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® c-pseudospectrum

A(A) = {AeC:dEst. ||E|l2 <eanddet(A+ E — \I) =0}
= {ANeC:0,(A—- ) <€}
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e-pseudospectrum

A(A) = {AeC:dEst. ||E|l2 <eanddet(A+ E — \I) =0}
= {ANeC:0,(A—- ) <€}

Backward error of an eigenvalue A

inf{||AA] : det(A+ AA—-A) =0} =0,(A— )
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Problem

- N

® c-pseudospectrum
A(A) = {AeC:dFEst. ||Ells <eanddet(A+ E — AI) =0}
= {ANeC:0,(A—- ) <€}
® Backward error of an eigenvalue \

inf{||AA] : det(A+ AA—-A) =0} =0,(A— )

® |[f \is a point on the boundary of A.(A), then
JA A such that ||AA| = eand (A + AA) has A as an eigenvalue.
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Problem

. If X is a point where two components of A.(A) coalesce, then
JAAs.t. ||[AA|| =eand (A+ AA) has A as an eval with mult > r = 2.

. Smallest ¢ s.t. two components of A.(A) coalesce is the distance to
the nearest matrix with an eigenvalue of multiplicity > r = 2.
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Problem

. If X is a point where two components of A.(A) coalesce, then
JAAs.t. ||[AA|| =eand (A+ AA) has A as an eval with mult > r = 2.

. Smallest ¢ s.t. two components of A.(A) coalesce is the distance to
the nearest matrix with an eigenvalue of multiplicity > r = 2.

How do 1. and 2. generalize for an arbitrary »r? J
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Motivation and Definition

-

® Absolute condition number of an eigenvalue \

: 2 1
kK(A)=1lim sup —— =
Y =0y an)<s |1AA| yra

where
A= AAA) — A

y,r € C™ . unit left and right eigenvectors associated with A
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Motivation and Definition
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® Absolute condition number of an eigenvalue \

: 2 1
kK(A)=1lim sup —— =
Y =0y an)<s |1AA| yra

where
A =AAA) — )\
y,r € C™ . unit left and right eigenvectors associated with A
(i,e. Ax = Az and y*A = \y™*)
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Motivation and Definition

Absolute condition number of an eigenvalue A

: 2 1
kK(A)=1lim sup —— =
Y =0y an)<s |1AA| yra

where
A =AAA) — )\
y,r € C™ . unit left and right eigenvectors associated with A
(i,e. Ax = Az and y*A = \y™*)

® *x = 0 for a (defective) eigenvalue associated with a Jordan block of
size two.
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Motivation and Definition

fThe eigenvalues corresponding to non-linear elementary divisors must, inT
general, be regarded as ill-conditioned ... However we must not be misled
Into thinking that this is the main form of ill-conditioning. Even if the
eigenvalues are distinct and well separated they may still be very
ill-conditioned.

J.H. WILKINSON, THE ALGEBRAIC EIGENVALUE PROBLEM
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Motivation and Definition

fThe eigenvalues corresponding to non-linear elementary divisors must, inT
general, be regarded as ill-conditioned ... However we must not be misled
Into thinking that this is the main form of ill-conditioning. Even if the
eigenvalues are distinct and well separated they may still be very

Ill-conditioned.
J.H. WILKINSON, THE ALGEBRAIC EIGENVALUE PROBLEM
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Motivation and Definition
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W (e) has A = 10.5 as a defective multiple eigenvalue for e ~ 7.8 x 10~14,
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Motivation and Definition
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€
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1

W (e) has A = 10.5 as a defective multiple eigenvalue for e ~ 7.8 x 10~14,

Definition (Wilkinson Distance):

The distance in 2-norm from A to the nearest defective matrix

W(A) = inf{||AA]s:3IN (A+ AA) has X as a defect eigval}
= inf{||AA|z2: X (A+ AA) has X as a mult eigval}

L Is called the Wilkinson distance of A.
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Motivation and Definition
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® Wilkinson distance measures the sensitivity of the worst-conditioned
eigenvalue to perturbations.

# Any matrix close to defectiveness has an ill-conditioned
eigenvalue.
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Motivation and Definition

® Wilkinson distance measures the sensitivity of the worst-conditioned
eigenvalue to perturbations.

