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Abstract We analyze the evolution of two-band superfluidity from the weak to the
strong coupling (Bardeen—Cooper—Schrieffer to Bose-Einstein condensation) limit.
We find that population imbalances between the two bands can be created by tuning
the intraband or interband (Josephson) interactions. In addition, when the Josephson
interband interaction is tuned from negative to positive values, a quantum phase tran-
sition occurs from a O-phase to a w-phase state, depending on the relative phase of
the two order parameters. We also find two undamped low energy collective excita-
tions corresponding to in-phase phonon (Goldstone) and out-of-phase exciton (finite
frequency) modes. Lastly, we derive the coupled Ginzburg—Landau equations, and
show that they reduce to coupled Gross—Pitaevskii equations for two types of weakly
interacting bosons (tightly bound fermions) in the BEC limit.
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1 Introduction

A two-band theory of superconductivity was introduced by Suhl et al. [1] in 1959
soon after the Bardeen—Cooper—Schrieffer (BCS) theory to allow for the possibil-
ity of multiple band crossings at the Fermi surface. This model has been applied to
high-T, superconductors and MgB;, where, in the latter case, experimental proper-
ties can be well described by a two-band weak coupling BCS theory [2-5]. Unfortu-
nately, interband or intraband interactions can not be tuned in these condensed matter
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systems, and their properties can not be studied away from the BCS regime. How-
ever, two-band fermions may also be produced experimentally with ultracold atomic
Fermi gases in optical lattices [6—8] or in single traps of several hyperfine states.
In this case, (intraband and interband) interactions may be tuned using Feshbach res-
onances which allow for the study of the evolution of two-band superfluidity from the
BCS to the Bose—Einstein condensation (BEC) limit. The BCS to BEC evolution in
the two-band problem is much richer than the one-band case which has already been
experimentally studied [6, 9—15], since additional interaction parameters (interband
and intraband) may be controlled externally.

Furthermore, a two-band model may be used not only to describe experiments in-
volving several hyperfine states of the same fermion, but also may be used to study
two different fermionic species (e.g. °Li and *°K). In systems involving mixtures of
two different alkali atoms, simple one-band theories may not be sufficient to describe
the interactions between the two species of atoms, and two-band theories may be
necessary to model future experiments. Thus, due to recent developments and ad-
vances in atomic physics described above, and in anticipation of future experiments,
we describe here the BCS to BEC evolution of two-band superfluids for all coupling
strengths at zero and finite temperatures.

The main results of our paper are as follows. We show that a quantum phase tran-
sition occurs from a O-phase to a w-phase state (depending on the relative phase of
the order parameters of the two-bands) when the interband interaction J is tuned
from negative to positive values. We found that population imbalances between the
two bands can be created by tuning intraband or interband interactions. In addition,
we describe the evolution of two undamped low energy collective excitations corre-
sponding to in-phase phonon (Goldstone) and out-of-phase exciton (finite frequency)
modes. Near the critical temperature, we derive the coupled Ginzburg—Landau (GL)
equations for a two-band superfluid, and show that they reduce to coupled Gross—
Pitaevskii (GP) equations for two types of weakly interacting bosons (tightly bound
fermions) in strong coupling.

The rest of the paper is organized as follows. We introduce the imaginary-time
functional integration formalism in Sect. 2, and obtain the self-consistency (order
parameter and number) equations. In Sect. 3, we discuss the evolution from BCS
to BEC superfluidity at zero temperature, where we analyze the order parameter,
chemical potential, population imbalance, and the low energy collective excitations.
In Sect. 4, we present the evolution of superfluidity from the BCS to the BEC limit
near the critical temperature, where we analyze the critical temperature, chemical
potential, and derive the TDGL equation. A short summary of our conclusions is
given in Sect. 5.

