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Least Squares, Problem Definition

. N

iven p1 = (t1,y1) = (=2, 1), P2 = (t2,y2) = (3,1), p3 = (t3,¥y3) = (4, 3).

°
(t3,93)

(t2,92)

(t17.y1)
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Least Squares, Problem Definition

. N

iven p1 = (t1,y1) = (=2, 1), P2 = (t2,y2) = (3,1), p3 = (t3,¥y3) = (4, 3).

(t3, 0(t3))

® Find the line £(t) = x1t + x¢ that best fits the points p1, p2, p3. (The

unknowns are xzg, x1.)
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Least Squares, Problem Definition

|7 ® Findtheline ¢(t) = x1t + x( SO that T

VI (€t) — pi)2 = /(=221 + w0 — (—1))2 + (321 + w0 — D2 + (421 + w0 — 3)?

IS as small as possible.
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Least Squares, Problem Definition

|7 ® Findtheline ¢(t) = x1t + x( SO that T

VI (€t) — pi)2 = /(=221 + w0 — (—1))2 + (321 + w0 — D2 + (421 + w0 — 3)?

IS as small as possible.

® Define
(& f(tl) — Y1 1 —2 B 7] —1
Zo
r = T9 — g(tg) — Y2 — 1 3 - 1
X1
| T3 | U(t3) —y3 1 4 e | 3]
\ ~ < x N——
A b

o |
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Least Squares, Problem Definition

VI (€t) — pi)2 = /(=221 + w0 — (—1))2 + (321 + w0 — D2 + (421 + w0 — 3)?

IS as small as possible.

Find the line ¢(t) = x1t + x( SO that

Define ] ) ] ) ] )
(& f(tl) — Y1 1 —2 B 7] —1
Lo
r=1ry | = | L) —y2 | = | 1 3 — 1
X1
3 | [ lt3)—ys | |1 4 e | 3]
N ~ v/ x N——
A b
The problem can be posed as
I
find x = " | such that |7]| = |[|Ax — b]|| is as small as possible.
L1
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Least Squares, Problem Definition

- N

® More generally given m points in R*

pZ:(t”LayZ)a i:17°'°7m

o |
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Least Squares, Problem Definition

- N

® More generally given m points in R*

pZ:(t”LayZ)a i:17°'°7m

® Suppose you want to find the polynomial of degree n — 1 (n < m) in
the form

P(t) = ZIZn_ltn_l + xn_gtn_z + -+ $1t + T
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Least Squares, Problem Definition

- N

® More generally given m points in R*

pZ:(t”LayZ)a i:17°'°7m

® Suppose you want to find the polynomial of degree n — 1 (n < m) in
the form

P(t) = ZIZn_ltn_l + xn_gtn_z + -+ $1t + T

minimizing

o |
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Least Squares, Problem Definition

f’ Define ) ] o o )
Y1

T1 [ P(t1) —y1 | R t?_Q t'g_l x0
T2 P(t2) — y2 IR x1 Y2
i 'm i i P(tm> — YUm | i 1 s t?n_2 t?@_l 1 L Ln—1 | i Ym i
N—— N ~ / \\ ~ J/ N ~ J/
T A x b
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Least Squares, Problem Definition

® Define ) ] o o )
r1 P(t1) — r ... t?_Q tg_l x0 Y1
T2 P(t2) — y2 IR x1 Y2
i 'm i i P(tm> — YUm | i 1 s t?n_Q t?@_l 1 L Ln—1 | i Ym i
N— N ~ / \\ ~ J/ N ~ J/
A x b

Remark: The matrix A above is called the Vandermonde matrix.
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Least Squares, Problem Definition

® Define ) ] o o )
r1 P(t1) — r ... t?_Q tg_l x0 Y1
T2 P(t2) — y2 r .- tg_Q tg_l x1 Y2
i 'm i i P(tm> — YUm | i 1 s t?n_Q t?@_l 1 L Ln—1 | i Ym i
W \ ~ VA ~ J A\ ~ _J/
A x b

Remark: The matrix A above is called the Vandermonde matrix.

T
® We want to find z = [ - z._; | minimizing

Ir[l = || Az — b]l.
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Least Squares, Problem Definition

- N

Definition: An m x n system Ax = b is called overdetermined if m > n.

o |
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Least Squares, Problem Definition

- N

Definition: An m x n system Ax = b is called overdetermined if m > n.

® Overdetermined systems are usually inconsistent. (e.g. It is unlikely
that three lines in R? intersect each other at a common point.)

o |
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Least Squares, Problem Definition

-

Definition: An m x n system Ax = b is called overdetermined if m > n.

® Overdetermined systems are usually inconsistent. (e.g. It is unlikely
that three lines in R? intersect each other at a common point.)

Example:
4 1 3] [4 1 3
[A|b] = 3 1 1 |~1|0 1/4 —5/4
-2 1 -1 0 0 8 |

\ 7
~”~

tnconsistent

|
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Least Squares, Problem Definition

f\]ustification: T

Col(A) = span{ay,as, ..., a,} is at most an n-dimen subspace in R™

o |
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Least Squares, Problem Definition

f\]ustification: T

Col(A) = span{ay,as, ..., a,} is at most an n-dimen subspace in R™

—
Most b € R™ are not in Col(A)
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Least Squares, Problem Definition

f\]ustification: T

Col(A) = span{ay,as, ..., a,} is at most an n-dimen subspace in R™

—
Most b € R™ are not in Col(A)
—

Ax = bis inconsistent for most b € R™
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Least Squares, Problem Definition

f\]ustification: T

Col(A) = span{ay,as, ..., a,} is at most an n-dimen subspace in R™

—
Most b € R™ are not in Col(A)

—

Ax = bis inconsistent for most b € R™

R’ eg.n=2,m=23

; r T

—— A=z a
Col(A)

/// \/ (Q—dimensional) X XT
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Least Squares, Problem Definition

Least Squares Problem: Given an overdetermined system Ax = b.

Find x € R" such that | Az — b|| is as small as possible.

|
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Least Squares, Problem Definition

- N

Least Squares Problem: Given an overdetermined system Ax = b.

Find x € R" such that | Az — b|| is as small as possible.

® Geometric interpretation: Find the point on the hyperplane Col(A)
that is closest to b.

Col(A)

\ (2‘dim€HSiOHal)
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Next Lecture

- N

® Solution of the least squares problem by exploiting the QR
factorization

® |Interpolation (Fausett, Chapter 8)

o |
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