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MATH 107: Introduction to Linear Algebra

Final - Spring 2017

Duration : 150 minutes
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Put your name, student ID and signature in the space provided above.
No calculators or any other electronic devices are allowed.

This is a closed-book and closed-notes exam.

Show all of your work; full credit will not be given for unsupported answers.

Write your solutions clearly; no credit will be given for unreadable solutions.

Mark your section below.
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Math 107, Final

Problem 1. (10 points) Find every polynomial p € P3 such that
( x\ =4 and p(2)=3.

Show your work.
(Recall that P, denotes the set of polynomials p : R — R of degree at most n.)
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Problem 2. (17 points) The transformation T : P; — P defined by
d? d
T(p) := dtI; +3=2 +2p

is linear. Furthermore, let B = {1, u +t 4¢3} and C = {1,t,#?}, both of which are bases for P,.
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(b) (5 points) Find the orthogonal projection of the vector v = (1,0,1,0) onto S.
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Problem 4. Indicate in each part whether the statement is true or false for every pair of matrices A
and B that are similar. Give a brief explanation for your answer.
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Problem 5. (10 points) Let us consider the vector space P, with the inner product

(p,q) = /_ 11 p(t)a(t) dt

Ipl == V.p) = 4/ f (A at

Find p. € P, such that [t —p.|| < |[t*—pl| forallp € P;.
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Problem 6. Indicate in each part whether the matrix A is invertible or not. Explaining your reason-
ing. Also in each part indicate the dimension of the null space of A.

() (B points) A =nyul where uj ER" isa nonzers vector snd 5 53,
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where %1,12,%3,%4,%5 € R are distinct real numbers (that is ¢; # ¢; for ¢,7 = 1,..., 5 such that
i # 7).
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Problem 7. Every real symmetric n X n matrix A satisfying AT = A has n real eigenvalues, say
Al, ..., Aq. Furthermore, the eigenvectors vy, ..., v, of the symmetric matrix A corresponding to the
eigenvalues Ag,..., An can be chosen as vectors in R™ such that the set {vy,..., vy} is orthonormal
(with respect to the standard inner product (x,¥y) = z191 + -+ - + Zo¥» on R™). In parts (a) and (b)

below, you can make use of these facts.
(a) (6 points) Let A be a real symmetric n X n matrix. Prove that the function (-,-) : R®* x R* —» R
defined by
(xy) = x4y
is an inner product on R™ if and only if all eigenvalues of A are positive.
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Problem 8. Let 51, S, be two subspaces of a vector space V such that S;+S, = V and $;NS, = {0},
where S; + S is defined by

S148; == {s1+s2|8 €85, 52 € S}
Every vector v € V can be written of the form
v = vg, + Vs, (1)
for some vs, € 5) and vs, € Sz in a unique way. We refer (1) as the unique decomposition of v.
(2) (5 points) Consider the transformation P: V — S, deﬁnea by
P(v) = vs,

for every v € V, where vg, is as in (1) in the unique decomposition of v. Prove that P is linear.
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(b) (5 points) Now suppose an inner product {-,-) is defined on V. Recall that a given vector v € V
can also be decomposed into
M= v-5'1 +§SIL’

for some Vs, € 5 and Vg1 € 57 in a unique way.

Prove
[Vsell < llvsl]

where vg, is as in (1) (on page 9) in the unique decomposition of v.