2 Effective Action

To obtain the results mentioned above, we start from a multi-band Hamiltonian de-
scribing continuum superfluids with singlet pairing

H= " t&oWa ,Kanok) — Y Vbl (@br(q), (1)

nk,o n,m,r,s,q
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Fig. 1 Schematic figure of the
two bands with reference
energies €] g =0and € g =€p

€(k)

2
o @

where n, m, r and s label different energy bands (or components), and o labels
spins (or pseudo-spins). The operators al’ ¢(k) and blm @ => Tk, (k)a; T(k +
q/ 2)a; L(_k + q/2) create a single and a pair of fermions, respectively. The sym-
metry factor 'y, (K) characterizes the chosen angular momentum channel, where

Cum (K) = kum .0/ kﬁm,o + k2 is for the s-wave interaction in three dimensions [16].

Here, kpm.0 ~ Rn_ni’o sets the scale at small and large momenta, where Ry, 0 plays
the role of the interaction range. In addition &, » (k) = €, (k) — t o, where €, (k) =
€n0+ k2 /(2M,,) is the kinetic energy (h = 1) and M,, is the band mass of the fermi-
ons.

From now on, we focus on a two-band system such that V% = V,,.8,,,,6,s with
distinct intraband (Vi1, V52) > 0 and interband (Vi, = V1 = J) interactions. Notice
that, J plays the role of the Josephson interaction which couples the two energy
bands. In addition, we assume that the total number of fermions is fixed (N = Nj +
N>) such that the chemical potentials of fermions are identical (i, - = ), and that
the reference energies are such that €; o =0 and €3 o = €p > 0, as shown in Fig. 1.
Here, ep <ep = k%’ r/(2My), where € is the Fermi energy and k, r are the Fermi
momenta ki r = kr and ko p = [2M(eF — eD)]l/z. Since the low energy physics
depends weakly on k¢ in dilute systems (N RS <« 1) characterized by kfl,o > ks’ F
where N' = N/V is the density of fermions and V is the volume, we assume for
simplicity that k,, o = ko > kr.

The Gaussian action for the Hamiltonian H is (in unitsof kg =1, 8=1/T) [17]

Seass = S0+ 5 3 AT R @A @), @)
q

where ¢ = (q, ivy) denotes both momentum and bosonic Matsubara frequency vy =
2¢m/B. Here, the vector AT(—g) is the order parameter fluctuation field, and the
matrix F~!(g) is the inverse fluctuation propagator. The saddle point action is

So =Y {BlEn(k) — Ex(K)] —2In[1 + e PE®O — B> g A% (Ao, (3)

n,k n,m

where E, (k) = [£2(k) + 1A, (K)[2]? is the energy of the quasiparticles and A, (k) =
Ay 0T, (K) is the order parameter. Here, the matrix elements of g is associated with
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Fig. 2 (Color on-line)
Schematic phase diagram of Tc
0-phase and -phase states

T —phase 0 —phase

the inverse interaction matrix V, and are given by

g g\__ 1 (Vo J @
g1 82 detV\ J —=Vii J’
where detV =V Vo — J2 > 0.
The action leads to the thermodynamic potential Qgauss = 20 + L2fiuct, Where Q¢ =

So/B is the saddle point and Qayuee = (1/8) D p Indet[F~! (g)/(2B)] is the fluctuation
contribution to 2g,uss. Expressing A, ¢ in terms of its amplitude and phase

An,O = |An,0| exp(i(pn) (5)

shows explicity the Josephson coupling energy [V22|A1,0|2 + Vi |A2,0|2
—2J|A1,0A2,0/cos(gr — ¢1)]/detV of ©p. When J > 0, only the 0-phase (or in
phase) @2 = ¢ solution is stable. However, when J < 0, only the m-phase (or out
of phase) ¢ = ¢; + 7 solution is stable. Thus, a phase transition occurs from the
0-phase to the w-phase when the sign of J is tuned from negative to positive values
as shown in Fig. 2.

