INFINITESIMAL DILOGARITHM ON CURVES OVER TRUNCATED
POLYNOMIAL RINGS

SINAN UNVER

Abstract. We construct infinitesimal invariants of thickened one dimensional cycles in three
dimensional space, which are the simplest cycles that are not in the Milnor range. This
generalizes Park’s work on the regulators of additive cycles. The construction also allows us to
prove the infinitesimal version of the strong reciprocity conjecture for thickenings of all orders.
Classical analogs of our invariants are based on the dilogarithm function and our invariant
could be seen as their infinitesimal version. Despite this analogy, the infinitesimal version
cannot be obtained from their classical counterparts through a limiting process.

1. INTRODUCTION

1.1. Statement of the main technical result. For a scheme X, one expects an abelian cat-
egory Mx of mixed motivic Q-sheaves on X, such that the extensions groups H((X,Q(n)) :=

Ext’y(, (Q(0),Q(n)) of the Tate sheaves are computed in terms of the K-groups as Kgn,i(X)(gl).
We emphasize that we do not assume that X is smooth over a field or even reduced. At present,
such a category has not been constructed. When X is a smooth and projective curve over a base
scheme S, which in our case will be the spectrum of an artin ring, the conjectural Leray-Serre
spectral sequence would give a map:

K3(X)§) = H3(X,Q(3)) — Hi,(8,Q(2)) = K3(9)5.

In certain cases, there are regulator maps from Kg(S)g ) to an abelian group A. The compo-
sition with the above map would induce a map from K3 (X)g’) to A. In case S = Speck[t]/(t™),

such a map K3 (S)g) — Bm<r<amk was constructed in [10]. One of our aims in this paper is to
give an analog of the induced map

H34(X,Q(3)) = K3(X)Y) = Bmcrcamk,

which does not depend on the conjectural category of motives. This map is an infinitesimal analog
of a real analytic regulator as we will describe in §2.2. This makes this paper a continuation of
our project started in [21] and followed up in [20], which aim to give infinitesimal analogs of real
analytic regulators.

First, let us state the main technical result on which all the applications are based. Let k be
a field of characteristic 0, k,, := k[t]/(t™), for m > 2, and C/k,, be a smooth and projective
curve. We denote the underlying reduced scheme of C' by C'. We will need a variant of the Bloch
complex ([6, §1.8, §1.9], §2.1). If X/k is a smooth and projective curve, then the part of the
classical Bloch complex relevant for us is:

(1.1.1) By (k(X)) @ k(X)™ = @aeix|Ba(k(z)) ® A3k(X)* — @IE‘X|A21€($)X.
Here the summations are over the set closed points | X| of X and By denotes the Bloch group
(§2.1.1).

In order to define a variant of the above complex for C, we first need to make a choice of
smooth liftings. By a smooth lifting ¢ of a closed point ¢ € |C|, we mean a closed subscheme ¢ of
C, which is supported on ¢ and is smooth over k,, (cf. §7). For each point ¢ € |C|, fix once and
for all a smooth lifting ¢ and let & denote the set of all of these liftings. Let n be the generic
point of C| for a function f € Oé‘m’ and ¢ € &, we define a notion of f being good with respect to
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¢ or equivalently of being ¢-good in §7. We then define the sheaf (O¢, &)* in §8.1, by requiring
that its sections on an open set U to be those f € Oém, which are c-good for all ¢ € & with
¢ := |c] € U. We similarly define a sheaf Ba(O¢, Z2) in §8.1, which is a generalization of the
Bloch group but which also encodes the notion of goodness with respect to elements of 2. This
gives us a complex € (C, &) of sheaves on C' which are concentrated in degrees 2 and 3:

(1.1.2) By(0c, 2) @ (Oc, )" — Beepicn(Ba(k(c))) & A3 (Oc, 2)*.

Here k(c) denotes the artin ring which is the ring of regular functions on the affine scheme ¢, and
i, denotes the imbedding from ¢ to C. Since we fixed a single lifting ¢ € & for each point ¢ in
|C|, the sum above can also be thought of as a sum over |C|. The main technical result is the
following construction of infinitesimal Chow dilogarithms:

Theorem 8.1.1. Let k be a field of characteristic 0, C' be a smooth and projective curve over
km = k[t]/ (™), with m > 2 and & be a choice of a smooth lifting for each closed point of C.
For each m < r < 2m, there is an infinitesimal regulator:

(1.1.3) pmr: H3(€(C, 2)) — k.

Specializing to the case when C is the projective line P,lcm, with coordinate function z, we fix
an a € k), such that 1 —a € k). If we choose & such that that z, 1 — z and z — a are all good

m*

with respect to P, then (1 —2) Az A (z —a) € T(A3(Op1, 2)*) and
P (L= 2) Az A (2 = a)) = lim,([a]),

where liy, , : Ba(ky) — k is the additive dilogarithm defined in [18] (cf. §3).
The notation of the theorem in the main body of the paper is slightly different but equivalent.
This generalizes the construction in [21] in two different ways: we sheafify the previous con-
struction and we construct the regulator for any m < r < 2m, rather than only for m = 2. More
precisely, if we let k(C, £)* denote the set of global sections I'(C, (O¢, £)*) of (O¢, £)*, the
construction of [21] only gives a map from A%k(C, 22)* and only in the case when m = 2 and
r = 3. We will sketch the main idea of the construction in the section below, but let us mention
here that the construction of a map pp, m+1 from A2k(C, 2)* to k can be done by the methods
of [21]. On the other hand, the construction of p,, , for m+1 < r < 2m requires the new methods
that we introduce in this paper.

1.2. Applications. As we described above, specializing to triples of functions gives us the in-
finitesimal Chow dilogarithm:

(1.2.1) pmr s NPE(C, 2) — k.

which we will denote by the same symbol.

1.2.1. Infinitesimal strong reciprocity conjecture. The first application of this construction will
be to an infinitesimal analog of the strong reciprocity conjecture of Goncharov [7]. If X/k is a
smooth and projective curve over an algebraically closed field k, the Suslin reciprocity theorem
states that the sum of the residue maps

(1.2.2) Z resy : KM (k(X)) — KM (k)
z€|X|

at all the closed points of X is equal to 0. In [7], Goncharov conjectures that the map of
complexes:

By (k(X)) ® k(X)* —— A%k(X)*

| |

Ba(k) ———= A2k~
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obtained from (1.1.1) by taking sums of the maps Ba(k(z)) — Ba(k) and A?k(x)* — A%k*, is
homotopic to 0. More precisely, he conjectures that there is a canonical map h : Ak(X)* —
By (k) which makes the diagram

By (k(X)) @ k(X)* —— A3k(X)>

L
Bo(k) — = A2~

commute and has the property that h(AA f Ag) =0, if A € k* and f, g € k(X)*. Note that
this is a stronger version of the Suslin reciprocity theorem since the cokernel of the horizontal
maps in the diagram above are K37(k(X)) and K2/ (k). This original version of the conjecture
is proved by Rudenko [16], by using homotopy invariance.

We prove an infinitesimal version of this conjecture using the infinitesimal Chow dilogarithm
above and the determination of the structure of the Bloch group over k,, which was done in [18].
Our method is entirely different from Rudenko’s, since homotopy invariance is no longer true in
the infinitesimal world. Let Bs(k(C, 22)) denote the set of global sections of By(O¢, &), then
the infinitesimal version of the strong reciprocity conjecture states:

Theorem 9.1.1. There is a map h : A3k(C, 22)* — Ba(kp), which makes the diagram
By (k(C, 2)) ® k(C, 2)* —= N°k(C, 2)*

By (k) AE)

commute and has the property that h(kX, A A?k(C, 2)*) = 0.

1.2.2. Application to algebraic cycles. As another application of the infinitesimal Chow diloga-
rithm, we construct invariants of higher algebraic cycles up to rational equivalence. In principle
the group of algebraic cycles that we are interested in should be denoted by CH2(km, 3). However,
since k,, is far from being smooth over k, such a group of cycles which can be expressed in terms
of K-theory is not defined.

One way overcoming this problem is to use the additive Chow groups of Bloch and Esnault
[4]. Additive Chow groups were defined in order to give a cycle theoretic interpretation of the
motivic cohomology groups of k,,. One can think of additive Chow cycles as those cycles which
are very close to the 0 cycle, the closeness to 0 being defined via the modulus (¢"*). A regulator
on this group was defined by Park in [15] for » = m + 1.

We think that additive Chow groups tell only part of the story when we try to understand
higher cycles on k,,,. For this reason we define a somewhat bigger class of higher cycles over k,,.
We do this by defining a group g?p(koo,i%) of codimension 2 cycles on A}, where ko := E[[t]].
The main theorem is then a reciprocity theorem:

Theorem 9.4.2. For m < r < 2m, we define a regulator pp, , : gfc(koo,?)) — k. If Z,, for
a(l —a) € kX is the dilogarithmic cycle given by the parametric equation (1 — z,z,z — a) then

Pm,r(Za) = bim,r([a]).

If Z; € g?c(koo, 3), fori = 1,2, satisfy the condition (M,,), then they have the same infinitesimal
requlator value:
pm,r(Zl) = Pm,T(ZZ)~

This essentially states that if two cycles are the same modulo (t™) then they have the same
value under the regulator. Note the similarity of this to the definition of de Rham cohomology on
singular schemes by first imbedding them in a smooth scheme. The precise definition of gfc(koo, 3)
and the condition (M,,) can be found in §9.4. After the category of motives over non-reduced
rings is constructed, we expect these invariants to induce the regulators in this category.
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1.3. Main ideas behind the construction. In this section, we will try to illustrate the ideas
behind the construction in Theorem 8.1.1. For each 2 < m < r < 2m, we will construct a
regulator whose source is the degree 3 cohomology of the complex of sheaves:

By(Oc, 2) @ (Oc, 2)* = Seemics(Ba(k(c))) & A*(Oc, 2)*

concentrated in the degrees [2, 3].

Suppose that we are given a Zariski open cover {U;};c; of C and a corresponding cocyle
7, given by the following data: v; € A*(O¢, 2)*(U;); €ic € Ba(k(c)) for every ¢ € U;; and
Bij € (B2(Oc¢, Z) @ (Oc, Z)*)(Ui;). We will define p, »(y) € k, by first making many choices
and then showing that the construction is independent of all the choices. 3

(i) Let A, be a lifting of O¢,, to a smooth k.-algebra and for every ¢ € |C], let A; be a
lifting of the completion (’A)Qc of the local ring of C' at ¢, to a smooth k..-algebra, together with
a smooth lifting ¢ of c.

(ii) Let an ¢ € I be arbitrary and for each ¢ choose a j. € I such that ¢ € Uj,

(ili) Choose an arbitrary lifting %;, € A3A; of the germ ~;, € As(’)é,n

(iii) Choose a good lifting 7;, € A3(A., )% of the image Vje,c Of ;. in A3 (O, )%, for every
celC],

(iv) Choose an arbitrary lifting f3;.i, € B2(A;) ® A, of the image 8;.;n € B2(Oc,y) ® Of,,
of Bj.i, for every c € |C|.

We then define the value of the regulator p,, , on the above element by the expression

(1-3-1) pm,r(’Y) = Z Try (ém,r(resﬁ:ﬁc) - gim,r(EjC,C) + Tescwm,r(:ﬂn - 6(53’&',7])’ :ch))'
ce|C|

We continue with the description of this expression.

The starting point for the above definition is our construction of the additive dilogarithm in
[18]. For a regular local Q-algebra R, letting R, := R[t]/(t™), for every 2 < m < r < 2m, we
have an additive dilogarithm map (i, , : B2(R,,) — R that satisfies all the analogous properties
of the Bloch-Wigner dilogarithm function. Most importantly, the direct sums of these maps over
all the possible r’s give an isomorphism between the infinitesimal part of the K-group Kjs (Rm)g )
and @By <r<comR. We explain this in detail in §3 and give explicit formulas for these functions
Uiy, . The function li,, , can also be described in terms of the differential § in the Bloch complex
of Ba(Reo), with Ry := R[[t]], by the following commutative diagram

Bo(Roo) ———> A2RX,

Lipn,r

By(R,,) — R,

where £, , is given explicitly in Definition 3.0.2 below.

We can then describe the first two terms in (1.3.1) as follows. For a connected, étale k-
algebra (resp. koo-algebra) A, there is a canonical isomorphism A ~ k! (resp. A ~ k). Using
this isomorphism for k(c), we get a canonical identification Ba(k(c)) = Ba(k(c)m). Therefore,
Uiy, r(gj.c) € k(c) is unambiguously defined using the map lip, » : Ba(k(c)m) — k(c). Since the
element 7;, € A3(.,4~lc,f)>< is assumed to be ¢-good, the residue resz¥;, is defined as an element
of A%k(¢t)* in the beginning of §7. Using the identification A2k(¢)* = A?k(c)% and the map
Ui A?k(c) X — K(c), we define the element 4, .(res:y;.) € k(c).

Defining the last term res.w,,, and proving its properties will constitute a large propor-
tion of the paper. If R is smooth of relative dimension 1 over k, we construct a map wp,r :
A3(R,., (™) — Q}?:/k' Here (R, (t™))* denotes {(a,b)|a, b € RX, ab~! € 1 + (t™)}. Since we
do not fix a lifting of our curve in the construction of p,, ., defining w,, , on this group is not
enough. More precisely, we need to extend wy, , to the following context. Suppose that R and

R’ are smooth of relative dimension 1 over k, together with a fixed isomorphism:

X:R/E™) = R/ (™),
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of k,,-algebras between their reductions modulo (t™). Let

(R,R',x)* :={(a,b)lae R*, be R, x(a+ (t™)) =b+ (t") in R'/(t™)}.
Ideally, we would like to extend the definition of wy,, to a map from A3(R,R’,x)* to Q%Q/k‘
This can be done when » = m + 1 but it is not true if m +1 < r.

However, it turns out that for us purposes, we do not need these 1-forms themselves but only
their residues and we can construct these residues independently of all the choices. Suppose that
S is a smooth k,,-algebra of relative dimension 1, with z a closed point and 1 the generic point of
its spectrum. Suppose that R, R’ are liftings of S, to k., with x the corresponding isomorphism
from R/(t™) to R'/(t™). We construct a map

resywmr i A (R, R/, x)* = K/,

where k' is the residue field of x, which is functorial and independent of all the choices. Let x :
R — R’ be an isomorphism of k,-algebras which is a lifting of x. Choosing also an isomorphism
R, ~ R of k,-algebras, provides us with an identification

(Ra R/a X)X L> (Era (tm))x .
Let 1 denote the isomorphism R — §, induced by the one from R/(t™) to S,. Then we define
TeS4Wm,» by the composition
A3)2* Wm,r dyp resy

A (R, (t™))* Qe — % it K

2

A (R, R, x)*

We prove that this composition is independent of all the choices. Applying this construction in
the above context, we see that 7;, —0(5;,:) and 7;, are two liftings of the same object v;, to two
different generic liftings of O¢ .. Therefore, the expression

Tescwm,r(;?in - 6(6]'01',77)7'?]5) € k‘(C)
is defined.

Applying traces and taking the sum over all the closed points, we obtain the expression in
(1.3.1). Next we show that the sum is in fact a finite sum. The above construction involves many
choices and would be completely useless if it depended on anything other than the initial data.
This is the content of Theorem 8.1.1, our main theorem. Because of its basic properties that we
prove below, p,, , deserves to be called a regulator.

Finally, let us mention that in [21], where the case m = 2 was handled, the only possible r
is 3 and hence satisfies r = m + 1. In this case, the map ws 3 can be defined as a map from
AR, R, x)* — Qp /- This is not true in general and this is why we have to pursue a different
approach in this paper which is based on defining only the residue of the differential rather than
the differential itself.

