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Given A — AB where A, B € C"™*™ with n > m.
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Given A — AB where A, B € C"™*™ with n > m.

® ) is an eigenvalue if

v*(A—=AB)=0 Jv#0.

. n .
® This requires ) to be a common root of polynomials.
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Problem

- N

Given A — AB where A, B € C"™*™ with n > m.

® ) is an eigenvalue if

v*(A—=AB)=0 Jv#0.

. . n .
® This requires ) to be a common root of polynomials.

® Generically A — AB has no eigenvalues.
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Problem

- N

® Distance to the nearest pencil with m eigenvalues
(Boutry, Elad, Golub and Milanfar - 2005)

inf { H { AA AB } :(A+ AA)—A\(B+ AB) hasn eigenvalues}

HF
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Problem

- N

® Distance to the nearest pencil with m eigenvalues
(Boutry, Elad, Golub and Milanfar - 2005)

inf { H { AA AB } :(A+ AA)—A\(B+ AB) hasn eigenvalues}

HF

® We consider the following variant

pr(A, B) :=inf {|AA||, : (A+ AA) — AB has r eigenvalues}
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Problem
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Multiple eigenvalues are counted as many times as their algebraic
multiplicities.
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Multiple eigenvalues are counted as many times as their algebraic
multiplicities.

The algebraic multiplicity of \ is the sum of the sizes of the Jordan blocks
associated with )\ in the Kronecker canonical form of A — \B.
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Problem

. N

Multiple eigenvalues are counted as many times as their algebraic
multiplicities.

The algebraic multiplicity of \ is the sum of the sizes of the Jordan blocks
associated with )\ in the Kronecker canonical form of A — \B.

e.g.
(2 0 0 0 0| 0 1 0 0 0
0 2 0 0 0 00 1 0 0
A—\B = A
00 0 2 1 00 0 1 0
000 0 0 2 000 0 0 1
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Problem

. N

Multiple eigenvalues are counted as many times as their algebraic
multiplicities.

The algebraic multiplicity of \ is the sum of the sizes of the Jordan blocks
associated with )\ in the Kronecker canonical form of A — \B.

e.g.
(2 0 0 0 0| (001 0 0 O |
0 2 0 0 0 00 1 0 0
A—\B = A
00 0 2 1 00 0 1 0
000 0 0 2 000 0 0 1

A = 2 is an eigenvalue of algebraic multiplicity two
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M otivation

f ® Solutions of Bx/(t) = Ax(t)



M otivation

ﬁ ® Solutions of Bz'(t) = Ax(t) _‘

® Estimating a polygon from moments (Elad, Milanfar and Golub -
2004)
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M otivation
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Tk://\z\kdxdy
P

Estimate the vertices z; for j = 1,...,n (complex scalars) of P.

» Given moments

fork=1,...,m.
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M otivation

- N

Tk://\z\kdxdy
P

Estimate the vertices z; for j = 1,...,n (complex scalars) of P.

» Given moments
fork=1,...,m.

® The vertices z; are the eigenvalues of an m x n pencil Ty — AT
where Ty, T, are Hankel matrices defined in terms of 7.

o |

Sept 15, 2010 — p.6/23



Derivation of a Singular Value Characterization

- N

We derive a singular value characterization for
st (A, B) == inf {||AA]|, : (A+ AA) — AB has r eigenvalues lying in Q}

where 2 C C. (Note: From here on A, B € C™*™ with m < n.)
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Derivation of a Singular Value Characterization

- N

We derive a singular value characterization for
st (A, B) == inf {||AA]|, : (A+ AA) — AB has r eigenvalues lying in Q}

where 2 C C. (Note: From here on A, B € C™*™ with m < n.)

- (A, B) = p(A, B) with Q = C
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Derivation of a Singular Value Characterization

- N

Special Case (r=2, B=1, Q=)

Distance from A € C™*" to the nearest matrix with A € C as a multiple
eigenvalue (Malyshev - 1999)

WA, T) := inf{||AA|]>: X is an eigenvalue of (4 + AA) — AT with
algebraic multiplicity > 2}
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Derivation of a Singular Value Characterization

- N

Special Case (r=2, B=1, Q=)

Distance from A € C™*" to the nearest matrix with A € C as a multiple
eigenvalue (Malyshev - 1999)

1y (A, 1) ;= inf{||[AA|5 : \is an eigenvalue of (A 4+ AA) — X\ with
algebraic multiplicity > 2}

A— N 0
— Sup O02n—1 ~
Vet T A=A
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Derivation of a Singular Value Characterization

- N

Key rank characterization for Malyshev’s formula
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Derivation of a Singular Value Characterization
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Key rank characterization for Malyshev’s formula

X is an eigenvalue of A of algebraic multiplicity > 2
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Derivation of a Singular Value Characterization

- N

Key rank characterization for Malyshev’s formula

X is an eigenvalue of A of algebraic multiplicity > 2
<~
rank(A — X\)%? < n —2
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Derivation of a Singular Value Characterization