From the stationary condition 9S9/dA(g) = 0, we obtain the order parameter

equation
O On) (Ao

) =0, 6
(021 022) <A2,0> ©
where the matrix elements are given by O, = —8um — Snm Zk Ty, (k)lztanh[,B
x E,(K)/21/[2E, (K)]. Here, §,,, is the Kronecker delta. Notice that the order pa-
rameter amplitudes are the same for both the 0-phase and & -phase as can be shown
directly from (6), but their relative phases are either 0 or w. In what follows, we
analyse only the O-phase state, keeping in mind that analogous results (with appro-

priate relative phase changes) apply to the m-phase state. We can elliminate V,,, in
favor of scattering length a,, via the relation

1 M,V T, (k)|
=— — 7
Van 4 a,, +Xk: 2¢€,(k) ’ )

which can be solved to obtain 1/(k,, ran,) = ko/kn. r — 47/ (kn, F Van Mp V).
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The order parameter equation needs to be solved self-consistently with the number
equation N = —02/9du leading to Ngauss = No + Nfuct, and is given by

_ 1 ¢ dldetF~' (@)]/0p
Ngauss - Z NO,m(k) - E Xq: detFil (q) . (8)

KkK,o,m
Here, the first term is the saddle point (N1 + N>) and the second term is the fluctuation
(Nfiuet) contribution, where Ny, = 1/2 — &, (K) tanh[BE,, (K)/2]/[2E . (K)] is the
momentum distribution. The inclusion of Ngy¢ 1S very important near the critical
temperature, however, Ny may be sufficient at low temperatures [18, 19]. Thus, we
discuss next the 7' =0 case.

3 Zero Temperature

In this section, we analyze the saddle point order parameter amplitudes |A, o| and the
chemical potential p at T = 0. In the strictly BCS and BEC limits, the self-consistent
(order parameter and number) equations are decoupled, and play reversed roles. In
the BCS (BEC) limit, the order parameter equations determine |A, ol (u), and the
number equations determine p (|A, o|), which is discussed next.

The BCS limit is characterized by positive chemical potential with respect to the
bottom of the fermion band © > 0 and max{|Aj o[, |A2,|} < €F, where pairing oc-
curs between the fermions whose energy are close to €. In this limit, the solutions of
the order parameter equation are max{|Aj ol, |A2,0]} ~ 8€r exp[—2 4+ wko/(2kF) —
¢_] for the larger of the order parameter amplitudes and minf{|Aq o, |A20l} ~
8erexp[—2 4 mwko/(2kr) — ¢4 ] for the smaller of the order parameter amplitudes,
while the number equation leads to u =~ €. Here, ¢+ = Ay £ [Ai — l/det)n]l/2
where A+ = (A1 £ A22)/(2detA), deth = Aq1A22 — A12A21, and Ay = Vi Dy, are
the dimensionless interaction parameters with D,,, = My, Vkn r/ (2712) is the density
of states per spin at the Fermi energy. The familiar one-band results are recovered
when J — 0 upon the use of the relation between V,,,, and ay,,.

On the other hand, the BEC limit is characterized by negative chemical potential
with respect to the bottom of the fermion band p < 0 and max{|Aj o, |A20|} K
|| < €9, where pairing occurs between all fermions. In this limit, the solution of
the order parameter equations is u = —eg[wko/(Lkrd+) — 1], while the number
equation leads to |A, 0|* = (87N /Myu)/Tl/(2M,,). Here, €9 = k3/(2M;) and
N,y = N, /V. Notice that the total density of fermions is A" = N + N; = (ki Ft+

k; )/ (372). The familiar one-band results are again recovered when J — 0 upon
the use of the relation between V,,;,, and a,,,.

Next, we analyze numerically (by solving coupled self-consistency equations) the
evolution of the order parameter amplitudes and the chemical potential from the BCS
to the BEC limit for identical bands (M| = M, = M) with zero offset (ep = 0) at
zero temperature. For this purpose, we set kg &~ 256kr and V23 = 0.001 in units of
5.78/(MkpV) [or 1/(krazn) ~ —3.38], and analyze two cases.