1.4. Outline. We give an outline of the paper. In §2, we describe the complex analytic version
of our construction for motivation. In §3, we give a review of the construction in [18] of the
additive dilogarithm on the Bloch group of a truncated polynomial ring. In §4, we describe the
infinitesimal part of the Milnor K-theory of a local Q-algebra endowed with a nilpotent ideal,
which is split, in terms of Kéhler differentials. Without any doubt the results in this section are
known to the experts and we do not claim originality. The reason for our inclusion of this section
is first that we could not find an easily quotable statement in the full generality which we will need
in our later work, and second that we found a short argument which is in line with the general set-
up of this paper. In §5, for a regular local Q-algebra R, we define regulators Bs(R,,) ® R, to QF
for every m < r < 2m, which vanishes on boundaries. This construction depends on the splitting
of R, in an essential way. In §6, we introduce the main object of this paper: for a smooth algebra
R of relative dimension 1 over k, we define regulators wp, , : A3(R,, (t™))* — QF /i» for each
m < r < 2m. In §7, we compute the residues of the value of w,, , on good liftings. In §8, we use
the results of the previous sections to construct the regulator from H%(C,Q(3)) and specializing
to triples of rational functions we obtain the infinitesimal Chow dilogarithm of higher modulus.
In §9, we give examples of the infinitesimal Chow dilogarithm in the cases of the projective curve
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and elliptic curves and also give the applications to the strong reciprocity conjecture and the
invariants of cycles.

Conventions and notation. We are interested in everything modulo torsion. Therefore,
we tensor all abelian groups under consideration with Q without explicitly signifying this in the
notation. For example, KM (A) denotes Milnor K-theory of A tensored with Q etc.

For a ring R, we let Ro := RJ[[t]] (resp. R((t))) be the formal power series (resp. the formal
Laurent series) ring over R. For m > 1, we let R, := R[t]/(t™), be the truncated polynomial ring
over R of modulus m. If R is a Q-algebra then we write exp(a) := >, ?—: for a € (t) C Reo.
The same formula is used for « € (t) C R,,. N

For an appropriate functor F, we let F(R)° = ker(F(Rs) — F(R)) (resp. F(R,)° =
ker(F(Ry) — F(R))), denote the infinitesimal part of F(Roo) (resp. F(R.,)).

For any set X, let Q[X] denote the vector space over Q with basis {[z]|x € X}.

We denote both the differential By(A) — A2A* in the Bloch complex of weight 2 (cf. §2.1.1)
and the differential By(A) ® A — A3A* in the Bloch complex of weight 3 (cf. §2.1.2) by 4.
Since the sources of the maps are different, this will not cause any confusion. When we use these
maps in the case when A = R,. and we want to emphasize dependence on r in the notation, we
denote both of these differentials by 4.

2. THE ANALOGY WITH THE COMPLEX CASE

In this section we will describe the analogy with the complex case after recalling some of the
standard definitions. Our aim is to give a flavor of the concepts before going into the technical
details.

2.1. Basic definitions. Here we collect some of the basic definitions that are standard in the
literature. We will use these definitions in this section and generalize them in the later sections.

2.1.1. The Bloch group Bs and the Bloch complex of weight 2. For any ring A, we let A® := {a €
Ala(l — a) € A*}. For a local Q-algebra R, the Bloch group Bz(R) is the quotient of Q[R’] by
the subspace generated by

(2] =[] + /2] = (L =271 /A =y~ )]+ [T - 2)/(L - y)],
for all z,y € R® such that 2 — y € R*. There is a map § : Bo(R) — A2R*, which is defined on
the generators by letting §([z]) := (1 — 2) A x. The corresponding complex obtained by putting
B(R) in degree 1 and A2R* is degree 2 is called the Bloch complex of weight 2. This complex
computes the weight 2 motivic cohomology of R, when R is a field. We refer to [18] for details

about the Bloch group and the Bloch complex of weight 2. We denote the cohomology of this
complex with H (R, Q(2)).

2.1.2. The pre-Bloch complex of weight 3. Continuing with the notation above, we have a complex
(2.1.1) Q[R’] = By(R) ® R* — A*R*,

concentrated in degrees [1, 3], where the first map sends a basis element [z] to [x] ® z and the
second one sends [z] ® y to d(x) A y. Abusing the notation, we denote all the differentials in this
complex by §. This complex and its variants are defined and studied in detail in [6]. We will call
this complex the pre-Bloch complex of weight 3.

The first group Q[R’] when divided by the appropriate relations is denoted by Bz(R). At this
stage of this theory, the exact type of these relations are not clear. There are several different
candidates and it is not known that they give the same answer [6]. The corresponding sequence
obtained is a candidate for the weight 3 motivic cohomology complex [6]. Since we will only deal
with the cohomology groups in degrees 2 and 3, we will only work with the pre-Bloch complex
(2.1.1) above and the precise relations in order to define B3(R) will not be important for us. The
reason that we do not call this complex the Bloch complex is that we do not use a version of the
group Bs(R) and instead use Q[R’]. For R equal to the dual numbers of a field, this complex
and its higher weight analogs were used in [19] to construct the additive polylogarithms.

For the degrees i = 2 and 3, we will denote the cohomology of the pre-Bloch complex in (2.1.1)

by H'(R,Q(3)).
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2.1.3. Residue map between the Bloch complexes. Suppose that R is a discrete valuation ring
with residue field k and with field of fractions K. There is a canonical residue homomorphism
KM(K) — KM | (k) constructed by Milnor [13] between the Milnor K-groups. Goncharov gen-
eralized to a map between the Bloch complexes in [6, §1.14].

For us, the only parts of this construction that will be relevant are:

res: A"K>* — A"T1EX
and
res: Bo(K) ® K™ — Bs(k).

To describe these maps, let us fix a uniformizer 7 of R. The map will turn out to be independent
of the choice of the uniformizer.

The first map is determined by the following formula

res(uom™ Aug Aug A  Atp—1) =M Uy Aug Ao AUy _q,
where m € Z, u;, for 1 <14 < n are units in R and u,; for 1 <1i < n are the images of u; in k.
The second map is determined by the formulas that
res([a] ® b) =0,
ifa€ K\ R’ or b€ R*; and
res([u] @ m) = [u],
if u € R’ and u is the image of u in k.
These maps give a commutative diagram

By(K) ® K* — ABK*

ires J{T’es

A2k

and hence a sequence
Bo(K)® K* — Ba(k) @ ASK* — A?k*.
If we start with a smooth curve X/k, then taking residues at all the closed points and summing
them will give a sequence

Ba(k(X)) @ k(X)" = @ae)x|Ba(k(2)) ® A’k(X)* = @oeix | A2k(2)*.
This is part of the motivic complex of weight 3 of the curve X [6], whose middle cohomology
receives a map from the motivic cohomology H3 (X, Q(3)) of X.

2.2. Complex analog of the main construction. Here we briefly explain the complex analog
of our construction, which is one of our main motivations for the infinitesimal case. If X/C is a
smooth projective curve, then as above one expects a map

K3(X)§) = H3,(X,Q(3)) — Hj(C,Q(2)) = K3(C)5.

Composing with the Borel regulator K 3(((3)8 ) 5 C /(271)%Q and taking the imaginary part would

give a map K3(X )((5 ) SR Up to normalization, this map can be constructed as follows [7, §6].
For f1, fa, and f3 € C(X)*, let

1 1
r2(f1, fo, f3) 1= Alts (5 log | f1] - dlog | fo| A dlog |fs| — 5 log | fi] - darg f2 A darg f3),
(such that dra(f1, f2, f3) = Re(dlog(f1) A dlog(f2) A dlog(fs))). The Chow dilogarithm map
p: A3C(X)* — R is given in terms of this by

(22.1) ph N fan )= [ ol fafo)
X(©
In the special case when X = P!, we have

(2.2.2) p((L=2)ANzA(z—a)) = Dya),
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where Dy (z) := Im(%iz(2)) 4+ arg(l — z) - log(|#]) is the Bloch-Wigner dilogarithm, with ¢iz(z) the
(multi-valued) analytic continuation of >, fTZ
The middle cohomology of -

(223) = By(C(X)) @ C(X)§ = (@2exBa2(C)) & A’C(X)§ = Baex A°Cy —
receives a map from H3,(X,Q(3)) ~ Kg(X)g). Combining Dy and p, if we let
pPx = _(@xEXDQ) S p: (@mEXB2((C)> S2) AB(C(X)6 — R,

then px vanishes on the image of B2(C(X)) ® C(X)g and induces the map Kg(X)(g)) — R, we
were looking for above. If one assumes a theory of motivic sheaves then this is the composition
of H3,(X,Q(3)) — Ext}MC(Q(O),HZ(X/(C)(S)) = H},(C,Q(2)) — B2(C) and the Bloch-Wigner
dilogarithm D5 : Bo(C) — R. Here M denotes the category of motives over C and H?*(X/C) =
Q(—1) denotes the relative motivic cohomology of X/C.

In the special case of X = P! the map p can be made even more explicit [7, §6.3]. Suppose
that fi, fa, and f3 are arbitrary rational functions on P!. By the linearity of p and the fact that
p vanishes on elements of the from A A f A g, if A € C*, we notice that in order to determine
p(fi N fa A f3), it is enough to determine its value for f; = z — «;, for pairwise distinct .
Using functoriality with respect to automorphisms of P! fixing oo, and the formula (2.2.2), we
determine that

(2.2.4) p((z = 1) A (2 — a2) A (2 — ag)) = Do( 222

).

a1 — Qg
3. ADDITIVE DILOGARITHM OF HIGHER MODULUS

In this section, we review and rephrase the theory of the additive dilogarithm over truncated
polynomial rings in a manner which we will need in the remainder of the paper. Further results
for this function can be found in [18].

For a Q-algebra R, let Ro, := R][t]], denote the formal power series over R and R,, :=
R /(t™) the truncated polynomial ring of modulus m over R. Since R is a Q-algebra we have
the logarithm log : (1 + tRx)* — R given by log(l + z) := Zl<n(—1)"+1%, for z € tRw.
Let log® : RX, — Rso, be the branch of the logarithm associated to the splitting of Ree — R
corresponding to the inclusion R < R, defined as log®(a) := log(%). Ifg= Zogi git' € Ry
and 1 < a then let qlq := > ;4 ¢;t' € Roo, denote the truncation of ¢ to the sum of the first
a-terms, and t,(q) := qq, the coefficient of t* in ¢. If u € tRo and s(1—s) € R*, we let
(3.0.1) Uiy r(sexp(u)) :=t,—1(log®(1 — sexp(ulm)) - % |T7m),
for m < r < 2m. Here, and everywhere in the paper, exp(z) denotes the formal power series
> o<n 4 Also note that %ﬂr_m denotes the truncation of the derivative of u with respect to
t, to the sum of its first (r — m)-terms. Fixing m > 2, these li,, ,’s, for m < r < 2m together
constitute a regulator for the kernel of the map from K3(R,,)? to K3(R)®?). This is exactly
analogous to the Bloch-Wigner dilogarithm in the complex case [1], [17], [18].

Since every element of R’ can be written in the form sexp(u) as the above, we can linearly
extend £i,, ., to obtain a map from the vector space Q[R’,] with basis R’ . We denote this map
by the same symbol.

When we would like to specify the § defined on By(Rs) (resp. Ba(R.,)), as given in §2.1.1,
we denote it by 0o (resp. Om)-

Let V be a free R module with basis {e;}ier and {e} };cs the dual basis of VV. Given v and
a =) crae; inV, we let

(v]a) == Zaieiv(v) € R.
icl
If there is an ordering on I, we let {e; A e;};~; be the corresponding basis of A?V. Then, with
the above notation, the expression (w|3), for w, 3 € A%V, is defined. We consider tR., as a free
R-module with basis {t'};<;.
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Let us denote the composition of Ba(Ruo) LN A?RX with the canonical projection Q[R’] —
Bs(R) also by 4. Also denote the map

A?RYX — A’tR. — A%tRo
induced by A%log® : A2RX — A%tR,., by the same symbol.
Proposition 3.0.1. With the notation above, for o € Q[R’.] and 2 < m < r < 2m, we have
(3.0.2) lipr () = (A2 log®(§(a))] S it A t)
1<i<r—m
and this function descends through the canonical projections
Q[R%] = Ba(Roo) = Ba(Rpn),
to define a map from Ba(R,,) to R, denoted by the same notation.

Proof. We proved in [18, Prop. 2.2.1] that the function defined by the right hand side of (3.0.2),
temporarily denote it by £i%, .., descends to give a map from Q[R’ ] and in [18, Prop. 2.2.2] that

m,rs
it descends to give a map from By(R,,). Therefore it only remains to prove the equality (3.0.2).

With the notation £;(c) := t;(log®(cv)), £iy, . can be rewritten as

0, = ( Yoot /\Ei) o4,

1<i<r—m
Then we have i}, ,.(sexp(u)) = fiy, .(sexp(uln)), since we know that fiy, . descends to Q[R",).
We have £;(sexp(u|m)) = u;, for 1 < i < m and ¢;(sexp(ul,)) = 0, for m < 4. Using this we
obtain that £iy, ,.(sexp(ulm)) =D 1<icpp @ lr—i(l — sexp(ulym)) - u;j = liy, (s exp(u)). O

Let us give a name to the essential map which constitute £, ;.

Definition 3.0.2. We denote the map from A’RX to R which sends a A 3 to
(A?log®(a A B)| Z it ALY

1<i<r—m
by U . It is clear that Ly, . : A2RX — R factors through the projection A2RX — A?RX. The
additive dilogarithm above is given in terms of this function as

gimﬂ' = gm,r © 600 = fm,'r o 67"

We will use the main result from [18], there it was stated in the case when R is a field of
characteristic 0, but the same proof works when R is a regular, local Q-algebra. Let Ba(R,,)°
denote the kernel of the natural map from Bs(R,,) to Bz(R), consistent with the notation in the
introduction.

Theorem 3.0.3. The complex By(R,,)° LN (A2RX)° computes the infinitesimal part of the
weight two motivic cohomology of Ry,, and the map @y <r<omlim,r induces an isomorphism

HC;(Rm)(l) ~ Kg(Rm)(Q) ~ ker(6°) o~y gB(m=1)
from the relative cyclic homology group HCS(R,,,)V to R®(m=1),

4. INFINITESIMAL MILNOR K-THEORY OF LOCAL RINGS

Suppose that R is a local Q-algebra and A is an R-algebra, together with a nilpotent ideal
I such that the natural map R — A/I is an isomorphism. Then the Milnor K-theory KM (A)
of A, naturally splits into a direct sum KM(A) = KM(R) ® K} (A)°. In this section, we will
describe this infinitesimal part K (A)° in terms of Kéhler differentials. It is easy to find such
an isomorphism using Goodwillie’s theorem [8], and standard computations in cyclic homology.
However, in the next section, we need an explicit description of this isomorphism in order to
determine which symbols vanish in the corresponding Milnor K-group. Fortunately, determining
what this isomorphism turns out to be quite easy. By the functoriality and the multiplicativity
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of the isomorphism, we reduce the computation to the case of K} of the dual numbers over R
where the computation is easy.

There is no doubt that the results in this section are well-known and we do not claim any
originality. We simply have not been able to find a description of the map ¢ below which is easily
quotable in the literature. Since our discussion is quite short we did not refrain from including
it in the present paper. We will only need the result below for A = R,,. On the other hand, in a
future work we will need this result in full generality which justifies our somewhat more general
discussion:

Proposition 4.0.1. There exists a unique map ¢ : KM(A)° — Q371 /(dQ52 + Q") such that
(4.0.1) o({a,B1, -+, Bn-1}) = log(a)d—ﬁ1 AREEWAY dﬁn*l,
/81 671—1

forael+1 and B1,- - ,Bn_1 € AX, and this map is an isomorphism.