# Any matrix close to defectiveness has an ill-conditioned
eigenvalue.

o Conversely, any matrix with an ill-conditioned eigenvalue is close
to defectiveness (Ruhe, 1970 and Wilkinson, 1971).

Wilkinson’s bound

W(A) < [|A]l2/v/KE(V)? =1
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Wilkinson Distance and Pseudospectra
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® The e-pseudospectrum of a matrix A (the set of eigenvalues of
matrices within an e-neighborhood of A)
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Wilkinson Distance and Pseudospectra
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® The e-pseudospectrum of a matrix A (the set of eigenvalues of
matrices within an e-neighborhood of A)

A(A) = {AeC:IEst. ||| <eanddet(A+ E — \) = 0).
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Wilkinson Distance and Pseudospectra
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® The e-pseudospectrum of a matrix A (the set of eigenvalues of
matrices within an e-neighborhood of A)

Ac(A) = {AeC:dEst. ||E|l2 <eanddet(A+ E — \I) =0}
= {AeC:0,(A—- ) <€}
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Wilkinson Distance and Pseudospectra
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® The e-pseudospectrum of a matrix A (the set of eigenvalues of
matrices within an e-neighborhood of A)

Ac(A) = {AeC:dEst. ||E|l2 <eanddet(A+ E — \I) =0}
= {AeC:0,(A—- ) <€}

® Define
C(A) = inf{e : #comp (A(A)) <n —1}
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Wilkinson Distance and Pseudospectra

-

The e-pseudospectrum of a matrix A (the set of eigenvalues of
matrices within an e-neighborhood of A)

Ac(A) = {AeC:dEst. ||E|l2 <eanddet(A+ E — \I) =0}
= {AeC:0,(A—- ) <€}

® Define
C(A) = inf{e : #comp (A(A)) <n —1}

® [t was conjectured by Demmel (1983), and later proven by Alam and
Bora (2005) that

s W(A)=C(A),
» Two components of A.(A) for e = C(A) coalesce at )\, iff a nearest
\— matrix at a distance of W(A) has A, as a multiple eigenvalue. J
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Wilkinson Distance and Pseudospectra
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0.2

1 ——1 2603
0.1 i
Or * . e -1.4693
-0.1F 1
| | | |

— —1.6693
-0.2

-1.8693

|

October 28, 2009 — p.9/30



Wilkinson Distance and Pseudospectra

T T T T T -1.0693
0.2

1 p——1 2603
0.1} ]
ol * | — 14603
—0.1} -
| | | |

— —1.6693

-0.2
' —-1.8693
1 15 2 2.5 3
® WA =C(A) =1071.0693
® )\, = 2.5057 (point of coalescence marked with asterisk) is the J

multiple eigenvalue of a nearest matrix.
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® let(A+ AA,) be the nearest matrix such that |AA.| = W(A) and
with )\, as a multiple eigenvalue.
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® let(A+ AA,) be the nearest matrix such that |AA.| = W(A) and
with )\, as a multiple eigenvalue.

» There exist two continuous curves A\, As : [0, 1] — C s.t.

1. A(t), \o(t) are distinct eigenvalues of A +tAA, fort < 1.
2. A1(1) = A2(1) = M.
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® let(A+ AA,) be the nearest matrix such that |AA.| = W(A) and
with )\, as a multiple eigenvalue.

» There exist two continuous curves A\, As : [0, 1] — C s.t.

1. A(t), \o(t) are distinct eigenvalues of A +tAA, fort < 1.
2. A1(1) = A2(1) = M.

® M\ (1), a(t) € Ac(A)forallt € [0,1] and e = W(A).
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Proof of W(A) = C(A)

® let(A+ AA,) be the nearest matrix such that |AA.| = W(A) and
with )\, as a multiple eigenvalue.

» There exist two continuous curves A\, As : [0, 1] — C s.t.

1. A(t), \o(t) are distinct eigenvalues of A +tAA, fort < 1.
2. A1(1) = A2(1) = M.

® M\ (1), a(t) € Ac(A)forallt € [0,1] and e = W(A).
o FHcomp (A (A)) < nfore=IW(A).
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Proof of W(A) = C(A)

® let(A+ AA,) be the nearest matrix such that |AA.| = W(A) and
with )\, as a multiple eigenvalue.