In the first case, we solve for u, |Aj0| and |Az0| as a function of Vi; [or
1/(kra11)], and show A, ¢ in Fig. 3 for fixed values of J. The unitarity limit is
reached at Vi1 & 1.0132V; [or 1/(kFrlai1|) &~ 0] while u changes sign at Vi =
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Fig. 3 Plots of order parameter (a)
amplitude |A,, | (in units of
€r), and versus Vq; [in units of 1/(kr aq4)
5.78/(MkpV)] and versus
1/(kpay) for J =0.001Va) 10'4 2 0 2 4
(hollow squares) and
J =0.0001Vy; (solid squares) 1A ‘0| L
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1.0159V»; [or 1/(kra11) = 0.69]. The evolution of |Aj ol is similar to the one band
result [18] where it grows monotonically with increasing V1. However, the evolu-
tion of |A3 | is non-monotonic where it has a hump approximately Vi & 1.0155V;
[or 1/(krai1) =~ 0.58], and it decreases for stronger interactions until it vanishes (not
shown). In the case of ultra-cold atoms, the order parameter may be measured using
similar techniques as for one band systems [15] involving only °Li. In Fig. 4, we
show that both bands have similar populations for Vi1 ~ V»;. However, as Vi1/ V2o
increases, fermions from the second band are transferred to the first, where bound
states are easily formed and reduce the free energy. In coupled two-band systems,
spontaneous population imbalances are induced by the increasing scattering parame-
ter (interaction) in contrast with the one band case, where population imbalances are
prepared externally [20, 21].

In the second case, we solve for u, |Aq0| and |Aj | as a function of J, and
show w in Fig. 5 and band populations N, in Fig. 6 for fixed values of V;;/V2,. The
order parameters |Aj o| and |Aj o| grow with increasing J (not shown). Notice the
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Fig. 4 Plots of fraction of
fermions N, /N versus Vi [in
units of 5.78/(MkrV)] and
versus 1/(kpayy) for

J =0.001Vyy (hollow squares)
and J = 0.0001V>, (solid
squares)

Fig. 5 Plots of chemical
potential w1 (in units of € )
versus J [in units of
5.78/(MkFV)] for V]] B ]/V22
where y = 1 (dotted lines),
1.010 (solid squares), 1.014
(hollow squares), 1.016 (crossed
lines) and 1.030 (solid lines);

or 1/(kpayy) ~ —3.38, —0.81,
0.20, 0.70 and 4.17, respectively

Fig. 6 Plots of fraction of
fermions N, /N versus J [in
units of 5.78/(MkpV)] for

Vit =y Vi where y =1
(dotted lines), 1.010 (solid
squares), 1.014 (hollow
squares), 1.016 (crossed lines)
and 1.030 (solid lines);

or 1/(kpa;) ~ —3.38, —0.81,
0.20, 0.70 and 4.17, respectively
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population imbalance and the presence of maxima (minima) in Ny (V) for finite J,
which is associated with the sign change of i shown in Fig. 5. When Vi1 > V;;, there
is population imbalance even for J = 0, because atom pairs can be easily transferred
from the second band to the first until an optimal J, is reached. Further increase in J
produces also transfer from the first band to the second leading to similar populations

for J > J,.
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Next, we discuss the low energy collective excitations at 7 = 0, which are de-
termined by the poles of the propagator matrix F(g) for the pair fluctuation fields
A, (g), which describe the Gaussian deviations about the saddle point order para-
meter. The poles of F(g) are determined by the condition detF~!(g) = 0, which
leads to collective (amplitude and phase) modes, when the usual analytic continua-
tion ivy — w + 07T is performed. The easiest way to get the phase collective mode
is to integrate out the amplitude field to obtain a phase-only effective action. Notice
that, a well defined low frequency expansion is possible only at 7 = 0 for s-wave
systems, due to Landau damping present at finite temperatures causing the collective
modes to decay into the two quasiparticle continuum.