Proof. The uniqueness follows from the fact that the infinitesimal part of Milnor K-theory is
generated by terms {a, 1, - ,Bn—1} as in the statement. In order to see this, let ¢ : R — A
denote the structure map. Since R — A — A/I is an isomorphism, every element in A*
can be uniquely written as ((r)a with r € R* and a € 1 + I. This implies that KM (A) is
generated by elements of the form {ay, -+, a;,¢(r1), -+ ,t(rn—s}, with 0 < i < n and r; € R,
aj € 1+ 1. The terms with 1 < are in KM (A4)° = ker(KM(A) — KM(A/I)). They are also of
the form {a, 81, -, Bn—1}. In order to prove the statement, we only need to show that if a linear
combination of terms of the form {¢(r1), -+ ,u(rp)} are in ker(K} (A) — K} (A/I)) then it is in
fact 0. This again follows from the fact that the natural map from R to A/I is an isomorphism.
We define a functorial map ¢ by the following composition:

(40.2)  KM(A)° = KM (A = HETD(4)° = (7 /dey ) = /(a0 2 + 9 ).
The first map is the multiplicative map induced by the isomorphism when n = 1, the second one
is the Goodwillie isomorphism [8], and the last one is given by [12, Theorem 4.6.8].

By Nesterenko-Suslin’s theorem [14], Milnor K-theory is the first obstruction to the stability
of the homology of general linear groups:

KM(A) ~H,(GL,(A),Q)/H,(GL,_1(A),Q).
Moreover, the composition
K (A)° = K{(A)° = Prim(H,(GL(A), Q) = H,(GL(A), Q) = Ho(GL,(A4), Q) — K, (4)

is multiplication by (n — 1)! by [14]. This implies the injectivity of ¢. It only remains to prove
the property (4.0.1), since then the surjectivity of ¢ also follows.

The multiplicativity of ¢ takes the following form: for a, b € KM (A)°, o(a-b) = ¢(a)Ad(p(b)).
We do induction on n. The statement is clear for n = 1. We show that we may assume that
B; € R*:

Lemma 4.0.2. Suppose that we have the formula (4.0.1) for « € 1+ 1 and p; € R*, for
1 <i<n—1, then we have the same formula for « € 1 +1 and 5; € A*, for 1 <i<n—1.

Proof. We do induction on the number of 3; which are not in R*. If all of them are in R*, the
hypothesis of the lemma gives the expression. If there is at least one (; which is not in R*,
without loss of generality assume that 8,_1 ¢ R*. Let us write 8,1 := A- 38, with A € R* and
B €1+ 1. Then

90({047517"' 7ﬁn71}) = @({a7ﬁla"' 75n727)‘}) +(¢0({avﬂlv"' 75717275})'

By the multiplicativity of ¢, the formula for n = 1, and the induction hypothesis on n, we have

(10<{a7ﬁl7 e 75’n7235}) = (p({aaﬂh e ;Bn72}) A d(lOg(ﬁ)) = log(Oé)diﬁl AREE dﬁn_z A %
61 6n—2 6

By the induction hypothesis on the number of ; not in R*, we have

d dBm— dA
o{a, B, Bm—1,A}) = log(a)% A A ;m_ll A
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Adding these two expressions, we obtain the expression we were looking for. O

The above lemma shows that we may without loss of generality assume that the 8; € R*. The
next lemma shows that we may also assume that A = R, and o =1 + ¢.

Lemma 4.0.3. Suppose that we have the formula (4.0.1) for « = 1+t and B; € R* for
1<i<n-—1, for the ring R, := R[t]/(t"). Then we have the same formula for any A as above.

Proof. Given a € 1+ 1 C A* and §; € R*. Since a — 1 is nilpotent, we have an R-algebra
morphism ¥ : R, — A, for some r, such that 1(t) = a — 1. The result then follows by the
functoriality of ¢ since the map induced by ¢ maps {1+t, 81, -+, Bn-1} to {e, B1, -+ , Bn-1}. O

Next we will show that we can also assume that r = 2. Note that for each A € Q*, we obtain
an R-automorphism v, of R, which sends ¢t to A -¢. If F' is any functor from the category rings
to the category of Q-vector spaces, this gives us an action of Q* on F(R,), which we call the
x-action of Q% and denote F(1))(v) by A% wv. For m € Z, we let F(R,)™ denote the subspace
of elements v € F(R,) such that A« v = \™ - v, for every A € Q*. An element v € F(R,)™ is
said to be an element of x-weight m.

Lemma 4.0.4. Suppose that we have the formula (4.0.1) for « = 1+t and B; € R* for
1 <i<n-—1, for the ring Ry. Then we have the same formula for any A as above.

Proof. We need to prove the result for 1+t € R,., and 3; € R*. Since 1+t = exp(log(1 +t)), it
is a product of elements of the form exp(at™), for 1 < m < r, and a € Q. Therefore it is enough
to prove the formula for elements as above with o = exp(at™).

Since {exp(at™), B1, - , Bn_1} is of x-weight m, its image under ¢ is in (Q%:l/dQ%ZQ)[m}, the
*-weight m part of Q%:l /dQ%:? On the other hand the natural surjection R, — R,,+1 induces
an isomorphism

(Q, /a2~ (@ L a0y 2 ),

m+1 Rpm41
Therefore, without loss of generality, we will assume that » = m + 1. Then we use the map
from Ry to R,,+1 that sends ¢ to at™. This map sends 1 + ¢ to exp(at™) and hence maps
{1+t 51, ,Bn1} to {exp(at™),B1," -, Bn_1}. Therefore, again by the functoriality of ¢, the
result follows from the assumption on Rs. ]

To finish the proof, we will need a special identity in K37(R3) :

Lemma 4.0.5. We have the following relation in K3 (R3) :
t* t
2{1—|—§,/\} = {1+X,1+)\t},

for any A € R*.

Proof. Tt is possible to give a direct computational proof of this statement. We choose to give a
proof which is based on the ideas in this section.

First suppose that R is a field. We know that both sides are in K2 (R3)°. We know from [9]
that the map K37 (R3)° — (Qf, /dRs)° which sends {a, 5} to log(a)%, where ae — 1 € (¢), is an
isomorphism.

The left hand side goes to t2%7 whereas the right hand side goes to

_pd

t dX dx 1
~d(\t) = t* =+ tdt =2~ + 5dt2 3

A A A
in (Q, /dR3)°. This proves the statement when R is a field.
In general, the statement for Q[x, 2] implies the one for a general R by sending = to \. Finally,
if we can show that K} (Q[z,z7%]3)° — K2 (Q(x)3)° is an injection, the known statement for
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Q(x) implies the one for Q[x, z~1]. This injectivity follows from the commutative diagram

K%(Q[mv $_1]3)0C@—> (Q(l@[ac,mfl]g/d(@[xa a7 13))° =t

| |

K3(Q(2)3)* = (4, /d(Q(2)3))°

where the injectivity of ¢ was proven above. This finishes the proof of the lemma. |

Finally, we prove the result for Rs.

Proposition 4.0.6. Let o = 1+t € RS and B; € R*, for1 <i <n-—1, then o({a, B1,- -, Bn—-1)
is given by (4.0.1).

Proof. Note the map v from Rs to R3 that sends ¢ to % This map induces an isomorphism
(Q,/d M = (1 /dag )P

Therefore we only need to compute the image of

2
(403) {1"_%;517 757171}

in Q%;l/dﬂzf)m. By the previous lemma, we know that

a+ sy =t Laemn,
2 2 B
which implies that (4.0.3) is equal to
t
B
This last expression is the % times the product of {1 + ﬁ} € KM(R3)° and

(4.0.4) ST 14 Bt By Bl

{1 +ﬁ1t762a T 7671—1} S K7le_1(R3)o.

By the induction hypothesis on n,

d dBn,_
{1+ Bit, Boy- -+ fur}) = log(L+ i) D2 pooo p Dot
62 anl
Since ¢ is multiplicative, this implies that (4.0.4) is sent by ¢ to
1 3 df3a dBn-1 2 dpy dBn—1
—log(l+ —)dlog(1+ Bit)—— A--- A =log(l+ —=)———A---A .
g gl + g )dloell + ) g, B IR Bt
O
This finishes the proof of Proposition 4.0.1. O

In the case of truncated polynomial rings, we can also describe this isomorphism as follows:

Corollary 4.0.7. The map A\; : A"RS — Q%‘l given by
1
Ailag A+ Nay) = restzogdlog(al) A---ANdlog(ay,) € Qﬁfl,

for 1 <i < r, descends to give a map KM(R,.)° — Q%_l. Their sums induce an isomorphism:

KM(R,)° = @1<icr QB
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Proof. For 1 < ¢ < r, we let p; : (Q%:l/d(Q%?))o — Q%—l be given by u;(w) := Test:ot%dw-
The induced map
(U, /d(Q %) = Or<icr Qg
is an isomorphism.
The surjectivity can be seen as follows. Given w € Q?{l, and 1 <14, j <,

, 1. .
wi(t'w) = restzogd(tlw) =0i 1 w.

In order to prove injectivity, using the notation in the proof of Lemma 4.0.3, we note that
(Q%:l/d(Q%:Q))o is the direct sum of its subspaces ((Q%:l/d(Q%:Q))O)[i] of x-weight i, for 1 <
i < r. The subspace ((Q%:l/d(ﬂ?%f))")[i] consists of elements of the form t'a + Bt~ 1dt, with
o€ Q%‘l and § € Q%‘Q. For 1 < j < r, we have

pi(ta+ Btidt) = 6;5(i - o+ (—1)"1dB).
Therefore, if p;(t'a + Bti=1dt) = 0, then o = #dﬂ and hence

ta+ Bt tdt = d(%ti).

This proves the injectivity of the map
(Q, H/d(9QF))° = Brzicr (U, H/d(QF )M = 1< Q7

The corollary then follows from Proposition 4.0.1. ]

5. CONSTRUCTION OF MAPS FROM Bs(R.,) ® R, TO Q}

In this section, we assume that R is a regular, local Q-algebra.

5.1. Preliminaries on the construction. In this section, we fix m and r such that 2 < m <
r < 2m. We let f(s,u) := log°(1 — sexp(u)) = log(l_sleifs(u)). As in the proof of Proposition
3.0.1, we define ¢; : R — R, by the formula ¢;(a) := t;(log°(a)). Note that ¢; is defined in the

beginning of §3. Let us consider the expression

(5.1.1) aji= > ddl_ i NG= Y bl Ay,
1sigi-1 e

for m < j < r, which defines a map from A2R% to QL. We will use this expression to define a
map from Bs(R,,) ® RY,.

Lemma 5.1.1. For s € Rb, and u = ZO<1’ uit! € tRoo, letting fo = % and u; = %—1; =

o< tuit™!, we have

a;(0(sexp(u))) = tj—1(fsur)ds = tj71(810g g ;; exp(u)) %

Proof. Let us write f(s,u) =: f = >, fit". The expression idl;_; A ¢; evaluated on (s exp(u))
is equal to

)ds.

id(fi—i)ui — ifiduj i = id(fj—i)u; + (§ — ) fiduj—; — jfiduj_;.

Summing these, we find that

a;(0(sexp()) = > (id(fi—i)ui+ (G — i) fiduji) =5 > fduj;.

1<i<j—1 1<i<j—-1
Let Du:=),,; du;t* and vy = %ﬂ:. Then the last expression can be rewritten as

(5-1.2)  tj 1 (D(fur)) = jtj(fDu) =t (D(fur) = (fDu)s) = tj1(D fu — frDu).
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We would like to see that the coefficient of du; in (5.1.2) is equal to 0. The coefficient of du;

in Df = Dlog(l_slefxf(“)) is equal to %}%ti. Therefore, the coefficient of du; in (5.1.2) is

—sexp(u)
(e, gy
it 1—sexp(u)ut Ji
—sexp(u)

Since f; = %(log(l —sexp(u))) = T=s oxp(a) Ut» the last expression is 0.
Therefore oj(d(sexp(u))) does not depend on the du,’s, and we can rewrite (5.1.2) as

a;(d(sexp(u))) = tj—1(Dfur — feDu) = t;_1(fsut)ds,
where f; = %. O

Lemma 5.1.2. If u = ul|n, and m < j < r, we have
Jti(f) = stj—1(fsur).
Proof. The expression jt;(f) — st;j—1(fsu) is equal to

0 0 1—
ti1(fe = s(fsue)) = i1 (57 log(1 = sexp(u)) — s log(— ixf(“)> ).
Since
0 - 0
pn log(1 — sexp(u)) = m U = S5 log(1 — sexp(u)) - uy,
the above expression is equal to tj,l(ﬁut), which is 0, under the assumption that v = uqt +
co Uy t™ L and m < . O

Let dfy : RS — QL be defined as dfy(a) := dlog(a(0)). Note that £ itself is not defined, even
though ¢; are defined for ¢ > 0.

Proposition 5.1.3. The map M,, , defined as
r—j

My = Ligp @ dly — >

m<j<r

(aj00) @ L,

gives a map from Ba(Roo) @ RS to Qk, of x-weight 7, which vanishes on the image under § of
those [se®] € Q[R%], with u = uly,. The map My, i1 descends to a map from Ba(R,,) @ RY,.

Proof. That My, , is of x-weight r follows immediately from the expression for a;(d(sexp(u)))
in Lemma 5.1.1, which shows that o;(d(sexp(u))) is of x-weight j.

Let us now show that M,, , evaluated on [sexp(u)] ® sexp(u), with w = u/,, is equal to 0. By
Lemma 5.1.1, o (6(s exp(u))) is equal to ¢;_1(fsus)ds. This implies that 3, ., %.j(ozjoé)@)&n_j
evaluated on [sexp(u)] ® sexp(u) is equal to

Z r;jtjq(fsut)urfjds = % Z (r = J)t; (f)ur—;ds,

m<j<r m<j<r

by Lemma 5.1.2, since u = u|,,. The final expression can be rewritten as

tr—1(f - ut|r_m)% = lip (s exp(u))% = (lip,r ® dlp)([sexp(u)] ® sexp(u))

since u = u|,,. This proves the first part of the proposition.
When r =m+ 1, M, , takes the form

1
i1 @ dlo = — (Al Ay + 2dbmyg Ao -+ (m = 1)dby A ly) 0) © 1.

Since all the functions in this expression depend on the classes of the elements in R,,, the
statement easily follows. a
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5.2. The regulator maps from H?(R,,,Q(3)) to k. We would like to define maps
Ly, : H*(Rp, Q(3)) — Qf

based on the maps M,, , in Proposition 5.1.3. The problem with M, , is that it does not descend
to a map on By(R,,) ® R, if r # m+ 1. We will modify M,, , slightly to correct this defect
but keep the other properties to obtain L, ;.

In order to simplify the notation from now on we are going to let ¢i,, ,, := 0. Note that fi, ,
was previously defined only when m + 1 < r < 2m — 1 so this will not cause any confusion. We

define f3,,(j), for m < j < 2m — 1, by

Brulj) o= dlimj+ Y bldlaNl)od= Y bdlagAly)os+ > b(dla Aly)os
a+b=j a+b=j a+b=j
1<a,b<m m<a,1<b 1<a,b<m
= dlipj+tojod— Y ((j—a)dlaNljq+adli_oNl)od
1<a<j—m
and
(5.2.1) Loy o= Llimy ®dly — > ("L Bn() ® by — limy © dbry).
m<j<r

We would like to emphasize that, because of our conventions, the summand that corresponds to
J = mis equal to ", ® £, exactly as in the case of M, ,, the terms corresponding to
m < j are modified however.

Lemma 5.2.1. With the above definition, Ly, defines a map from Ba(R,,) ® R to Q% of
*-weight r.

Proof. Since all the terms in the definition of L,, , depend on the variables modulo ¢, we obtain
a map from Ba(R;,) ® R} to Q.

