,
in essence, that these regulators depend only on the reduction of the cycle modulo (¢?). In order
to state this property precisely, we will need the following definition.

Definition 7.2.2. Suppose that Z; g?p(koo, 3), for i = 1, 2, are irreducible cycles. We say that
Z1 and Zy are equivalent modulo t™ if the following condition, which we denote by (M,,), holds:
(i) the closure Z; of Z; is smooth over ko, and (Z;)sU (Uj,a|8;Zi|) is a strict normal crossings
divisor on Z;, fori =1, 2
(i) Z1lim = Zalm.

The main result of this section is the following:

Theorem 7.2.3. Suppose that Z; € gfc(kom 3), fori=1,2, are two irreducible cycles which are
equivalent modulo t2. Then we have
p(Z1) = p(Z2)
and

Pk (Z1) = pr(Z2).

Proof. The proofs of the statements for p and pyx are essentially the same. Therefore, we will
only expound the one for pg.

Suppose that Z; and Z, are as in the statement. Let us put Z to be the common reduction
of Z; modulo (tz). Then Z is a smooth and projective curve over ko and Z; are its two different
liftings. We will denote the restriction of the coordinate function y; to Z by Y; 7> similarly its

restriction to Z; by y; 7,
Let us compute pk (y; 7\ Yy 7 A\Y37) by using the lifting Z;. Note that we proved in the main
theorem that the value of px (1, 7 A ¥y 7 A Y3 7) is independent of the choice of the lifting.
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Since Z; and the functions Y; 7, are global good liftings, we can choose y; 7 Ay, 7, Ay3 7,

as both p, and §. for each z € |Z| as in the construction in §7.1.1. This would make the defect
term

res:wP) (P 2y Goms Vap © QL)
equal to 0 in (7.1.1) and the expression reduces to

Pz Nz AYUsz) = D TP (res.(y, 7, Aoz, Aysz,)) = (P 0 0)(Zi) = pic(Zi).
2€|Z|

Since the left hand side does not depend on the choice of Z;, we obtain pg(Z1) = pr(Z2). O
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