The phase-only collective excitations in the BCS and BEC limits lead to a Gold-
stone mode w?(q) = v?|q|? characterized by the speed of sound

,» D1 v% + D) v%
=—=; ©
Dy + Dy
and a finite frequency mode w?(q) = w(z) + u?|q|? characterized by the finite fre-
quency and the speed

2 er D1+ Dy
wy = 4a|g12A1,0A2,0] L DDy (10)
' D]vg—i—Dzvf (11
~ Di+Dy
In the BCS limit, & = 1 and v, = v, r/+/3, while @ = 1/ and v, = | A, o|//SM,, 1]
in the BEC limit. Here, v,,, r is the Fermi velocity. Notice that, the trivial limit of one-
band (say only band 1 exists) is directly recovered by taking J — 0 and D, = v, =0,
which leads to v = vy, wop =0 and u = 0. It is also illustrative to analyse the eigen-
vectors associated with these solutions in the BCS and BEC limits. In the limit of
q — 0, we obtain (61, 62) o (JA1,0l,|A2,0|) for the Goldstone mode corresponding
to an in-phase solution, while (01, 62)  (D2|A1,0|, —D1|A2[), for the finite fre-
quency (exciton) mode corresponding to an out-of-phase solution. Notice that, in the
case of identical bands with zero off-set and identical order parameter amplitudes,
the collective modes simplifies to a perfectly in-phase where (61, 67) (1, 1), and a
perfectly out-of-phase modes where (61, 62) o (1, —1). These in-phase and out-of-
phase collective modes are associated with the in-phase and out-of-phase fluctuations
of the order parameters around their saddle point values, respectively. Our findings
generalize Leggett’s BCS results [17, 22].

4 Finite Temperatures

Next, we discuss two band superfluidity near the critical temperature 7., where
[A1.0] ~ |Az2,0] = 0. Our basic motivation here is to investigate the low frequency
and long wavelength behavior of the order parameter near T.. For T = T, the order
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parameter equation reduces to
detO= 01102 — 012021 =0, (12)

and the saddle point number equation Ny = Zk’ » F[€,(K)] corresponds to the num-
ber of unbound fermions, where ng(x) = 1/[exp(8x) + 1] is the Fermi distribution.
While N is sufficient in the BCS limit, the inclusion of Ny is crucial in the BEC
limit to produce the qualitatively correct physics, and can be obtained as follows.

Near T = T, the fluctuation action Sgyuc¢ reduces to Syt = B Zq,n’m L;ni (9)
x A% (q)Am(q) where

-1_ _ I —npGpt) —npu-) 2
Ly, =—8nn ; E e iy ®) (13)

corresponds to the fluctuation propagator of band n, L;;ém (@) = gnm, and &4 =
&,(k+q/2). Thus, the resulting action leads to Qgyec = (1/8) Zq In[detL='(¢)/821,

where det L™! (q9) = Lﬁ] (q)ngl (q) — g12821. Notice that, detL~1(0) = 0 also pro-
duces (12), which is the Thouless condition. After the analytic continuation ivy —
w +i0%, we expand L, (¢) to first order in w and second order in q such that

_ Cij
Ly (@) =a,+ ) —2;4 qiq; — dpw. (14)
.. n
2¥)

All static and dynamic expansion coefficients are presented in the Appendix. No-
tice that, cff = ¢ d;; is isotropic for the s-wave considered here. In addition, the
time-dependent coefficient d,, is a complex number, and its imaginary part reflects
the decay of Cooper pairs into the two-particle continuum for u > 0. However, for
u < 0, the imaginary part of d,, vanishes and the behavior of the order parameter is
propagating reflecting the presence of stable bound states.