Since we know that M, , is of x-weight 7, in order to prove that L., , is of x-weight r, it
suffices to prove the same for L, , — My, . This difference is equal to the sum of

(5.2.2) - > (T;,jcwim,j & by — lipj @ dly_;)
m<j<r
and
(5.2.3) S LS (G- @)dla Ayt adly o ALL)) 05 L.
m<j<r J 1<a<j—m

Let us first look at the term (j — a)dly A lj_q + adlj_q A L,. For any u Av € A?tR. and
ANeR*, (j—a)dlg Nlj_q+adlj_qg Nlg)(Ax (uAv)) =

(7 — @)d(A"a) AN + ad(N™_g) AX ) (wAv))
()\j((j —a)dlog Nlj_g+adli_g Nly) + (J —a)a(log ANlj_q +Ei—g N fa)/\j_ld)\) (uAw)
= N((j—a)dly ANj—o+adlj_o A Ll)(uAv).

Therefore the term (5.2.3) is of x-weight 7.

Similarly, (r — j)dliy, ; ® br—j — jliny, ; @ dl._; evaluated on A (u ® v) is equal to

(r — DAV lipy ) @ N T, _j — §N iy @ AN 7I4,—5)

= N((r—§)dlim; @ lr_j — jlig; @ dlr_j) + (r — §)j(lim; @ lr_j — limj @ Lo j)A " dA

= N ((r—3)dlim; @ lr_j — jliy; @ dl_j)
evaluated on u ® v. This implies that the term (5.2.2) is of x-weight r and finishes the proof of
the lemma. 0

Proposition 5.2.2. The map L,,, : B2(Ry) @ R), — Q}% vanishes on the boundaries of the
elements in Q[R? ] and hence induces a map

(B2(Rim) ® Ryy,)/im(6) — Q.
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which by restriction gives the regulator map H?(Rp,, Q(3)) — QL of x-weight r we were looking
for. We continue to denote these two induced maps by the same notation Ly, ,.

Proof. We know that M, , vanishes on the boundary d(sexp(u)) of elements sexp(u) € Q[Rx],
with u = u|,, by Proposition 5.1.3. We also know by the previous lemma that L, , descends to
a map on By(R,,) ® R . Therefore, in order to prove the statement, we only need to prove that

Ly, (6(sexp(u))) = My, (3(s exp(u))),

for u = uly,. We first rewrite L,, , as the composition of § ® id with

S oblahb@dlo— Y b dla MG @

a+b=nr a+b+tc=r
m<a,1<b m<a+b,
1<a,b,c<m

c
— b-d(ly N Lo b-ly Ny @dl,.
> gtdlant)elt Y Ay @

a+bte=r a+btce=r
m<a,1<b, ¢ m<a, 1<b, ¢

On the other hand, recall that M,, , is the composition of § ® i¢d with
c
D blanby@dly= Y b dla NG @ L

atb=r a+b+c=r
m<a,1<b m<a+b,
1<a, b, c

If we compare the two expressions we see that all of the terms match above except possibly the
ones that correspond to the triples (a,b,c¢) with 1 < a, b, ¢, a+b+c=r, and m < a or m <b.
By anti-symmetry, we may assume without loss of generality that m < a. We need to compare
the coefficients of the terms dl, A4y ® b, £y A dly @ L., and £, Al @ dl,, subject to the above
constraints, in Ly, , and M, ,.

The coefficient of d¢, A ¢, ® ¢, in Ly, , and M, , are both equal to —QCT}_’b. The coefficient of

boNdly @ L. in Ly, , is ;jz and in My, ,, it is a“j:b. Finally, the coefficient of £, A ly @ dl; in Ly, ,

is b, whereas in M, , it is 0.
We finally note that the values of ¢, A dl, ® €. and £, A £, @ dly, on J(sexp(u)) ® sexp(u) are

the same when u = u/|,,. Then the equality ;ﬁ’) + ¢ = % finishes the proof. O

We can restate Lemma 5.2.1 as follows. First, let

Ym(§) =l + > b(dla ALy).

atb=j

Note that since iy, j = £y, j 0 6 by Definition 3.0.2, we have 3,,(j) = ¥m(j) o d. Finally, if we let

Nm,r ::Zm,r®d€0_ Z (T_J

m<j<r
then by (5.2.1), we have the following.

V() @ br—j = by @ dbr—j),

Corollary 5.2.3. For2 < m < r < 2m, we have a commutative diagram

Ba(R,) @ RX 22% A2RX @ RX

-

L7n i
By(Ry) ® RY, ———= Qk.

We expect that the above maps combine to give an isomorphism between the infinitesimal
part of the cohomology of R,, and the direct sum of the module of Kéhler differentials, justifying
the name of the regulator, cf. [6, Conjecture 1.15]. However, at this point, we can only prove
the surjectivity:

Proposition 5.2.4. Suppose that R is a reqular local Q-algebra and 2 < m as the above. The
direct sum of the L, , induces a surjection:

69m<7‘<2mLm7r : H2(Rma@(3))o - @m<r<2mﬂ}3-
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Proof. Suppose that a € Ba(R,,)° is in the part of kernel of the 6° which is of x-weight r. By
Theorem 3.0.3, this part is isomorphic to R via the restriction of the map ¢i,, .. Computing the
value of Ly, , on a ® b, for b € R*, we see that L,, ,(a ® b) = Eim,T(a)%. Since o ® b is in
the kernel of J, we see that the image of L,, , above is the additive group generated by the set
Rdlog(R*). Since R is local this is equal to Q}z. This implies the surjectivity. O

Conjecture 5.2.5. We conjecture that the map ®m<r<omLm,r in Proposition 5.2.4 is injective
and hence is an isomorphism.

6. CONSTRUCTION OF THE MAPS FROM A3(Rg,_1, (t™))* TO Q}%/k

For aring A and ideal I, let (A, 1)* := {(a,b)|a, b€ A*, a—be I},andlet m; : (A, I)* — A%,
for ¢ = 1,2 denote the two projections. If R is a k-algebra, in this section we will define a map
Wi 2 A3(Ry, (™))% — Q}%/k.

6.1. Definition of Q,,,. Assume that R is Q-algebra and 2 < m < r < 2m. Let us put
Ly i=1m((1+ (t™)) ® A2RX) C (A3RX)°.

Definition 6.1.1. We define the map Q& I r — Qg by the following formulae:
(i)ifx>m; c+y+z=r; y, 2>1; and a, b, c € R then:

Qe (exp(at®) A exp(bt?) A exp(ct?)) == a(yb - dc — zc - db);
(i) if e >m; x+y=r; y>1;a,b€ R; and v € R* then:

Qe (exp(at®) A exp(bt?) A7) i= ayb- )
Y

(iii) ift >m; x+z=r; 2>1; a,c € R; and 8 € R* then:

Qm,?'(exp(atr) A 5 A\ exp(ctz)) = CL(—ZC . %)7

() if x =71; and 8, v € R* then:
Qm,r(eXp(atm) ABA ’7) = 0.

Remark 6.1.2. Notice that in case (ii) of the above definition, using the notation exp(ct*) with
z = 0 instead of 7 would not make sense. This is because in order for exp(ct?) to be well-defined,
we need ct® € (t) C R,.. However, if we continue to use this notation exp(c), without specifying
what ¢ is and without the notation making actual sense, we note that the formula (ii) becomes
a special case of formula (i) in the following sense. If we formally put v = exp(c) then again
formally log(y) = ¢ and %ﬂf = dlog(y) = de. This makes formula (i7) exactly the same as formula
() if we also note that since we put z = 0 the term involving zc.db disappears in (7). We will
be using these notations and conventions in order to shorten the expressions in the remaining
of the paper. However, we would like to emphasize that when proving the statements under
consideration we are always using the Definition 6.1.1 since these notations are only formal and
do not make actual sense. Similar comments apply to (iii) when y = 0 and to (iv) wheny = z = 0.
To sum up we will write that, if x >m; 4+ y+z=r;and y,2>0:

(6.1.1) QO r(exp(at®) A exp(btY) A exp(ct®)) = a(yb - dc — zc - db).

In the proof of the next proposition, we will use the following notation. Recall that Q, =
Q[t]/(t"). Since we assume that R contains Q, R, is a Q,-algebra. Let d : R, — Q}%T/Qr
denote the canonical differential. Note that d has the property that d(¢t) = 0. There is a natural
isomorphism

@0§i<rtlﬁ}{ — Q}%r/Qr'
Proposition 6.1.3. Suppose that f, f € RE. and G, § € R} have the same reductions modulo
(™), with 2 < m <r < 2m. Then we have

Qe O ANG—=6([f]) NG) =0
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and

Qi (SN A G—3([f]) A g) = 0.

Proof. By the assumptions g/g is a product of terms of the form exp(at*) with a € R and
m < x < r. Hence, in order to prove the first equality we need to prove that €2, , vanishes on

5([f]) A exp(at®). By the definition of €, ,. above, we have
s 1
Qo (0([f]) Nexp(at™)) = —a - res;= 0 —(dlog Adlog)((1 —Hnf)=o,

since (dlog Adlog)((1— f) A f) = 0.

In order to prove the second equality, note that ¢ is a product of terms of type exp(ct®) with
0 < z, where for z = 0, we use the notation in Remark 6.1.2. Then using the first equality, we
only need to prove that

(6.1.2) Qi (5([]) A exp(et®) = 8([f]) A exp(et?)) = 0,

for 0 < z < m. On the other hand, since f and f are equal modulo (t™), we see that (6.1.2)
holds when r — z < m. Therefore from now on we assume that m <r — z.

If we knew (6.1.2) in the special case when f = f + at® with m < x, then by successively using
this information we obtain (6.1.2) for any f and f which have the same reduction modulo (£™).
Therefore, from now on we assume that f f+at®, and f = s+ byt + bot? +

The left hand side of (6.1.2)) is a sum of two terms: one containing the term dc and the other
one containing the term c.

Let us first consider the term containing de. The term containing dc is 0 when r — z = m since
m < x. Therefore we assume that m < r — z. In this case, we compute that this term containing
dc is equal to

(6.1.3) (> iteint)od)(f1—[f)-de
1<i<r—z—m
We have ((Zlgigr—z—mi Ay_ai Nj) 0 5)([h]) = lim,r—z([h|em]), by the definition of £, r—»,

for any h € R’. This implies that (6.1.3) is equal to (i . ([flim]) = Cimr—=([flem])) - de = 0.
Finally, we consider summand of (6.1.2) which contain the term c. Letting 3 := byt +bgt?+- -
this term is equal to —z - ¢ - a times the coefficient of " ~*~% in

Z(—l)il(ﬂl ‘.d((fl)]i g) _ <(_1)i7151f 'd((il)]i B] ))

ot s—1)8 — j s st j o (s—=1)
i—1 i—1
yi=1 B dS 1B ds
o (—yi .
+ OZQ (s—=1) s (1) st s— 1)

Let us rewrite the last expression as

i+ pitj— 1 1
(Kzi’j(*l) I gt 24(5)((8_ 1)isi - si(s — 1)]‘)
itj—1 pitj—1 1
+0;j(_1)”77 ﬂ + ds((S_ 1)i8j+1 o Si(S— ]_)j+l)
i~1gi-1 74 1 B 1

In this expression, the first sum is equal to 0. In the second sum only the terms with ¢ = 1
survive, to make the sum equal to

o 1 1
Z(—l)ﬂ,@ﬂds((s Y e g 1)j+1)'

0<y

This is precisely the negative of the third sum above. This finishes the proof. O
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Let s : A3(R,,(t™))* — A3RX, be given by s := A1 — A3m. The group A?(R,., (t™))* is
generated by elements of the form (a,a’) A (b,0') A (¢,c) with a —a’, b=, ¢ — ¢ € (™) and
a, a’, b, b, e, € R If welet a =ad, b=V, and c =+, then «, 8, v € 1 4 (t™). We have

s((a,a’) A (b,B') A (e,d)) = ad ANBY A~yd —a' NV AN € Ty,
since the last expression is a sum of elements of the form d A d Ae with 6 € 1 4 (t™) and d,
e € RX. This implies that s factors through I,,, . C (ASR})°.
Definition 6.1.4. Suppose that R is a k-algebra. We let (2, . denote the composition of Qp,
with the canonical projection Qp — Q. We define wyny @ A3(Ryp, (7)) = Qp )y as the
composition Q,, .o s of s : A* (R, (™)) = Ly, and Q,, , : I, — Q}%/k.

6.2. Relation of Q,, , to L,, .. In this section, we assume that R is a smooth local k-algebra of

relative dimension 1. We will relate the construction 2, , to L, ,, assuming Conjecture 5.2.5.

Even though the results in this section will not be used in the rest of the paper, we include this

section since it gives a more conceptual description of €, , and it will be referred to in future

work. Let us denote the composition of L,, , with the canonical projection Q% — Q}%/k by L,, -
Given a € I, », we will show that there exists

eeim((1+ (™) @Kk* @ RS) C (A*R)])°,
such that o — e = 9,.(y) for some v € (Bz(R,) ® R))°. Assuming Conjecture 5.2.5, we will then
show that

Qm,r(a) = Lm,r(’}/'tm) € Q}{/k

Lemma 6.2.1. For any o € (A3RX)°, there exists ¢ € im(A2RX ®@ k*) C (A*RX)° such that
a — ¢ lies in the image of (Ba2(R,) ® RX)° in (A>RX)°. Moreover, if

acim((1+t"R,)* @ A2RX) C (A*R))°
then we can choose

eeim((1+t"R,)* ® RX ® k*) C (A*R))°
such that o — ¢ lies in the image of (B2(R,) ® RX)° in (A>R})°.
Proof. The infinitesimal part of the cokernel of the map
By(R,) ® RX — A*RY

is KM (R,)° which is isomorphic to &1<;<,t'Q% via the map from A3R), whose i-th coordinate
is given by

1
(6.2.1) rest:(]ﬁdlog(yl) A dlog(yz) A dlog(ys),

by Corollary 4.0.7. Further, by the assumption on smoothness of dimension 1, we conclude that
the natural map

Qf @ U — OF
is surjective. Since we assume that R is local, the map

R®z R* — Q,

which sends a ® b to a - dlogb, is surjective.

Note that the image of exp(t'u) Av A\, with u € R, v € R* and X\ € k* under the i-th map
in (6.2.1) is i - u - dlog(v) A dlog()\) and under the coordinate j maps in (6.2.1) with j # i, the
image is 0. Together with the above, this shows that the map

(AR @ k*)° = (A°RY)° = @1<icrt'QF;
is surjective and hence proves the first statement.

For the second statement, note that if a € im((1+t™R,)* @ A2R)) C (A3R)° then its image
in ®1<i<,t'Q% lands in the summand @®,,<;<,t'Q%. Since by the above discussion, we also see
that the composition

(1+t"R)* @ RX @Kk* = (AR})° = Ome<ic t' Q%
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is surjective, the second statement similarly follows. O

The next lemma is crucial in relating 2, . to L, ,..

Lemma 6.2.2. Let A(r) denote the kernel of the differential Ba(R,) @ R} — A3RY. Then
Conjecture 5.2.5 implies that the composition

‘yn

A(r) € Ba(R,) ® R —" By(Rp)® RE, —=s Qb
is 0.

Proof. By Proposition 5.2.2, we know that L,,, induces a map from H?(R,,,Q(3)) to Q% of
weight r. The composition of the maps in the statement of the lemma can be rewritten as the
composition

[em

A(r) —— H2(R,,Q(3)) — H2(R,,,Q(3)) —=2 QL.

By Conjecture 5.2.5 the x-weights of H?(R,,Q(3)) are between r + 1 and 2r — 1. This implies
that the map from H?(R,, Q(3)) — QL, which is of weight r, is in fact the zero map and finishes
the proof. |

Remark 6.2.3. We emphasize that, in the above lemma, we prove that L, ,(v|sm) = 0 for
v € A(r). If v is only assumed to be in the kernel of the map Ba(R,,) ® R}, — A3R) then
L. () need not be equal to 0.