- N

Key rank characterization for Malyshev’s formula

X is an eigenvalue of A of algebraic multiplicity > 2
<~
rank(A — X\)%? < n —2

A-X 0
rank 5 <2n—2 Vv#0
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Derivation of a Singular Value Characterization

A rank characterization for a matrix to have eigenvalues in a given region
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Derivation of a Singular Value Characterization

A rank characterization for a matrix to have eigenvalues in a given region

A has r etgenvalues that belong to €2
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Derivation of a Singular Value Characterization

A rank characterization for a matrix to have eigenvalues in a given region

A has r etgenvalues that belong to ()

<

rank (H(A)\jl)) <n-—r J\; € Q

j=1
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Derivation of a Singular Value Characterization

A rank characterization for a matrix to have eigenvalues in a given region

A has r etgenvalues that belong to ()

<
rank (H(A )\jl)) <n-—r J\; € Q
j=1
<~
([ A=xnT 0 0 )
Yorl A= Aol 0
rank <nr—r

A—MN_11 0
K ’lel f)/’l“2[ ’Y’r(r—l)l A — )\7“] 1 )

L _ AN; € Q, Vv #0 J
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Derivation of a Singular Value Characterization
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A rank characterization for a pencil to have eigenvalues in a given region
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Derivation of a Singular Value Characterization

- N

A rank characterization for a pencil to have eigenvalues in a given region

A — AB has r eigenvalues that belong to €2
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Derivation of a Singular Value Characterization

-

A rank characterization for a pencil to have eigenvalues in a given region

rank

A — AB has r eigenvalues that belong to €2

(| A-\B
Y218
K _ f)/rlB

0
A—X\B

fYT2B

<~

A—\._1B 0

’Y'r('r—l)B A—-\B i

E|)\j €, Vvir #0

<nr-—r
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Derivation of a Singular Value Characterization

- N

Some notation

® Linearized pencil

. A—\B 0 0
v1B A — B 0
PAL(A, B) =
A—\N_1B 0
Yr1B YroB Yrr—1)B A —=A\B |
with

A= ()\17"'7)\7“)7 I'= (721773177327---7’77“(7“—1))
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Derivation of a Singular Value Characterization

Some notation

o

® Linearized pencil

PAT(A B) =

with

A -\ B

vo1 B

/Y'rlB

0 0
A— B 0
A—)N_1B 0

'YTQB ’77“(7“—1)B A— ArB _

A= ()\17---7>\r)7 I'= (721773177327---7’77“(7“—1))

® r-tuples of Q2

Q’f’

{(wl, c o

wr)tw; €2 jg=1,...,r}

-
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Derivation of a Singular Value Characterization

- N

® Rank definition of ;f}(A, B) for all T" with nonzero components

,uf}(A, B) = infpcqr inf{||AAls : rank (Pf’F(A + AA, B)) <nr-—r}
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Derivation of a Singular Value Characterization

- N

® Rank definition of ;f}(A, B) for all T" with nonzero components

1) (A, B) = infpreqr inf{||AA|ls : rank (PAT(A+ AA, B)) <nr —r}
> infpcqor Onr—r41 (P?’F(A, B))
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Derivation of a Singular Value Characterization

- N

® Rank definition of ;f}(A, B) for all T" with nonzero components

1) (A, B) = infpreqr inf{||AA|ls : rank (PAT(A+ AA, B)) <nr —r}
> infpcqor Onr—r41 (P?’F(A, B))

® By continuity of o1 (PYY(A,B)) wrt. T

py'(A,B) > inf sup  Onr—rp1 (PRVT (A, B))
AeQr CeCr(r—1)/2
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Derivation of a Singular Value Characterization

- N

Main result

(A, B) = inf {||AA||, : (A + AA) — AB has r eigenvalues lying in Q}

kA, B) = inf sup  Opr—ri1 (PN (A, B))
AeQr reCr(r—1)/2
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Derivation of a Singular Value Characterization

- N

Main result

ust(A, B) = inf {||AA|, : (A+ AA) — AB has r eigenvalues lying in Q}

k2(A, B) ;= inf sup  Opr—ri1 (PN (A, B))
AeQr reCr(r—1)/2

The direction pf}(A, B) < k$}(A, B) is established by constructing a
perturbation A A, satisfying

(i) |AAl2 = ;' (A, B)
L (i) rank (PM(A+AALB)) <nr—r 3JIreCt=H/2 JAeQr J
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Corollaries

- N

(i) Distance from A— \B to the nearest pencil with a multiple eigenvalue

inf sup 02n—1
AeC yeC vB  A—)\B
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Corollaries

- N

(i) Distance from A— \B to the nearest pencil with a multiple eigenvalue

| A—AB 0
inf sup o9,_1
AeC yeC vB  A—)\B
e.g.
2 -1 —1 | 1 2 3]
A-XB=| -1 2 —1|-=2x 2 —1 2
-1 -1 2| 4 2 1|
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Corollaries

-

(i) Distance from A— \B to the nearest pencil with a multiple eigenvalue

inf sup 02n—1
AeC

e.g.