In order to obtain gy, there are two contributions, one from the scattering states
and the other from poles of L(q). The pole contribution dominates in the BEC limit.
In this case, we evaluate detL.~!(¢) = 0 and find the poles

812821

, 15
did 15)

wi(q) = Ay + Bylq* £ \/(A— + B-|q/*)? +
where Ay = (a1dy & axdy)/(2d1d>) and By = (Madycy = Midicr)/(AM Madydr).
Notice that, when J — 0, we recover the limit of uncoupled bands with w,(q) =
an/d, + |q|2c,, /(2M,dy,). Tt is also illustrative to analyze the eigenvectors asso-
ciated with these poles. In the q — 0 limit, the eigenvectors [Ai(O), A;(O)] =
[g12,a1 — diw+(0)] correspond to an in-phase mode for w4 (q) and an out-of-
phase mode for w_(q) when J > 0, however, they correspond to an out-of-phase
mode for w4 (q) and an in-phase mode for w_(q) when J < 0. Thus, we obtain

Qfuee = (1/8) 2_4 , In[B(ive — w(q))], which leads to

d
N =Y ’g(q)ng[w(qn. (16)
+.q K
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In the BEC limit, dw4(q)/9u = 2, and the poles can also be written as wi(q) =
—uB++ |q|2/(2MB,i), where (g + is the chemical potential and Mp_+ is the mass
of the corresponding bosons. In the case of identical bands with zero offset, c; = ¢ =
canddy =dr =d, pp+=—la1 +a> £ /(a1 —a2)* +4g128211/(2d) and Mp 1 =
2M in the BEC limit. Notice that the + bosons always condense first for any J
(independent of its sign) since pp, + — 0 first. Next, we analyze T, in the strict BCS
and BEC limits, where self-consistency equations are uncoupled allowing analytical
results.

The BCS limit is characterized by positive chemical potential with respect to the
bottom of the particle band © > 0 and p =~ €p. In this limit, solutions to the order
parameter equation (12) are T, + = (8ep/m)exply — 2 + wko/(2kr) — ¢+ ], while
the number equation (8) leads to u ~ €.

On the other hand, the BEC limit is characterized by negative chemical poten-
tial with respect to the particle band u < 0 and €p > || > T¢. In this limit, the
solution of the order parameter equation is u = —eg[wko/krd+) — 112, while
the number equation N'/2 = Np 4 + N _ with N 1 > N _ leads to T, 4 =
(271/MB,+)[NB,+/§(3/2)]2/3, since the + bosons condense first. Notice that, the
physical critical temperature is T, = max{7; 4, T, -} = T + for any J. Therefore,
T, grows continuously from an exponential dependence on interaction to a constant
BEC temperature.

Next, we obtain the time-dependent Ginzburg—Landau (TDGL) equations for
T =~ T.. To study the evolution of the TDGL functional near 7, we need to expand
the effective action Sefr to fourth order in A, (x) around the saddle point order para-
meter |A, | — 0 leading to

[an + bl A = S V2 — id, i}Anm + grtmAn(@) =0, (17)
2M, ot

in the real space x = (x, t) representation. The coefficient b, of the nonlinear term
(given in the Appendix) is always positive and guarantees the stability of the theory. In
the BCS limit, (17) reduces to the coupled GL equations of two BCS type supercon-
ductors. However, in the BEC limit, it is more illustrative to derive TDGL equations
in the rotated basis of + and — bosons (<I>T , CDT,) = (AT, A;)RT, where R is the uni-
tary matrix that diagonalizes the linear part of the TDGL equations. In this basis, (17)
reduces to generalized GP equations of & and ®_ bosons showing explicitly terms
coming from density—density interactions such as Uﬂt|<1>i|2<l>jE or Ui3F|<I>i|2<D¢.
In the case of identical bands with zero offset, this leads to U,y = U__ = b/(2d?)
and U, _ = U_, =3b/(2d?) as the repulsive density—density interactions.