» There exist two continuous curves A\, As : [0, 1] — C s.t.

1. A(t), \o(t) are distinct eigenvalues of A +tAA, fort < 1.
2. A1(1) = A2(1) = M.

® M\ (1), a(t) € Ac(A)forallt € [0,1] and e = W(A).
o FHcomp (A (A)) < nfore=IW(A).

\— ® Therefore W(A) > C(A). J
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® For the other direction let A, be a critical point of g(A\) = ¢,,(A — AI).
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® For the other direction let A, be a critical point of g(A\) = ¢,,(A — AI).
Theorem (Rellich):
Let f : R — R be defined as f(w) = 0;(A(w)) (0; denoting the
jth largest singular value). If the multiplicity of o;(.A (@)) is one and
o; (A(@)) # 0, then f(w) is real analytic at @ with the derivative

dA(®) v)

f'(©) = Real (u* -

where » and v consist of a consistent pair of a unit left and a right
singular vector associated with o; (A(©)).
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Wilkinson Distance and Pseudospectra
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-

Proof of W(A) = C(A)

® For the other direction let A, be a critical point of g(A\) = ¢,,(A — AI).
Theorem (Rellich):
Let f : R — R be defined as f(w) = 0;(A(w)) (0; denoting the
jth largest singular value). If the multiplicity of o;(.A (@)) is one and
o; (A(@)) # 0, then f(w) is real analytic at @ with the derivative

dA(®) v)

f'(©) = Real (u* -

where » and v consist of a consistent pair of a unit left and a right
singular vector associated with o; (A(©)).

® Viewing g : R? — Ryields
Real(u*v) = Real(iv*v) =0 = u*v =0 J
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® letg(A) =0,(A— A)=c¢c. Thendefining AA = —euv* we have
(A+AA—-A)v = (A= X)v+ AAv = eu—eu= 0
W(A+AA-AN)= uw(A-AN)+u'AAd= e —ev*= 0
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Proof of W(A) = C(A)

® letg(A) =0,(A— A)=c¢c. Thendefining AA = —euv* we have
(A+AA—-A)v = (A= X)v+ AAv = eu—eu= 0
W(A+AA-AN)= uw(A-AN)+u'AAd= e —ev*= 0

® Therefore u, v are left, right eigenvectors of A + A A associated with
A« such that v*v = 0 implying A, is a multiple eigenvalue of A + AA.
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® letg(A) =0,(A— A)=c¢c. Thendefining AA = —euv* we have
(A+AA—-A)v = (A= X)v+ AAv = eu—eu= 0
W(A+AA-AN)= uw(A-AN)+u'AAd= e —ev*= 0

® Therefore u, v are left, right eigenvectors of A + A A associated with
A« such that v*v = 0 implying A, is a multiple eigenvalue of A + AA.

Theorem (Alam and Bora):

Let A\, € C be a critical point of g(\) = 0,(A — AI) such that g(\,) =
e > 0. There exists a perturbation AA with norm ¢ such that A + AA
has A\, as a multiple eigenvalue.
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® Now suppose ), is a point of coalescence of two components of
A (A) fore =C(A).
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Wilkinson Distance and Pseudospectra
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Proof of W(A) = C(A)

® Now suppose ), is a point of coalescence of two components of
A (A) fore =C(A).

® Suppose the multiplicity of o,,(A — A\.I) = C(A) is two or greater
with the left singular vectors w1, us and right singular vectors
U1, V2. Define AA = —C(A)[’U,l UQH?Jl UQ]* and note

(A + AA — )\*I)[’Ul ?}2] = 0.
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Proof of W(A) = C(A)

® Now suppose ), is a point of coalescence of two components of
A (A) fore =C(A).

® Suppose the multiplicity of o,,(A — A\.I) = C(A) is two or greater
with the left singular vectors w1, us and right singular vectors
U1, V2. Define AA = —C(A)[’U,l UQH?Jl ?}2]* and note

(A + AA — )\*I)[’Ul ?}2] = 0.

o If the multiplicity of o,,(A — A\, 1) = C(A) is one, A, must be a
critical point. From previous theorem we have a perturbation AA
of norm C(A) such that A + AA has )\, as a multiple eigenvalue.
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Proof of W(A) = C(A)

® Now suppose ), is a point of coalescence of two components of
A (A) fore =C(A).