veC

A—-)AB =

The nearest pencil

at a distance of 0.59299 with the multiple eigenvalue A, = —0.85488

1.91465
—1.32160
—0.72082

A—)\B 0
vB A—\B
2 -1 —1 | [ 1
1 2 -1 |-=x
-1 -1 2| |4
—0.57896 —1.21173 | I
1.93256 —0.57897 | — A

—1.32160

1.91466

—1
2
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Corollaries

The e pseudospectrum of A — \B

Ac(A,B) = {\ € C:3AA st. det(A+AA—AB) =0 and ||AA|2 < ¢}
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Corollaries

The e pseudospectrum of A — \B

Ac(A,B) = {\ € C:3AA st. det(A+AA—AB) =0 and ||AA|2 < ¢}

0.6 4

0.4

0.2

|
o
N

T

|

14 12 -1 -08 -06 -04 -02 0 0.2
Ac(A, B) for e = 0.59299; Red asterisks marks A\, = —0.85488.
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Corollaries

(i) Distance from nonsquare A — \B to the nearest pencil with » eigenvalues

inf}\j cC Supfyik cC Onr—r+1

(

A—- M\ B
vo1.8

VrlB

0
A—X\B

/77’2B

0
0

A-M\.B

|

Y
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Corollaries

(i) Distance from nonsquare A — \B to the nearest pencil with r eigenvalues

inf}\j cC Supfyik cC Onr—r+1

e.g.

(

A—- M\ B
vo1.8

VrlB

A—X\B

0

/77’2B

|
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Corollaries

(i) Distance from nonsquare A — \B to the nearest pencil with r eigenvalues

([ a—xB 0 0
. ’721B A — )\2B 0
inf),cc SUP,,ec Onrrid
K ’77“13 /77’2B A — )\TB
e.g.
(1 0 0 0 [0 0 0
A—AB = 0 0.1 2 1 -l 0 1 0
0 0 03 2 | |0 0 1
The nearest pencil
[ 0.99847 0 0 0.00007 | 0 1 0 0|
—0.03697 0.08698 2.00172 1.00095 —A| 0 0 1 O
—0.01283 0.03689 0.30078 2.00376 | O 0 0 1

at a distance of 0.03927 with two eigenvalues A} = 2.55144 and \j = 1.45405.

|

Y
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Corollaries

g(A) denotes the inner supremum for a fixed A € C”
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Corollaries

-

(i) Distance from A — AB to the nearest stable pencil

([ a—xB o0

v21B A —X\B
inf  sup op2_p,1q
AjECT  ~eC

1

o)
0
A—AnB_)
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Corollaries

-

(i) Distance from A — AB to the nearest stable pencil
(| A-xB 0 o |
1B A—X\B 0
inf  sup op2_p,1q
A ECT 4 eC
K i /anB ’7n2B A— >\nB | )
e.g.
A 06—+ —02+ 4%

0142 0542
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Corollaries

-

(i) Distance from A — AB to the nearest stable pencil

([ a—=xB 0

v21B A —X\B
inf  sup op2_p,1q
AjECT  ~eC

K /anB ’77123

e.g.

A 06—£1 —02+%4
0142 0542

A-\,B

IS unstable with eigenvalues 0.7 — ¢ and 0.4 + ¢ at a distance of 0.6610 to stability. The matrix

A+ AA, = [

0.0681 — 0.30647 —0.4629 4 1.25241
0.2047 + 0.58587 —0.1573 + 0.3064+

at a distance of 0.6610 has the eigenvalues —0.9547: and —0.0885 + 0.95473.
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Corollaries

1.5}

0.5r

-0.5}

0 0.5 1

Ac(A) for e = 0.6610

1.5
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Computation
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Key observations for the computation of if2(A, B)
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Computation

- N

Key observations for the computation of if2(A, B)

» Outer minimization:
The function

g(A) — Sup Onr—r+1 (737/’\,1"(14, B))
eCr(r—1)/2

IS Lipschitz continuous (due to Weyl’'s theorem).
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Computation

- N

Key observations for the computation of if2(A, B)

» Outer minimization:
The function

g(A) — Sup Onr—r+1 (737/’\,1“(14, B))
eCr(r—1)/2

IS Lipschitz continuous (due to Weyl’'s theorem).

® [nner maximization:
Any local maximizer of the inner problem is typically a global
maximizer. Algebraic conditions to check whether a local maximizer
IS a global maximizer exist. Therefore the inner maximization can be
L performed by means of a Newton-based method, e.g. BFGS. J
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Computation
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Computing the distance from A to a nearest matrix with a multiple
eigenvalue for random A

inf sup o9,_1
AeC yec vI A=)\

o |

Sept 15, 2010 — p.22/23



Computation

- N

Computing the distance from A to a nearest matrix with a multiple
eigenvalue for random A

inf sup o9,_1
AeC yec vI A=)\

size | 100 200 300 500 800 1000
time 11 34 124 271 1367 1218
fevals | 115 95 127 111 215 147
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