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Problem 1. (20 points) Calculate the determinants of A and A%, given that
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Problem 2. This problem concerns a 3 x 3 matrix A with \; = 2 as an eigenvalue with algebraic
multiplicity 2 and Ay = —1 as another eigenvalue with algebraic multiplicity 1.

Suppose also that vi = (1,0,0), vy = (1,1,0) are two eigenvectors of A corresponding to A; = 2, and
vs = (0,1,1) is an eigenvector of A corresponding to Ay = —1.

(a) (15 points) Is A diagonalizable? If it is diagonalizable, write down a 3 x 3 invertible matrix S
and a 3 x 3 diagonal matrix D such that S™*AS = D. If it is not diagonalizable, explain why it
is not diagonalizable.

(b) (10 points) Calculate A'°.
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Problem 3. (15 points) Consider a 3 x 3 matrix A with three distinct eigenvalues
A1 =1/2, X =1/4, A3 = 1/8. Consider also the sequence {q} defined by
Qi1 = Aqr fork=1,23,...
and for a given qp € R3.

Show that lim,_..oqr = 0 for all qo € R3.
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Problem 4.

(a) (8 points) Suppose A is a complex eigenvalue (that is Im A # 0) of an n X n real matrix A, and v is
an eigenvector corresponding to A. Show that A is also an eigenvalue of A, and V is an eigenvector
corresponding to .

(b) (12 points) Find the eigenspace corresponding to each eigenvalue of

=15
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Problem 5. (10 points) Consider a 3 x 3 matrix

q11(s) q12(s)  qu3(s)
A= | q(s) qa(s) qa(s)
Q31(3) %2(5) Q33(3)

that depends on a real parameter s, where ¢;; : R — R is a polynomial of degree three in s for
7,k =1,2,3. Now consider those s such that A is invertible, and for such s let

ri(s) ria(s) ris(s)
Ail = 7’21(3) 7”22(3) 7"23(3)

31 (S) 7“32(5) 7"33(8)

What kind of functions are rj; : R — R for j,k = 1,2,3? For instance, are they polynomials, if yes
what are their degree? Or, are they rational functions (that is can they be expressed as the ratio of
two polynomials), if yes what are the degrees of the polynomials that appear in the numerators and
the denominators of the rational functions? Support your answer.
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Problem 6. For every n x n matrix A, there exist n x n invertible matrices V, W such that
WAV = D (1)

is a diagonal matrix. By making use of this fact, in parts (a) and (b) below, either prove that the
statement is true, or otherwise give a counter example proving that the statement is false.

(a) (5 points) A and D in (1) necessarily have the same eigenvalues.

(b) (5 points) Letting T'(x) = Ax, there exist two bases B and C' for R" such that
[T(x)lc = D[x]g for all x € R"

where A and D are matrices as in (1) (in particular D is a diagonal matrix).