Lemma 6.2.4. Assuming Conjecture 5.2.5, suppose that v € Ba(R,) ® R such that
6-(7) € im(( Bo<sar (L +1°R)* @ (L+"°R,)*) @ k) C AR

then L,, ,.(v]tm) = 0.

=m,r

Proof. First let v := exp(ut®) Aexp(vt!) AN € ASR) with u, v € Rand A € kX and r < i+ j.
We have exp(ut?) A exp(vt?) € (A2R})° and

1 ; , 1 . .
restt—adlog(exp(ut’)) A dlog(exp(vt’)) = restt—ad(utl) Ad(vt?) =0 € QF,

for all 1 < a < r, since © < i + j. This implies that there is oy € Ba(R,) such that d,(ap) =
exp(ut?) A exp(vt?), and hence 6, (ag ® \) = a.

Let us compute L, »((co ® A)|gm). Since ¢;(A) = 0, for 0 < ¢ by the formula for L,,, we see
that

L (00 ® A)|gm) = Lligy r(ct0]¢m) - dlog(N) € Q.
This expression vanishes in 7, /i and therefore L, (g ® A)|¢m) = 0. Taking the sum of expres-

sions such as above, we deduce that if
a € im(( ®o<s<r (1 +°R)* @ (1+t"°R,)*) @ k™) C A’RY

then there is a @ € By(R,) ® R such that §,.(&) = a and L,, ,.(&[sm) = 0.
Applying this to « := §,.() we deduce that there exists & € By(R,) ® RX such that §,.(&) =
6r(7y) and L, .(@|gm) = 0. Then we have

Ly (Ylem) = Ly (@lem) + Ly o (Y = @)m) = Ly 1 (v = @) ).

)

Since §,(y — &) = 0, the last expression is 0 by Lemma 6.2.2. |

Lemma 6.2.5. Assuming Congecture 5.2.5, if v € Ba(R,) ® R such that
8:-(7) € im((A’R))° @ k*) C A°RY
then L,, . (v]tm) = 0.

=m,r
Proof. Suppose that v is as in the statement of the lemma. Fix some a € Z~;. We inductively
define v as follows. Let 4[=1 = ~, and

Al i g Al 1) _ giali=1]
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for 0 < i < 7. Since Ly, is of weight r, Ly, (v ]im) = (a” — a*) Ly, (v ]4m). Therefore
proving that L,, .(v|tm) = 0 is equivalent to proving that Lm,r('y[“”hm) = 0. On the other
hand,

S Cim((@o<ser 1+ R @ (14+17°R,)*) @ k%),
and therefore the previous lemma implies that me(’y[rfl] |gm) = 0. a

Assuming Conjecture 5.2.5, we construct a map Qm’r : I — QRyk, using L,, . as follows.
Starting with a € I,,, », we know, by Lemma 6.2.1, that there exists

ecim((1+ (™) @k* @ RX) C (A*RX)°,
such that o — e = §,(y) for some v € (B2(R,) ® R})°. We then define
(6.2.2) (@) = Ly (Vem) € Q-
In order to see that var () ==L, .(v|m) € Q}%/k is well-defined, suppose that
e eim((1+ (t™) @ k* @ RX) C (A*R))°
and 7' € (By(R,) ® RX)° are other such choices. Then
5.1/ =) = = — &' € im((ARX)° @ k) C ASRY
and hence L,, .((7' —7)

¢m) = 0 by Lemma 6.2.5. The following proposition is the statement
which we were looking for, that relates Q,,, . to Qm,r and hence to L,, ,. :

Proposition 6.2.6. Assuming Conjecture 5.2.5, we have Q,, . = Q

Em,r:

Proof. Suppose that z > m and x + y 4+ z = r, with y, z > 0. We need to check that

Qm,r (exp(at”™) A exp(bt?) A exp(ct®)) = a(yb - dc — zc - db).
) (i) Case when y = z = 0. In this case, we need to compute the image of exp(at”) A 8 A~ under
Q,, ., where 3,y € R*. The image of exp(at”™) A B in ®1<i<,—1t'Q% is equal to 0. Therefore,
there is & € BS(R,.) such that 6, («) = exp(at”) A 8. Then, by definition,

(623) Qm,r(exp(atr) A ﬂ A 7) = Lm,r((a & 7)'“”)'

On the other hand, by (5.2.1), Ly, ,(a|m @ 7v) = éim,,.(ahm)d%. By the expression (3.0.2) for
Uiy, r, we have
Cipr(ae,) = (A2 log(6, ()| > it A ti) =0,
1<i<r—m
since A%log®(d,(a)) = A%log®(exp(at™) A B) = 0. By the above formula (6.2.3), this implies that
Qmm(exp(atT) A B A7) =0 as we wanted to show.

(ii) Case when y # 0 and z = 0. In this case we try to compute the image of exp(at®)Aexp(bt¥)A
~ under Qm,r. Here we assume that v € R* and = 4+ y = r, with > m. By exactly the same
argument as above, we deduce that there exists o € BS (R, ) such that J, (o) = exp(at®) Aexp(bt¥)
and we have

- . d
Qm,r<exp(a’tx) A eXp(bty) A ,Y) = Lm,’r((a ® ,7)|tm) = gzmyr(ahm)%.
Since d,(a) = exp(at™) A exp(bt¥)

tm) = (A2 log® (8, (a))] Z it" T A ti) = yab.

1<i<r—m

Liy (0

This exactly coincides with the expression in the statement of the proposition.

(iii) Case when y # 0 and z # 0. Note that, by localizing, we may assume that R is local.
Moreover, since both sides of the expression are linear in a, b and ¢, we may assume without loss
of generality that a, b, ¢ € R*. Since any element in a local ring can be written as a sum of units.

If 0 := exp(at®) A exp(bt?) then its image in ©1<;<,—1t'Qk is equal to
Di<i<r_1T€St tl (A%dlog(exp(at®) A exp(bt¥))),

1
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which only has a non-zero component in degree x + y equal to yb - da — xa - db.

If we compute the image of ¢ := mLer exp(abﬂ*y)/\b—#ﬂ/ exp(abt®T¥)Aa in the same group, we
obtain the same element. Therefore § —  lies in the image of Bo(R,.). Suppose that vy € Ba(R,.)
such that 6(y9) = 6 — ¢. Since exp(abt™t¥) A exp(ct®) has weight r, there is g € Ba(R,) such

that §(gg) = exp(abt®¥) A exp(ct?). We now write
exp(at”) A exp(bt?) A exp(ct®) = (0 — @) A exp(ct®) + @ A exp(ct?)

_ 2y y
= §(v0 ® exp(ct?)) x+y6(ao®b)+x+y6(eo®a).
By the definition of we have var (exp(at™) A exp(bt¥) A exp(ct?)) =

m,rs

L (ol © exX0(et)) = Lo p(colen ©) + Ly (colen ©1).

x
T+Yy
By definition, L, ,.(¢o[tm ® b) =

em)dlog(b) = (A?log® d(<o)] Z (r —i)t' At""")dlog(b) = zabc - dlog(b) = azc - db.

m<i<r

Eim,r(EO

By the same argument, L,, (0|t ® a) = bzc - da.
In order to compute L,, (70|t @ exp(ct?)), first note that, by the definition of L,, ., we have

z . .
L (ol @ exp(et7)) = == dlim ey (olon) - € + by (0l - de

Since i, 4y (Yolem) = (A2108° 8(10)| iy sy (& + 3 — ) At74977) = yab, we have
Ly, - (0]tm @ exp(ct?)) = _xz—&g—JyC - d(ab) 4+ yab - dc.

Combining all of these gives, Qmﬂ.(exp(atm) A exp(btY) A exp(ct?)) =

b
Y c-d(ab) +yab - dc — R Cda:a(yb-dc—zc-db).
T4y Tty +y

This finishes the proof of the proposition. O

6.3. Behaviour of wy,, with respect to automorphisms of Rj,,_; which are identity
modulo (™). In this section, we continue to assume that R is smooth of relative dimension 1 over
k. We will show the invariance of £, . with respect to reparametrizations of R, that are identity
on the reduction to R,,. In order to do this, we will need to make an explicit computation on
k' ((s))oo, where £’ is a finite extension on k. In order to make the formulas concise and intuitive,
we will use several notational conventions as follows. If a € k’((s)), we let ' = a¥) € k'((s))
denote its derivative with respect to s and a1 = (a(™)’. Similarly, we let exp(a) denote an

arbitrary non-zero element in &’((s)) and o’ = aV) := (Z%(&)))/ and a("*1) = (a(™)’. This notation
is intuitive in the sense that, if one thinks of a as log(exp(a)) then @’ is the logarithmic derivative

of exp(a). With these conventions, we will state the following basic lemma.

Lemma 6.3.1. Let o be the automorphism of the koo algebra k'(($))oo, which is the identity
automorphism modulo (t) and has the property that o(s) = s+ at™, with w > 1 and o € k((s)),

then o (exp(at®)) = exp(} <, th+iw).

il
Proof. Assume that o is such an automorphism of £’((s))so. Let i : &' — k'((s))oo be the standard

inclusion, which sends an element of k' to a constant series in s and ¢. In other words, 7 is the
k’-algebra structure map. Let

T K ((5))oo = K'((5))oo/ (t) = K'((s))
denote the canonical projection. By the assumptions, the restriction of o o4 to k, is the standard
inclusion k£ — k'((s))co. Similarly, by the assumptions, woo o1 is the standard inclusion of k¥’ into
k'((s)). Since k' is étale over k, these two statements above imply that o o ¢ is the same as the
inclusion 7. Together with the assumption that o(t) = ¢, this implies that ¢ is an automorphism
of k! _-algebras.
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The rest proof is then separated into two cases, when x = 0 and when x # 0. In both cases,
the statement follows from the Taylor expansion formula. |

Lemma 6.3.2. Let o be the automorphism of the koo algebra k'((s))oo, which is the identity
automorphism modulo (t) and has the property that o(s) = s + at*, with m < w. Then we have,
(U(exp(ati) A exp(bt?) A exp(ctk))) B
=T exp(att) A exp(bti) Aexp(eth)

for0<i+j+k.
Proof. Since m < w, 0 <i+j+k and m <r < 2m, the weight r terms of

o(exp(at’) A exp(bt?) A exp(ct®))
exp(at?) A exp(bt?) A exp(ctF)

are possibly non-zero only when ¢ + j + k + w = r and in this case they are given by
exp(aa’t™) Aexp(bt?) A exp(ct®) + exp(at’) A exp(ab't?T%) A exp(ct”)
+ exp(at®) A exp(bt?) A exp(acti ).
By the definition of ,, ,., the above sum is sent to
a(d'(jbe’ — keb') — b (iac’ — kea') + ¢ (iab’ — jba))ds = 0.
O

Corollary 6.3.3. Let o be any automorphism of R, as a k.-algebra, which reduces to identity
on R, then wy, r o Ao = Wi, -

Proof. This follows by the corresponding statement for £, .. This in turn reduces to Lemma
6.3.2 after localizing and completing. ]

Definition 6.3.4. If R/k, is a smooth k,-algebra of relative dimension 1. We defined the map
W * AS(EN (tm))X - Ql@/ka

as the composition Q, , o s, where R is the reduction of R modulo (t) and R, = R Xj k.
Let 7 : R, — R be a splitting, that is an isomorphism of k,-algebras which is the identity map
modulo (t). By transport of structure, this gives a map

Wi P MR, (E™)" — ng/k,.

Suppose that 7' is another such splitting which agrees with T modulo (t™). Applying Corollary
6.9.9t0 7 o 7, we deduce that Wy, rr = Wi . Therefore, if 0 : R, — R/(™) is a splitting
of the reduction R/(t™) of R then wp o is unambiguously defined as wy, r -, where T is any
splitting of R that reduces to o modulo (™).

Recall the relative version of the Bloch group from [21, §2.4.8]. If A is a ring with ideal I, let
(A, 1) = {(a,a) € (A, I)*|(1 —a,1 —a) € (A,1)*}. Then the relative Bloch group By(A4, 1) is
defined as the abelian group generated by the symbols [(a, a)] for every (a,a) € (A, I)?, modulo
the relations generated by the analog of the five term relation for the dilogarithm:

(@) = (.9 + [0/2,3/2) ~ (g p— o)+ (o 2]

for every (%,2), (7,9) € (A,I)* such that ( — ,& — 9) € (A, I)*. As in the classical case, we
obtain a complex § : Ba(A,I) — A%(A, I)*, which sends (a,a) to (1 —a,1—a) A (a,a). As usual,
abusing the notation, we will denote the induced map 6 ® id : Bo(A, I) ® (A, 1)* — A3(A, )X,
also by 6. With these definitions, we have the following expected property of the map wy, r 7.

Proposition 6.3.5. For a splitting o of R/(t™), the above map wy, o, vanishes on the image
of Bo(R, (t™)) @ (R, (t™))* in A3(R, (t™))* under J.
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Proof. By the definition of wy, , », we easily reduce to the split case where R = R,.. It suffices to
prove that 2, , vanishes on the following two types of elements:

6 ([f1®g) —or([fl®g) and 6.([f]®g) —dr([f] ®7),

where f, f € R’ have the same reduction modulo (™) and g, g € R™ have the same reduction
modulo (™). This precisely the statement of Proposition 6.1.3. ]

6.4. Behaviour of res(wy, ) with respect to automorphisms of R,,. In order to proceed
with our construction, we need an object such as the 1-form in [21] which controls the effect of
changing splittings. This object in x-weight r will be constructed below by using wy, . On the
other hand, this objects does depend on the choice of splittings if these splittings are different
modulo (¢™), when r > m+1. In the modulus m = 2 case the only possible r is 3 so this situation
does not occur in [21]. In the current case of higher modulus, we will see that the residues of the
1-form wy, , is invariant under the automorphisms of R,, which are identity modulo (¢), which
will imply that the residue can be defined independent of various choices. We will see that this
will be enough for constructing the Chow dilogarithm of higher modulus. We will again start
with an explicit computation on k'((s))oc-

Proposition 6.4.1. Suppose that o is the automorphism of k'((s))eo as @ keo-algebra such that
o(s) = s+ at”, with w > 1 and o € K'((s)), and which is identity modulo (t). Consider the
element exp(at®™) A exp(bt¥) A exp(ct?), withm < x. If r — (x + y+ z) > 0, and is divisible by w,

_ r—(z4y+=z o(exp(at®)Aexp(bt?)Aexp(ct®
let q= % Then Qm T( (cxpp(at’“”))/\cxpp(g;ty))/\cxpp((ctz)))

pan a(® S (1Y) S (1A e (175 )

" 0<k<g-1 itj=q—k

) is equal to

. o(exp(at®)Aexp(btY)Aexp(ct®))\ _
Otherwzse, Qmﬂ“( eexppzat"')/\eexpp(bty)/\eexpp(ctz) ) =0.

Proof. First note that by Lemma 6.3.1
_ o(exp(at®) Aexp(bt¥) A exp(ct?))
~ exp(at®) Aexp(bt¥) A exp(ct?)
RO D Lyt PO
eXP(Zogi < ?! tmﬂw) A eXP(Zogi < f! tyﬂw) A eXP(Zogi = Zcr tzﬂw)
B exp(at®) A exp(bt¥) A exp(ct?)

and hence if r — (x +y+2) <0or wir— (x+y+ z) then @ does not have a component of
weight r and Q,, ,.(Q) = 0.

Suppose then that r — (x +y + 2) > 0, w|(r — (x +y + 2)) and let ¢ :=
statement of the proposition. In this case the weight r term of @ is given as

W as in the

Fak) ip@ O
Z eXp(%tw-&-kw) A exp(a_i'ty—i_“”) A exp(&ﬁﬂw),
i+ji+k=q : v
This implies that Qmﬂ,(Q) is equal to
Z T((y+lw) 4! ( 1 )lf(ZJFJw)(T)/%')dS.
i+j+k=q : : J: ' J!