® Suppose the multiplicity of o,,(A — A\.I) = C(A) is two or greater
with the left singular vectors w1, us and right singular vectors
U1, V2. Define AA = —C(A)[’U,l UQH?Jl ?}2]* and note

(A + AA — )\*I)[’Ul ?}2] = 0.

o If the multiplicity of o,,(A — A\, 1) = C(A) is one, A, must be a
critical point. From previous theorem we have a perturbation AA
of norm C(A) such that A + AA has )\, as a multiple eigenvalue.

L ® Therefore C(A) > W(A). J
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Wilkinson Distance and Pseudospectra
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The following characterizations are useful for computational purposes.

® The smallest saddle point characterization

W(A) = inf {o,,(A — A\I) : A € C is a saddle point of o,(A — A\I)}
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Wilkinson Distance and Pseudospectra
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The following characterizations are useful for computational purposes.

® The smallest saddle point characterization

W(A) = inf {o,,(A — A\I) : A € C is a saddle point of o,(A — A\I)}

® The singular value characterization (Malyshev, 1999)

| AN ~I
W(A) = inf sup 09,1

AEC 4 e(0,1]
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Generalized Wilkinson Distance and Pseudospectra

Definition (Generalized Wilkinson Distance):
The distance from A to the nearest matrix with an eigenvalue of multiplicity

r Or greater
W, (A) = inf{||AAl2 : 3N (A + AA) has A as an eigenvalue of mult > r}

Is called the generalized Wilkinson distance of A.
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Generalized Wilkinson Distance and Pseudospectra

Definition (Generalized Wilkinson Distance):
The distance from A to the nearest matrix with an eigenvalue of multiplicity

r Or greater
W, (A) = inf{||AAlz : 3N (A+ AA) has A as an eigenvalue of mult > r}
Is called the generalized Wilkinson distance of A.

® The singular value characterization (M. 2008)

([ A=Ayl sl ... vl ]

0 A— A ’)/2,31

W) = b swonn | |
Yy

A=A yr_1,01
\ 0 A— )

L where v = [y12 713 -.. Yr1)L € Cr=DT/2, J
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Generalized Wilkinson Distance and Pseudospectra

-

® W;(S) = 0.3270 and the nearest matrix has A\, = —0.3841 — 0.6767:
as the eigenvalue with multiplicity 3.

-

or the 6 x 6 smoke matrix S
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Generalized Wilkinson Distance and Pseudospectra

-

or the 6 x 6 smoke matrix S

-

® Ws(S) = 0.3270 and the nearest matrix has A, = —0.3841 — 0.6767¢

as the eigenvalue with multiplicity 3.

151

051

-0.5¢

A (S
E
(blug

) for e:WB(S)

o asterisks
marks )\[)
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Generalized Wilkinson Distance and Pseudospectra
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® W, (A) does not appear to be relevantto A (A).
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Generalized Wilkinson Distance and Pseudospectra
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® W, (A) does not appear to be relevantto A (A).

® The generalized (e, r)-pseudospectrum (the eigenvalues with
multiplicity » or greater of the matrices within an ¢ neighborhood)

Aer(A)={AeC:TEst. ||E||2 <eandrank(A+E — )" <n—r}.
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Generalized Wilkinson Distance and Pseudospectra

-

® W, (A) does not appear to be relevantto A (A).

-

® The generalized (e, r)-pseudospectrum (the eigenvalues with
multiplicity » or greater of the matrices within an ¢ neighborhood)

Aer(A)={AeC:TEst. ||E||2 <eandrank(A+E — )" <n—r}.

® Forinstance A > consists of the multiple eigenvalues of the matrices

within an ¢ neighborhood.