5 Conclusions

We studied the evolution of two-band superfluidity from the BCS to the BEC limit
as a function of interaction strength and scattering parameter, where we analyzed
superfluid properties of a dilute Fermi gas at zero temperature (7 = 0) in the ground
state and near critical temperatures (7 = T.). The main results of our paper are as
follows.
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At zero temperature, we showed that a quantum phase transition occurs from a
0-phase to a w-phase state depending on the relative phase of the two order pa-
rameters, when the interband interaction is tuned from negative to positive values.
We found that population imbalances between the two bands can be created by tun-
ing intraband or interband interactions. In addition, we described the evolution of
two undamped low energy collective excitations corresponding to in-phase phonon
(Goldstone) and out-of-phase exciton (finite frequency) modes.

Near the critical temperature, we derived the coupled time-dependent Ginzburg—
Landau (TDGL) functional near 7,.. We recovered the usual TDGL equations for BCS
superfluids in the BCS limit, whereas in the BEC limit we recovered the coupled
Gross—Pitaevskii equations for two types of weakly interacting bosons (tightly bound
fermions). We also showed that the Cooper pairs have short lifetimes in the BCS
limit decaying into the two particle continuum when chemical potential is above the
bottom of the particle band (1 > 0), however “Cooper molecules” (bound states)
have long lifetimes in the BEC limit when chemical potential is below the bottom of
the particle band (1 < 0).

To conclude, the main contribution of our manuscript is to analyze the BCS to
BEC evolution of two-band superfluids, which is potentially relevant to experiments
with multi-component ultracold Fermi gases in optical lattices or continuum (trapped)
systems. In the presence of additional (interband and intraband) interaction parame-
ters, two-band theories rather than one-band theories may be necessary to describe
future experiments involving ultracold fermions.

Acknowledgements We thank NSF (DMR-0304380) for support.

Appendix

In this appendix, we perform a small q and iv; — w +i0" expansion near T, where
we assumed that the fluctuation field A, (x, ¢) is a slowly varying function of x and .
The zeroth order coefficient L1 (0, 0) is given by

_ _ X” 2
an = —&nn j%j 2§n(k)|rn(k>| : (18)

where X,, = tanh[B&, (k)/2]. The second order coefficient M, 82L;n1 (q,0)/(3qg;dq;)
evaluated at q = 0 is given by

(| SRR (P u} )
“ _Xk:”Ss,%(k) 16§n(k)}8” + 16Mn§n(k)ktk1 1T, (K|, (19)

where Y, = sechz[,BEn (k)/2] and §;; is the Kronecker delta. The coefficient of the
fourth order term is approximated at q = 0, and given by

m=Z[X" ﬂn]mwﬁ 20)
k

483 (k) 8£2(K)
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The time-dependent coefficient has real and imaginary parts, and for the s-wave case
is given by

— Xn 2 s ﬂnDHEO i
dn_zk:4§;%(k)|rn(k)| +l8(€0+ﬂ) €F®(M)7 (21)

where ®(x) is the Heaviside function.

For completeness, we present the asymptotic forms of a,, b,, ¢, and d,. The BCS
limit is characterized by positive chemical potential with respect to the bottom of the
particle band i > 0 and u =~ €. In this limit, we find a, = —gy,, + D,[In(T/T;) +
¢-1,b, =TD,¢(3)/8T27?) , ¢ = Ter Dy (3)/(12T272), and d, = Dy[1/ (4eF) +
i/(8T,)], where ¢ (x) is the Zeta function, and T is the physical critical temperature.

The BEC limit is characterized by negative chemical potential with respect to
the particle band u < 0 and €9 > || > T¢. In this limit, we find a, = —g,, —
7 Dpéo/124/€F (V] + /€0)1, by = 7 D/ (4l /2l il€F), cn = 1 D/ (164/1al€F)
and d, = 7 D,/ (8/[11l€F).
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