We first claim that the expression above does not depend on w. The coefficient of w - %};)oﬂ_lda

B je@) @ @) . (*) .
ibm1e il ey — 0. The coefficient of w - 4-a%ds in the

in this expression is > a i o

same expression is

i+j:q7k(

B (D D) ()

b ) b )
(i =) = . Iz - - ;
H_j;q_k i 4! i g i+j;1;+1 @G—DI{G-1 i+j—qzl§+l @G—1{G -1

1<i,j 1<i,j
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Therefore (2,,, .(Q) can be rewritten as

0Fa® , aip® aicd) ,  aib®aicd)
(6.42) > ) ) )ds.
i+j+k=q

The coefficient of o’a? 'ds in the above expression is equal to

a® D jeld b )

2w 2 b

0<k<g—1 " i+j=q—k

2araiasre
i gl

which agrees with the coefficient of o’a?~'ds in (6.4.1).

Fix g, jo, and ko such that ig + jo + ko = ¢. Then the coefficient of yaZa*0)plio)clio+1) in
(6.4.1) is equal to %(m%ﬁ + k%,% (joil)! + 1%0' (igil)! ﬁ) = k%,%ﬁ, which is exactly the
same as the coefficient of the same term in (6.4.2). By symmetry, we deduce the same statement

for the coefficients of zaZa(*0)plio+1) (o) This finishes the proof of the proposition. O

Corollary 6.4.2. Suppose that o and exp(at®) Aexp(bt¥) Aexp(ct?) are as above. If r = m+1,

o(exp(at®)Aexp(bt?)Aexp(ct®
then Qm T( Eexpp(sztw))/\expp(g)ty))/\expp((ctz)))) =0.

Proof. In this case in order to have m <z and (m+ 1) — (x+y+2)=r— (z+y+2) >0, we
have to have x = m and y = z = 0. In this case, (6.4.1) is equal to 0. O

Corollary 6.4.3. If R is a smooth kp,11-algebra of relative dimension 1 as above, then for
r=m+ 1, we have a well-defined map

Wm, m+1 * AS(Rv (tm))x - QlE/k
as in Definition 6.3.4, which does not depend on the choice of a splitting of R/(t™).

Proof. This follows immediately from Corollary 6.4.2, by reducing to the case R = k'(($))m-+1,
after localising and completing. |

For a general r between m and 2m, the following corollary will be essential.

Corollary 6.4.4. Fix m < r < 2m, and let R be a smooth k,-algebra of relative dimension
1 as above. Let x be a closed point of the spectrum of R, k' its residue field, and let n be the
generic point of R. Then for any two splittings o and o' of R,/(t™), the reduction modulo
(t™) of the local ring of R at n, and for any o € A3(R,,, (t™))*, the residues of wpm, () and
Wi ot (@) € Q%zn/k at x are the same:

TeSyWin ro () = T€SgWm ro(a) € K.

Proof. Again by localising and completing we reduce to the case of k¥'((s)),.. By Proposition 6.4.1,
we see that the difference wy, o/ (@) — Wi r (@) is the differential of an element in £'((s)) and
hence has zero residue. (]

Remark 6.4.5. Let R/k, be as above. Suppose that 7 and o are two splittings R,, — R/(t™).
In this case, there should be a map

hwm o (T,0) - A3(R, (t™)* = R
such that

d(hwm,r(Ta U)) = Wm,r,r — Wm,ro-
Moreover, hwy, (T,0) should vanish on the image of By(R, (t™)) ® (R, (t™))*.

In case r = m + 1, hwm, m+1 = 0 does satisfy the properties above. Let us look at the first
non-trivial case when m = 3 and r = 5. Note that the reduction modulo (¢?) of the automorphism
77 loo R4 — R4, which lifts the identity map on R, is determined by a k-derivation § : R — R.

Define hQ; 5(0) : Is5 C (A*R5)° = R, as
de

Cc

hQ375(9)(eXp(at3) Aexp(bt) Ac) = abd(—),



26 SINAN UNVER

where a, b,€ R and ¢ € R™. Let h§2; 5(0) be defined as 0 on all the other type of elements in
I35. Then hws5(T,0) : A3(R, (t3))* — R defined by

hws 5(1,0)(a) = —hQs 5(0)(s(0™ ' ()))
satisfies the desired properties above. An analog of this construction is one of the main tools in
defining an infinitesimal version of the Bloch regulator in [20].

Definition 6.4.6. Let R be a smooth k,.-algebra of relative dimension 1 as above. Let n be the
generic point and x be a closed point of the spectrum of R. Then we have a canonical map

resywmr : A (R, (™))% = K/,

where k' is the residue field of x. The map is defined by choosing any splitting o of R, /(t™) and
letting resgWpm r = T€S3Wm ro. This is independent of the choice of the splitting o, by Corollary

6.4.4.

6.5. Variant of the residue map for different liftings. For the construction of the infini-
tesimal Chow dilogarithm, we need a variant of Definition 6.4.6. Fortunately, we do not need to
do extra work, Corollary 6.3.3 and Proposition 6.4.1 will still be sufficient to give us what we are
looking for.

Suppose that A is a ring with an ideal I and B and B’ are two A-algebras together with an
isomorphism x : B/IB ~ B'/IB’ of A-algebras. We let

(B,B',x)* :={(p,p)|lp € B* and p’ € B”* s.t. x(p|r) = 9'|1},
where p|; denotes the image of p in (B/IB)*. Similarly, we define (B, B’,x)” and By (B, B', x)
and obtain maps, Bz(B, B',x) — A%(B, B', x)* and Bs(B, B',x)® (B, B',x)* — A3(B, B’, x)*.
We will use these definitions below with A = ko, and I = (¢™). In fact the following variant will
be essential in what follows.

Suppose that S/k,, is a smooth algebra of relative dimension 1, with z a closed point and n
the generic point of its spectrum. Suppose that R, R'/k, are liftings of S, to k.. In other words,
we have fixed isomorphisms:

Y:IR/(ET) = S,
and
P RET) = Sy
Letting y := w’_l o 1, we would like to construct a map
resywmr : (R, R/, x)* — K,

where £’ is the residue field of x. Note that (R, R, x)™ consists of pairs of (p,p’) with p € R*
and p’ € R'™ such that ¢(p|sm) = '(p'|¢m). In other words, it consists of different liftings of
elements of S¥. We sometimes use the notation (R, R, 1,9")* to denote the same set.
In order to construct this map, let
Y:R—=R
be an isomorphism of k.-algebras which is a lifting of x. This provides us with a map
(R,R/ )" —— (R, (™) .
Choosing a splitting o : R,,, — R/(¢t™), by Definition 6.3.4 we obtain the map w, , -, composing
this with the map induced by the reduction ¢ of 1, we obtain

Wm,r,o dy resy

o —— s o — =K.

6.51) A(RR,)F —X o A3(R, (tm)) %

Proposition 6.5.1. The map (6.5.1) above is independent of the choices of the lifting X of x
and the choice of the splitting o of R/(t™).

Proof. That the composition is independent of the choice of ¥ follows from Corollary 6.3.3 and
Definition 6.3.4. That it is independent of the choice of the splitting o follows from Proposition
6.4.1. O
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Definition 6.5.2. We denote the composition (6.5.1) above by
reszwmm(wv'w/) : A3(R,R/, Y, 1//)X — k.

If ¥ and ¢' are clear from the context, we denote this map by resywm r, and (R, R, 9")* by
(R, R, (t™))*. Depending on the context, we also use the notation resywm »(x) : A>(R, R/, x) =
k' for the same map, with x = '~ 0.

With these definitions, we have the following corollary.

Corollary 6.5.3. Suppose that R and R’ are smooth k,-algebras of dimension 1 as above which
are liftings of the generic local ring S,, of a smooth k,-algebra S. Let x : R/(t™) — R'/(t™) be
the corresponding isomorphism of k,,-algebras. Let x be a closed point of S. Then the map

resawm,(x) : A% (R, R, )< — k'
vanishes on the image of Bo(R,R',x) @ (R, R, x)*.
Proof. Follows from Proposition 6.3.5. |

7. THE RESIDUE OF W, ON GOOD LIFTINGS.

Suppose that R/k, is as above. Moreover, we assume that the reduction R of R modulo (t)
is a discrete valuation ring with = being the closed point. We let Z/k, be a lifting of z to R.
By this what we mean is as follows. Let s be a uniformizer at x, and let § be any lifting of s to
R, we call § also a uniformizer at x on R. The associated scheme Z, which is smooth over k,, is
what we call a lifting of z. In other words a lifting of x is a 0-dimensional closed subscheme z
of R such that its ideal is generated by a single element which reduces to a uniformizer on R.
Note that if we are given Z, then § is determined up to a unit in R. Sometimes we will abuse the
notation and write (3) instead of Z. Let n denote the generic point of R. We let

(R,2)" :={a € R} |a =us", for some u € R* and n € Z}.

We say that an element a € R is good with respect to Z, if o € (R, Z)*. Note that this property
depends only on &, and not on §. The importance of this notion for us is that for wedge products
of good liftings, we can define their residue along (s) as in [21, §2.4.5]. Namely, there is a map

resz : A"(R, %) — A" "1 (R/(s))*,

with the properties that it vanishes on A"R* and sAag A+ --Aay—1 is mapped to oy A---Aa
if o; € R* and @, denotes the image of a; in (R/(s))*, for 1 <i<n—1.

Suppose that R'/k, is another such ring, and #’ a lifting of the closed point of R’. Suppose
that there is an isomorphism x : R/(t™) — R'/(¢"™) which identifies the reduction of # modulo
(t™) with the reduction of &’ modulo (¢"). Then we let

(R,R',z,7',x) :={(p,p)|lp € (R,7)* and p’ € (R',7’)* suchthat x(p|sm) = p'|im}.

Note that clearly (R, R/, %, %', x)* C (R, R’,x)*. In case R’ = R with x the identity map, we
denote the corresponding group by (R, Z, (t™))*. Denote the natural maps (R, R’,Z,%’, x)* —
(R,z)* and (R, R, Z,%',x)* — (R',&')* by m; and m.

In this section, we would like to compute res,wy, »(x) () for a € A3(R, R/, %,7’,x)* in terms
of the value of /,,, on the residue of a. The main result of this section is Proposition 7.0.3.
We will first start with certain explicit computations on the formal power series rings and then
finally reduce our general statement to these special cases. Let us immediately remark that in
order to compute the residues, we immediately reduce to the case when R and R’ are complete
with respect to the ideal which correspond to their closed points.

We will first consider the case of R = k'[[s]] and that of the same uniformizer on both of the
liftings as follows.

Note that

n—1»

ressy(sAanB)=anp ek,

where o and 8 are the images of o and 3 under the natural projection R* — (R/(s))* = k.”.
Similarly for p’.
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Lemma 7.0.1. Suppose that R = K'[[s]], and R = R, = K'[[s,t]]/(t"). Suppose that a,d’,
and B € R* such that o|pm = afym € R/(t™). Let p' := sA' ANB, p == sANa AP and
(p.p) == (s,8) A (a,a) A (B,B) € A3(R,(s),(t™))* C A3(R,,(t™))*. Then the residue of
W, (D, D) at the closed point of R = K'[[s]] is given by
Tess:me,r(pvp,) = em,r(res(s) (p)) — L T(TCS(S) (pl))

Proof. By Definition 6.1.4, we see that wy, .(p,p") = Q,, . (p —p') = Q,, (s A & A B). Let us
compute the residue at s = 0 of an expression of the type Q,, (s A exp(at’) A exp(bt?)), with
a,b € k[[s]] and ¢ > m, such that if j = 0. We use the notation in Remark 6.1.2. Since

Q,(sA exp(at’) A exp(bt?)) = ]abﬁ

when i+ j = r and is 0 otherwise, we conclude that its residue is equal to ja(0)b(0) if ¢ + j =,
and is 0 otherwise. Since, for i > m,

Em,r(res(s) (s A exp(ati) A exp(btj))) = Zm,r(exp(a(O)ti) A exp(b(())tj))
is equal to ja(0)b(0) if i + j = r, and is 0 otherwise, we conclude that
(7.0.1) 7€85=0(2y, (s A exp(at’) Aexp(bt?))) = by, (res(s)(s A exp(at’) A exp(bt’))).

On the other hand, since o/[;m = afgm, s A 55 A [ is a sum of terms of the above type, and the
linearity of both sides of (7.0.1) imply that (7.0.1) is also valid for s A %5 A 3. By linearity of £,, ;.
and res(s), we have

L r(res(s)(S/\i/\/B» mr(res(s)(S/\O‘/\B)) m,«(T@S(S)(S/\Oé /\ﬁ))
which together with the above proves the lemma. O

Let us now try to prove the same formula when the choice of the uniformizer is not the
same. In other words, with notation as above let s’ € R such that s'|gm = s|zm. For simplicity,
let us temporarily use the notation (R, (s), (s'), (t™))* = (R, R, (s),(s'),idgr ¢m))*. Let p' :=
s'AanB,pi=shanfand (p,p):=(s,8)A(a,a) A (B, B) € A*(R, (s), (s), (™))~

Lemma 7.0.2. With notation as above, the residue of wy, (p,p’) at the closed point of k'[[s]] is
given by the following formula:

r€8s=0Wmn,r (P, ') = b, (1€S(5)(P)) — b, (res(sn (p)).
Proof. If s” is another lift of the uniformizer s, in other words s’ € R with s”|tm = s|gm then
ress—oWm.r(p, p") = ress—owm.r(p, p") + r€Ss—owm (P, p")
and Cp r (res(s) (p)) — b (ressn (p”)) =
(b (res(s) (p) = b (res(sny (0)) + (b (resen (0') — b (resn (7))

Therefore in order to prove the lemma we may assume withqut loss of generality that s’ = s+at’,
with a € k'[[s]] and m < i. Note that in R, we have s + at’ = sexp(%t’), since 7 < 2m. Letting
a = exp(bt!) and B = exp(ct¥), we can rewrite wy, .(p,p’) as

Q (P = P') = L (exp(—= ) A exp(bt?) A explct*)) = == (jb- de — ke - db),
if i +j + k =r and 0 otherwise. Its residue is
(7.0.2) —a(0)(56(0)c’(0) — ke(0)'(0))

if i + j + k = r and 0 otherwise, with the usual conventions if j or k is 0.
On the other hand, ress) (p) = exp(b(0)t7) A exp(c(0)t*) and

res(sn (p') = exp(b(0)t! — a(0)b'(0)t ) A exp(c(0)t* — a(0)c (0)t"F) € A%k ™.

By the linearity of ¢, ,, the right hand side of the expression in the statement of the lemma is
then equal to

—émm(exp(b(())tj) A exp(fa(O)c’(O)t”k)) — Zm,r(exp(fa(O)b'(O)t”j) A exp(c(O)tk))
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— Lo (exp(—a(0)6 (0)£7+7) A exp(—a(0)d (0)¢1+H)).

The last summand is equal to 0 since ¢, , is of weight r and ¢ +j+¢+k > 2¢ > 2m > r. For the
same reason, the first two summands are 0 if i + j + k # r and if i + j + k = r, then the total
expression is equal to —a(0)c(0)5b(0) + a(0)d’(0)kc(0), which agrees with the formula (7.0.2) for
the residue of €, .. Since o and § are sums of the terms of the above type, this proves the
lemma. ]

Proposition 7.0.3. Suppose that R, R’ are local algebras which are smooth of relative dimension
1 over k.., together with liftings T, &' of their closed points and a kp,-isomorphism x : R/(t™) —
R’ /(t™) which maps the reductions of  and ¥’ to each other. Then for g € A3(R,R',%,%',x)*,
we have the following formula for the closed point x,

resaWm,r () = lm,r(resz(A*m)(q) — lmr (ress (A°m2)(q))-

Proof. In order to prove the statement, we can replace R and R’ with their completions at their
closed points. Let &’ be the residue field at the closed point x. Without loss of generality, we will
assume that R = R’ = k/[[s]], Z is given by s = 0 and &’ is given by s’ = 0 for some s’ € k'[[s]],
with ¢ ¢m, and y is the map which is identity on k'[[s]].

In order to make the computations we need to choose a lifting x of x from R to R’. We choose
this lifting to be the one that sends s to s’ and is identity on k’. Note that ¥ being a map of k,
algebras has to satisfy x(t) = t.

The statement above then reduces to the following: suppose that a, 8, v € (k'[[s]]+, (s))*
and of, 7', 7/ € (K[[s]lr, (5))* such that alpn = 'lsm, Blen = Flem, and Y = |, and
p=aABAy,p=a AB Ay, and (p,p') = (a,a’) A (B, 8) A (7,7'), then

Tess:OQm,T (p - p/) = gm,r(res(s) (p)) - em,r(res(s’) (p/))

tm = 8

By assumption « is of the form us™ for some u € k'[[s]]* and n € Z. Similarly, o’ is of the

form u/'s'™ , with u/ € k'[[s]]¥. The condition that a|sm = o/|zm implies that n = n’. The same is
true for 8, ', and ~y, v/. By multi-linearity and anti-symmetry, we reduce to checking the above
identity in the following two cases: in the first case where «, 8,7 € k'[[s]]* and in the second
case where o = s, o = s’ and 8, v € k[[s]]*.

If a, 8,y € K'[[s]]*, then o/, #',4" € K'[[s]]*. This implies on the one hand that res(p) =0
and res ) (p') = 0, and on the other that p—p' € I, = (1+ (t™) @ A2K'[[s]]) C (A3K[[s]]})°,
which implies that 2, .(p—p') € Q,lc,[[s]]/k. Therefore res;=0Q,, .(p—p') =0 = Ly r(res(s (p)) —
lor(res(ey(p')) in this case.

Let us now consider the more interesting case of &« = s, &' = s' and 8, v, 8/, v' € k'[[s]]*, with
Blgm = B'|ym and y|gm = 4'|¢m. Applying Lemma 7.0.1 first with p = (s, @, 8) and p’ = (s,d/, 8)
then with p = (s,a/,8) and p’ = (s,’, ') and then applying Lemma 7.0.2 with p = (s,o’/, 8’)
and p’ = (s',a’, ') and adding all the equalities finishes the proof of the proposition. O

8. CONSTRUCTION OF p AND A REGULATOR ON CURVES

8.1. Regulators on curves. Let R/k,, be smooth of relative dimension 1, as in the previous
section but without the assumption that R is a discrete valuation ring. Choose and fix a lifting
¢ of ¢ to R for every closed point ¢ of R as in the previous section. We denote the set of these
liftings by &2. We let k(c) denote the residue field of ¢ and k(c) denote the artin ring which is
the ring of regular functions on the affine scheme c. Let |R| = |R| denote the set of closed points
of R, or equivalently of R. Note that the reductions of the localizations R. of R are discrete
valuation rings. We let
(R.2)¢ = [ (Re,0)"
ce|R|

and (R, 2)" .= {f € (R, 2)*|1 — f € (R, 2)*}. We define By(R, ) to be the vector space
over Q generated by the symbols [f] with f € (R, %) modulo the five term relations associated
to pairs f and g in (R, Z)” which have the property that f — g € (R, Z)*. As usual we have
maps Ba(R, 2) — A%2(R, 2)* and Ba(R, 2)® (R, 2)* — A3(R, 2)*. We also have a residue
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map resc : Ba(R, Z) ® (R, )" — Ba(k(c)) that is defined exactly as in [21, §3.3.1] and which
gives a commutative diagram:

By(R, ) @ (R, 2)* > A} (R, 2)*

iresc lresc

By (k(c)) u A2k ().

Suppose that C'/k,, is a smooth and projective curve. For every closed point ¢ of C, choose and
fix a smooth lifting of ¢ of ¢ to C. We denote & to be the set of these liftings. We let (O¢, £2)*
denote the sheaf on C which associates to an open set U of C, the group (Oc¢(U), 2|u)*.
Similarly, B2(O¢, &) is the sheaf associated to the presheaf, which associates to U the group
B3(Oc(U),Plu). For each ¢ € |C], let i, denote the imbedding of ¢ in C. The commutative
diagram above gives us a complex I';(C, 2, 3) of sheaves:

32(00,2) X (Oc,z)x — @C€|c‘ic*(32(k(t))) D A3(Oc,£)x — @Ce‘cﬂc*(AQk(C)x),

concentrated in degrees [2,4]. We use the following sign conventions in the above complex: the
first map is (d, res) and the second one is —d +res. We will be interested in the infinitesimal part
of the degree 3 cohomology H%(C,Q(3)) := H3(C,I'5(C, £,3)) of the complex I'5(C, £, 3).
More precisely, we will be interested in defining regulator maps from H%(C, Q(3)) to k for every
m<r<2m.

The above cohomology group is a candidate for the motivic cohomology group H3,(C,Q(3)).
To be more precise, we would expect a sheaf B3(O¢, £2) of Bloch groups of weight 3 as in [6],
which would fit into a complex L'5(C, &, 3) of sheaves on C:

B3(Oc, 2) = B2(Oc, 2) ® (Oc, 2)* = Gien(Ba(k(0))) © A*(Oc, 2) — @i (A?k() ),

and which would compute motivic cohomology of weight 3. Since we are only interested in
H3(C,T5(C, 2,3)) and since on a curve, by Grothendieck’s vanishing theorem, the cohomology
of any sheaf vanishes in degree greater than 1, we have an isomorphism

H3(C,T5(C, 2,3)) ~ H3(C,T5(C, 2,3)).

For a sheaf of complexes .Z., let H'(C,.%.) denote the colimit of all the Cech cohomology
groups over all Zariski covers of C. For a sheaf .%, the natural map H*(C,.7) — H!(C, %) is an
isomorphism for ¢ = 0, 1. By the same argument, it follows that the same is true for a complex of
sheaves .Z. which is concentrated in degrees 0 and 1. This applied to the complex above implies
that the natural map

H?(C,I(C, 2,3)) ~ H}(C, Lp(C, 2.,3))
is an isomorphism. Therefore, it is enough to construct the map H*(C,T'5(C, 2,3)) — k. We
will in fact construct the map as the composition

H*(C.Ip(C, 2,3)) = H(C,T(C, 2,3)) — k,
where I'5(C, 2, 3) is the quotient complex:
By(Oc, 2) @ (0, 2)* = Beecyics(B2(k(¢))) & A*(Oc, 2)*

of I'z(C, 2, 3).

Suppose that we are given a Zariski open cover U. of C, we will define a map from the
corresponding cocycle group ZS(U.,E/E'; (C, £,3)) to k, which will vanish on the coboundaries and
hence induce the map in the cohomology group that we are looking for. Suppose that we start
with a cocyle as above, given by the data:

(i) vi € A3(Oc, 2)*(U;), for all i € I.

(ii) €;,c € Ba(k(c)) for every ¢ € U; all but finitely many of which are 0, for all ¢ € I

(ili) Bi; € (B2(Oc, 2) ® (Oc, 2)*)(Uy;), for all i, j € I

These data are supposed to satisfy the following properties:

(1) 5(6”) = YilUi; = YilUij»

(ii) resc(Bij) = €j,c — €i,e, for ¢ € Uy,
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(iii) /BjklUijk - ﬂik|U¢jk + /Bij|U1ijk =0.

We will construct the image of the above element by making several choices and then proving
that the construction is independent of all the choices.

(i) Let A, /ks be a smooth lifting of O¢,,, and for every ¢ € |C|, let A./ko be a smooth
lifting of the completion @C,c of the local ring of C' at ¢, together with a smooth lifting ¢ of ¢ as
in the previous section. Moreover, choose:

(ii) an arbitrary ¢ € I and for each ¢ choose a j. € I such that ¢ € Uj,

(ili) an arbitrary lifting 7;, € Asfl; of the germ ~;,, € A?’Oéﬂ7 of ~; at the generic point n

(iii) a good lifting ;. € A3(A,,€)* of the image 4, . of v;. in A3(O¢.c, )%, for every ¢ € |C|,

(iv) an arbitrary lifting f3;,;,, € Ba(A,) ® A, of the image 8;.;, € Ba(Oc.y) @ O¢.,, of Bj.i,
for every c € |C].

Note that it does not make sense to require that ¥;, be a good lifting since in this context
there is no a fixed specialization of the generic point. Similarly, we cannot require that Bjcim be
a good lifting, since we know that §(5;.:.,) is a lifting of §(8;,i.,) = Vi — ;. and even this last
expression need not be good at ¢ as «; need not be good at c.

We define the value of the regulator p,,, on the above element by the expression

(8.1.1) > T (b (rese;.) = lim (5, c) + r€5cwm r (Fin — 6(Bjein)s Vi)
ce|C|

Let us first explain what we mean by the above expression. Since ¥;, is ¢-good, the residue
resgy;, along ¢ is defined as an element of A2k (¢)*. The étaleness of ¢ over ko, implies that we
have a canonical isomorphism k(¢) ~ k(c)oo of koo-algebras. Using this isomorphism and the
map lo,r : A%k(c)% — k(c) in Definition 3.0.2, we obtain £, ,(res¢¥;.) € k(c). For the second
term, note that, as above, there is a canonical isomorphism k(¢) ~ k(c),, of k,, algebras using
which we can view ¢;, . € Ba(k(¢)m). Applying liy, , : Ba(k(c)m) — k(c) to this element gives
Cigr(5..c) € k(c). For the last term, note that 3, — 8(5;...,) is a lifting of 7;, —8(B;.i.n) = V4. to
Ag.,zl? and so is 7;, a lifting of ~;,_ to A?’flcx. Using the theory of §6.5, we see that the last term
rescWm.r(Yin —0(Bjuim), j.) € k(c) is unambiguously defined. Letting Try denote the normalized
trace to k, the summands above are defined.

In order to show that the sum makes sense, we also need to show that the sum is finite. Below
we will show that the sum is independent of all the choices, therefore it will be enough to show
that the sum is finite for a particular choice. First by shrinking U; if necessary, and choosing
a refinement of the cover, we will assume that v; € A3O(U;). Similarly, by shrinking U; even
further, we will assume that the lifting 7; is good on U;. Therefore, for ¢ € U;, we can choose
je = 1 and 7;, = ;. Since for these c, 3;; = 0 we can choose f3;,; = 0. In order to show that
the sum in (8.1.1) is finite, we can concentrate on ¢ € U;, as |C| \ |U;| is finite. For ¢ € U;,
rescy;, = resc¥; = 0, since ; is invertible on U; by assumption. Also for the residues we have
rescwmr(Yin — 0(Bj.in)s Vj.) = reSewm.r(3i, %) = 0 since i = j., ¥;, = % and f;,; = 0. Therefore
the summand, for ¢ € U;, is equal to Try(—Llin ,(¢j,.c)) = Trp(—Llim,r(€ic)). Since g, . = 0, for
all but a finite number of ¢ € U;, we are done.

We now show that the expression makes sense and is independent of all the choices. Note that
there are many of them.

Theorem 8.1.1. For every m < r < 2m, the above formula (8.1.1) gives a well-defined requlator
map ppm.r 1 L2(U,I'E(C, P2,3)) — k, independent of all the choices. This map vanishes on the
coboundaries and hence induces the requlator map

Pt HE(C,Q(3)) — k

of x-weight r.

Specializing to the case when C is the projective line IP,lqm, with coordinate function z, we fix
an a € kfn If we choose & such that that z, 1 — z and z — a are all good with respect to &, then
(1=2)AzA(2z—a) € T(A3(Opr, 2)*) and

Pmr(L—=2) ANz A (2 —a)) = iy, ([a]).
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Proof. We first show the independence of the definition from the various choices. For readability,
we separate these into parts.

Independence of the choice of j. and the liftings le and 7;,. Suppose that we choose a different
Je with ¢ € Uj.; a different lifting A’ of @C,m together with ¢ as above; a ¢’-good lifting :yé-é of ;1
to A.; and a lifting B;gz of Bj; to A,,. Since A, ~ k(c)[[8]]o0, where 5 is a choice of a uniformizer
associated to ¢ and similarly for .»Zl’c, we choose and fix a kso.-algebra isomorphism between jlc
and A/, which is identity modulo (£™) and which sends & to . This last condition is possible to
impose since both 5 and §' lift s by assumption. Below we identify these two algebras using this
isomorphism.

We need to compare the two expressions

(8.1.2) b r(reseYi.) = limr(€j,.c) + rescwm r (Yin — 5(3]’&)»%6)
and
(813) émyr(resa%é) — gim,r(ejé,c) + TeSch,T(:Yin - §(B/jéi)v :Y;é)

By linearity we have
rescwm,r (Yin — 5(Bljéi)v :Y;é) — rescwm,r (Yin — 5(3]'(,1')’ Yjo) = rescwmr(Vj. — %’év 5(5’3‘21‘ - Bjcl))

Let Bjéjc be a ¢-good lifting of ;.. to A.. Since Bz, itself is c-good such a lifting exists. We
have the identity B;/;. = Bj; — Bj.: on Ui, -, which might not contain ¢, but does of course
contain the generic point 1. We deduce that ;. , and 3’ — Bj.i,n have the same reduction

Bj1j..n- Now by Corollary 6.5.3, we conclude that
resewm(0(Bjrjon)s 68 1 — Bjuim)) = 0.

This implies that, using transitivity and linearity, we have:

Jeim

resewm r (Vj. =2 0(B' 1= Bjoi)) = rescwm.r (Vi =7}, 6(Birjem)) = rescwm.r (3. —0(Bjrjem)s ¥y )-
In this expression, ¥;, — 5(6}2]'0) is a &-good lifting to A, and ;. 1s a ¢/-good lifting to A’. Then
Proposition 7.0.3 implies that
(8.1.4) resewmr (Y. = 6(Bj15.) %) = bmr(rese(35. = 6(B55.))) = bn,r(rese (3j,)).
On the other hand,
U (rese(6(Bje5.)) = b (8(resz(Bj;.))) = lim,r(resc(Bjz;.)),
by the definition of fi,, ,.. Since by assumption res.(8;:;.) = €j..c —€j:,c, we can rewrite the right
hand side of (8.1.4) as
U r(rese(5.)) — gmm(res?(%g)) —Llim,r(€je,c) + limr(E51,c)-
Combining all of the above, we see that the last expression is equal to the difference
Tescwmm(’%n - 6(B/jéi)7 ’?;é) - rescwm,r('?in - 5(3]'575)’ ;?jc)7

which implies the equality of the two expressions (8.1.2) and (8.1.3) and thus proves the inde-
pendence we were looking for. ) .

Independence of the choice of i and the liftings i, and Bj,;. Let us choose an 4', a lifting Aj,
of Oc,, and liftings 7;,,, and B;Z, to ./Zlip for each ¢ € |C|.

‘We need to compare

(8.1.5) Z Try (fm,r(resy%c) = lim,r(€j.,c) + rescwm,r (Yig — 5(Bjci)v :ch))
ce|C|

and

(8.1.6) Z Try, (U e (rese;,) — limr(€j.,c) + rescwm, (Y, — 5(B;Ci,), Y5.))-

ce|C|



INFINITESIMAL DILOGARITHM ON CURVES OVER TRUNCATED POLYNOMIAL RINGS 33

The difference between the above expressions is

Z Trk:rescwm,r(ﬁ/z{’n - 6(6/’Ci’)7§/in - 6(/5)7Cz))

ce|C]

Choosing an isomorphism -"in ~ .,Zl;, of koo-algebras which lifts the given one modulo ("), we
identify .,Zln and A;? The above sum can then be rewritten as:

Z TI‘kT'@SCOJm,r(:y;/n - ’%77’ (ﬂ_;ct /B]c ))

ce|C|

As in the above argument since 3;; has the same reduction modulo (t™) as Bjci for any

J v/
Je, we have rescwp, (0 (ﬁéci, — Bjci)7 (Bi)) = 0 by Corollary 6.5.3. So we can rewrite the above
sum as:

Z Trrescwm, (i, — Fins 0(Biir))-

ce|C|
Choosing a splitting of fln, we identify this algebra with (AW)OO = (O¢,n)o0c- Using this identi~ﬁca—
tion, the last expression is the sum of residues of the meromorphic 1-form mer(%’n —in—06(Biir))
on C and therefore is equal to 0.

Vanishing on coboundaries. Suppose that we start with sections

€ (BZ(OCaZ) ® (007£)X)(U1)7

for all i € I. Then we need to show that the value of the regulator on the data
({vitier, {eicli € I, c € Uit {Bijtijer)

is 0. Here ; := 0(a), €i,c = resc(a;) and By = ajlu,, — ailu,,-

We fix an i € T and j. € I, with ¢ € U;_, for every ¢ € |C|; and local and generic liftings A..,
and .A of the curve, as above, together with liftings ¢ of ¢ to A.. We need to choose liftings of
the data in order to compute the value of the regulator on the above element.

We choose a lifting &, of ayy, to .,Zln and let 4;,, := 6(&,y). For each ¢ € |C|, we choose a t-good
lifting &;, of a;, and let 4, := §(a;, ). Finally, we choose an arbitrary lifting &;,,, of a;,, to A,,
for every ¢ € |C|, and let B, = @iy — @j,. Then the value of the regulator (8.1.1) is the sum
of traces of the terms:

Em,T(TBSz’S/jC) - &m,r(‘fjc,C) + rescm,r (:Vm - 5(Bjci,n)v :ch)
=l r(1e5:0(&;,)) — limr(€j,.c) + reScwm r(6(&j,.n), 0(&;.))
=l r(re5:0(&;,)) — lim r(€5,,c)

by Corollary 6.5.3. Since res:d(&;,) = 6(resz@;,), we have £y, »(res:6(&;,)) = bm r(6(res:d;.)).
By the definition of li, ,, we have £y, . (6(resz@;,)) = lip r(resce,) = lipm r(€;.,c). This implies
that all the summands in the formula for the regulator (8.1.1) are 0 finishing the proof of the
first part of the theorem.

A more general version of the computation for IP’,IC will be done in §9.2. ]

8.2. Infinitesimal Chow Dilogarithm. Specializing the above construction to global sections
of A3(O¢, 2)* gives us the generalization of the infinitesimal Chow dilogarithm in [21] to higher
moduli.

Let us denote the global sections I'(C, (O¢, 2)*) of (Oc, £)* by k(C, Z)*. Suppose that
we start with v € A3k(C, £2)*. Specializing the construction in the previous section, we have
Pm,r(7) € k, which can be computed as follows.

Choose a lifting fln/koo of O¢,, and local liftings A, of (’A)c’c7 for every c € |C|, together with
liftings ¢ of ¢. Choose an arbitrary lifting 7, of v, to fln and c-good liftings 4. of the germ of v
at ¢ to A,, for every ¢ € |C].
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By the definition in the previous section, we have
(8:2.1) Pmr(Y) = Z Trp (i r(rese(Ye)) + rescwmr (s Je));
ce|C|

for every m < r < 2m.

Corollary 8.2.1. The definition in (8.2.1) of the infinitesimal Chow dilogarithm of modulus m
and *x-weight r gives a map

Pmr: NBE(C, 2) — k,

independent of all the choices and generalizing the construction in [21] to arbitrary m and r with
2<m<r <2m.

9. APPLICATIONS AND EXAMPLES

9.1. Strong reciprocity conjecture. The infinitesimal Chow dilogarithm can be used to give
a proof of an infinitesimal version of Goncharov’s strong reciprocity conjecture for the curve
C/km,, exactly as in [21, Theorem 3.4.4]. In this section, in addition to our previous hypotheses,
we assume that k is algebraically closed.

Taking the infinitesimal part of the sum of the residues at all closed points of C, we have a
map:

resc : N°k(C, 2)* — (A%k))°.
Similarly, letting By (k(C, Z)) denote the set of global sections of By(O¢, &), we have a map
resc : Ba(k(C, 2)) @ k(C, )" — Ba(km)°.

The explicit version of the strong reciprocity conjecture expresses both of these maps in terms
of a single map h :

Theorem 9.1.1. There is a map h : A3k(C, 2)* — Ba(k,,)°, which makes the diagram

By(k(C, 2)) @ k(C, 2)* —>= Ak(C, 2)"

o
lresc e resc
P

Bs(km)° i (A2K2%)°

commute and has the property that h(kX, A A2k(C, 2)*) = 0.

Proof. The proof, using the maps p,, , constructed above, is exactly the same as that of [21,
Theorem 3.4.4] and is omitted. O

The theorem above, in essence, states that the residue map from the Bloch complex of weight
3 on C to the Bloch complex of weight 2 on k&, is homotopic to 0, cf. [21, §3.4].

9.2. The special case of the projective line. As a first example, let us look at the infinitesimal
Chow dilogarithm in the case of the projective line P! over k,,, with k algebraically closed.

For each point ¢ € P} let us choose a smooth lifting ¢ € P!(k,,). Considering a lifting as
a map Spec(k,,) — Pim, if the projection Spec(k,,) — P}, factors through the structure map
Spec(km) — Spec(k), we call that lifting a constant lifting. In the following, we will always
choose the constant liftings of the points 0, 1 and oo, for the other points in P}, the choices will
be arbitrary. We denote the set of these liftings by & as usual.

Letting a € & be the chosen lifting of an element in k”, the element (1 — 2) A z A (z — a)
satisfies our goodness hypothesis. We will compute the value of p,, , on this element.

We will use the formula (1.3.1) directly. In order to do this first let us choose a set & of
liftings to Piw of elements in &?. Again for the elements 0, 1, and oo, we choose the constant

liftings. Let us denote the lifting of a € 2 by a € . Then the functions z, 1 — z, and z — @ are
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liftings of 2z, 1 — 2, and z — a to functions on ]P’}%C, which are good with respect to P. Using the
definition of p,, ., we obtain

P (L—=2)ANzA(z—a)) = Z L r(ress((1 —2) ANz A (2 — a))).
e
The only contribution to the sum above comes from the residue at a. Therefore the last expression
is equal to £, »((1 —a) Aa). Using the definition of ¢i,, , we can rewrite this as ¢, »((1—a) Aa) =
U (0[a]) = Llim r([a])-
Let f,g and h be arbitrary functions on IP’,lém which are good with respect to &2. Then we can
write

F=x 1] G-a™ g=n [[ -8)% and, h=v [ (z—m)™
1<i<l 1<j<m 1<k<n

for some oy, B, vx € &, A, p, v € k5, and 45, €5, ni € Z. Using exactly the same argument at
the end of §2.2, we find that py,.(f A g A h) is equal to

— B
(9.2.1) Z 8i ik - Lim r([ )
k i
0.3,
where the summation ison 1 < i <[, 1 <j <m and 1 <k < n. In this notation, we use the
convention that fi,, T([% gj]) = 0, if at least two of «;, B; and v; are the same. Note that
J

because of the goodness with respect to & hypothesis, if a;, 8; and ~;, are pairwise distinct then

their reductions to k£ have to be distinct as well. This, then, implies that % € kﬁn and the
i P

expression (9.2.1) is well-defined.

9.3. The special case of elliptic curves. As a second example, we will consider the infinites-
imal Chow dilogarithm in the case of an elliptic curve. Again, for simplicity, we assume that & is
algebraically closed. Suppose that F/k,, is an elliptic curve. Suppose that £ C Pim is given by a
Weierstrass equation y? = z3 + Az + B, with A, B € k,,, in the affine coordinates with x = X/Z
and y = Y/Z, where X,Y, and Z are the homogeneous coordinates on P2, Suppose further that
we have a lifting EC IF’Q which is also given by a Weierstrass equation y? = 23 + Az + B, with

A, B € ko. Note that these hypotheses are satisfied when E is constant curve, in other words
E = E Xy kyy, for some elliptic curve E/k. In this case, we can of course choose the lifting as
E X ks In the following, we will not assume that our curve is a constant curve. Suppose we fix
a choice of smooth liftings & as above for each point in F(k) such that the lifting of the origin
in E(k) is the origin in E(ky,).

Let Iy be the line which intersects the curve at the origin O with multiplicity 3. It is the line
given by the equation Z = 0. For each 1 <1 < 3 let I; be the line given by a; X +b;Y +¢,Z =0,
with a;, b;, ¢; € ky,. Denote the intersection points of the line [; with the elliptic curve by a;1, a2
and «;3. Note that the group law on E gives that «;; +ay2+a;3 = 0. Suppose that the intersection
points a1, a2, ;3 lie in the chosen set of liftings &2. Let f; denote the function on E given by
l;/lo. For a generic choice of the lines, let us compute pp, »(f1 A fa A f3).

Let [0 be the line in IP’2 given by Z =0 and l; be the line given by a; X + b;Y + &7 =0 for
some liftings a;, bZ7 C; € koo of a;, b;, ¢ € k... Then the functions ﬁ = l~/l~0 are liftings of f;.
If &y1, Qyo, Gyz are the intersections of l with E then we can compute the above regulator as
follows. Choose a smooth lifting to E of each element in &2, such that:

(i) the origin in E(ks) is the lifting of the origin in E(k,,)

(ii) the elements &;1, @42, &;3 are the liftings of a1, aya, ayz for 1 <4 < 3.

Denote the set of these liftings by 2. By our formula, we have

pra(FL N 2 N fs) = b r(rese(fi A fa A fs)).
e

Since we assume that the lines are generic, there are no common zeros of the functions ﬁ On
the other hand,

T@SO(fl A fg N fg) = —3(?)2 A 63 — 61 A 63 + 51 A\ ?)2)
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Combining these, we obtain that the value pp, . (f1 A f2 A f3) is equal to
(9.3.1) Em,r( ST (D)7 = Bboe) Aboizy + D Forz)(@on);) Afg(3>(dg(1)j))),

0€C;y 1<5<3
where Cj3 is the subgroup of S generated by the 3-cycle (123).

In fact, the above expression gives an explicit computation for p,, »(f1 A f2 A f3) for any generic
choice of functions fy, f2, f3 which are good with respect to &2. The group law on the elliptic
curve has the property that a divisor of degree 0 is the divisor of a rational function if and only
if the divisor adds to 0 under the group law. This implies that the functions f; can be written
as products of functions of the form I/ly, where [ is a line, and an element in k). Since pu, »
vanishes on elements of the form A A f A g, with A € k), using the additivity of p,, , we obtain
the expression for py, -(f1 A f2 A f3) using the one for pn, ((I1/lo) A (I2/l0) A (I3/10)).

Our main theorem implies that the expression (9.3.1) is independent of the choices of the
liftings of both E and the f;’s. When such global liftings of either the elliptic curve or the
functions do not exist, we need to choose local liftings and add the defect for choosing different
liftings on the intersections as in the formula (1.3.1).

9.4. Invariants of cycles on k,,. As in [21], this construction gives us an invariant of cycles.
For a cycle of modulus m we expect the combination of p,, , for all m < r < 2m to be a complete
set of invariants for the rational equivalence class of a cycle. For the appropriate, yet to be defined,
Chow group CHz(km, 3), we expect that our regulators p,, , to give complete invariants for the
infinitesimal part CHQ(km,B)". This section also generalizes Park’s construction of regulators
[15], where the case of r = m + 1 is dealt with. Since this section is more or less a generalization
of [21, §4], we do not go into the details and explain certain constructions in a slighty alternate
way.

First, let us recall the definition of cubical higher Chow groups over a smooth k-scheme X/k
[2]. Let O := P} \ {1} and O7 the n-fold product of ;, with itself over k, with the coordinate
functions y1,- - ,yn. For a smooth k-scheme X, we let 0% := X x; 0. A codimension 1 face
of 0% is a divisor F}* of the form y; = a, for 1 <14 <mn, and a € {0,00}. A face of 0% is either
the whole scheme 0% or an arbitrary intersection of codimension 1 faces. Let 29(X,n) be the
free abelian group on the set of codimension ¢, integral, closed subschemes Z C 0% which are
admissable, i.e. which intersect each face properly on [0%. For each codimension one face F},
and irreducible Z € z9(X,n), we let 9%(Z) be the cycle associated to the scheme Z N Ff. We
let 9 := Y7 (=1)"(95° — ) on 29(X,n), which gives a complex (2%(X,-),d). Dividing this
complex by the subcomplex of degenerate cycles, we obtain Bloch’s higher Chow group complex
whose homology CH?(X, n) := H, (29(X,-)) is the higher Chow group of X.

In order to work with a candidate for Chow groups of cycles on k,,, we need to work with
cycles over ko, which have a certain finite reduction property. The following definitions are
essentially from [21, §4.2]. Let O := P}, O, the n-fold product of O, with itself over k, and
EZQ@ := 0 X koo We define a subcomplex 2% (kooy ) € 29(keo, ), as the subgroup generated by
integral, closed subschemes Z C [  which are admissible in the above sense and have finite
reduction, i.e. Z intersects each s x F properly on ﬁ:m, for every face F' of LI . Here s denotes
the closed point of the spectrum of ko and for a subscheme Y C LI} , Y denotes its closure in

ﬁzw. Modding out by degenerate cycles, we have a complex z;i(koo, ).

Fix 2 < m < r < 2m. Let n denote the generic point of the spectrum of ko,. An irreducible
cycle p in 27(keo,2) is given by a closed point p, of [} whose closure p in ﬁiw does not meet
({0, 00} x O )U(Ok., x{0,00}). Let p denote the normalisation of p and T denote the underlying
set of the closed fiber p x_ s of p. For every s’ € T, and 1 < 4, define ¢; o ; : @;S, — k(s") by
the formula: . )

Uy i(y) == ;res,;,s/gdlog(y).

Let

(9.4.1) bne(P) = > T > i (bpwroei Apor i) (1 Aya).

s'eT 1<i<r—m
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Note the similarity with Definition 3.0.2.
Definition 9.4.1. We define the regulator py, , : g}(koo, 3) — k as the composition l,, , 0 0.

Exactly as in [21], one proves that the regulator above vanishes on boundaries and products,
is alternating and has the same value on cycles which are congruent modulo (¢"). We state only
this last property, which is the most important one, in detail.

Suppose that Z; for ¢ = 1,2 are two irreducible cycles in g?c(koo, 3). We say that Z; and Z,
are equivalent modulo ¢™ if the following condition (M,,) holds:

(i) Zi/koo are smooth with (Z;)s U (U;4|09Z;i) a strict normal crossings divisor on Z;.

and

(il) Zy|gm = Za|m.

Then we have:

Theorem 9.4.2. Form < r < 2m, we define a requlator pn, r :g?(ko@, 3) = k. If Z,, fora € k%,
is the dilogarithmic cycle given by the parametric equation (1 — z,z,z — a) then

pm,r(Za) = Elmm([a’])

If Z; € g?c(k:oo, 3), for i = 1,2, satisfy the condition (M,,), then they have the same infinitesimal
regulator value:
pm,,r(Zl) = pm,r(ZQ)-

Proof. The second part of the proof is exactly as in [21] and is based on Corollary 8.2.1.
In order to compute py, »(Z,), we note that 9(Z,) = (1 — a,a) and pp, »(Z,) =

(Imy©0)(Za) =lmr(l—a,a) = > i(lr_i A)(1 = a,a) = (byy 0 6)(a) = Lip o ([a]).

1<i<r—m

O

As we remarked above, we expect the invariants p,,, for m < r < 2m to give a full set of
invariants in the infinitesimal part of a yet to be defined Chow group CH?(k,,, 3).
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