Aco(4) = {AeC:3IEst. ||Els <eandrank(A+ E — AI)* <n -2}

A— A\
AeC: sup o9,-1
L v€(0,1] 0

v
A— Al

)
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Generalized Wilkinson Distance and Pseudospectra
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or the 6 x 6 smoke matrix S

/\8 2(S) fore = W3(S)
(blue asterisks marks }\[)

-2 | | | | | | |
-2 -15 -1 -0.5 0 0.5 1 15
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Generalized Wilkinson Distance and Pseudospectra
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Blue curve
/\:E’2 fore = W3(T) L

Orange curve
/\8 fore = W3(T)

o
T

Red Square ()\E?

eigenvalue of multiplicity
three of the nearest matrix

|
=
T

L J

October 28, 2009 — p.19/30




Generalized Wilkinson Distance and Pseudospectra
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® [t appears that
» often two components of A, ,.(A) coalesce for e = W, 11(A),

o |
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Generalized Wilkinson Distance and Pseudospectra

- N

® [t appears that
» often two components of A, ,.(A) coalesce for e = W, 11(A),

# a point of coalescence is A\, whenever a nearest matrix at a
distance of W,.1(A) has A, as an eigenvalue of multiplicity r + 1.
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Generalized Wilkinson Distance and Pseudospectra

- N

® [t appears that
» often two components of A, ,.(A) coalesce for e = W, 11(A),

# a point of coalescence is A\, whenever a nearest matrix at a
distance of W,.1(A) has A, as an eigenvalue of multiplicity r + 1.

» Alam and Bora showed that

on(A— A1) =€¢>0 and (A, is a critical point of ¢,(A — \I))
—
JAA s.t. ||AA| = e and (A, is a multiple eigenvalue of A + AA)

o |
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Generalized Wilkinson Distance and Pseudospectra

f Proposition T

g(Ax) =€ >0 and (A« is a critical point of g(\))

—
JAA s.t. ||AA]| = e and (A« is an eigenvalue of A + AA with multiplicity > r + 1)

o |
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Generalized Wilkinson Distance and Pseudospectra

f Proposition

where

g(A) = supopr—r+1
"

g(Ax) =€ >0 and (A« is a critical point of g(\))

—

JAA s.t. ||AA]| = e and (A« is an eigenvalue of A + AA with multiplicity > r + 1)

-

A—X  yi2l 731 Yi,r L
0 A—X o3l
0 0
A—X  v_1.1
0 A— A |
A7)

|
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Generalized Wilkinson Distance and Pseudospectra
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Outline of the proof of the proposition

Assumptions

® Suppose g(As) = onr—ra1 (A(A, 7+)). Then the multiplicity of
Tnr—rt1 (A(As,7x)) IS ONE.

o |
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Generalized Wilkinson Distance and Pseudospectra

- N

Outline of the proof of the proposition

Assumptions

® Suppose g(As) = onr—ra1 (A(A, 7+)). Then the multiplicity of
Tnr—ri1 (A(As,7%)) IS ONE.

® letU =[ul ui ... ullandV = [w! vd ... v!] be a consistent pair
of unit left and right smgular vectors associated with
Onr—ra+1 (A(Xe,7%)) Where uy, ... u.,v1,...,v. € C". The sets

{uy, ug, ... u} and {v1, vo, ... v}
are linearly independent.

o |
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Generalized Wilkinson Distance and Pseudospectra
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Outline of the proof of the proposition

® A nearest matrix with A, as an eigenvalue of multiplicity r or greater
IS given by

A—e[u1 ug ... UTH’Ul v2 ... UT]T

o |
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Generalized Wilkinson Distance and Pseudospectra
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Outline of the proof of the proposition

® A nearest matrix with A, as an eigenvalue of multiplicity r or greater
IS given by
A—€fur ug ... uplfvr v ... v

® The fact that g(A\«) = sup, opnr—r11 (A(As, 7)) implies

u;v = 0 for all j, k such that j < k.

o |
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Generalized Wilkinson Distance and Pseudospectra

-

Outline of the proof of the proposition

® Definefori=1,...,n

(' A— NI

0

0
gz(>\> = SUPpOnr—r+1
Y

v1,21

v1,31

v2,31

A— NI
N——
ith block row

0

-

’71,7"1 | \
’Y?“—l,?"I
A=Xd |)

|
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Generalized Wilkinson Distance and Pseudospectra

-

Outline of the proof of the proposition

o

® Definefori=1,...,n

T

A— T
0
0

gz(>\> = SUPpOnr—r+1
Y

\[

v1,21

-

v1,31 Y1, 1 \
v2,31
A— I
—_——
ith block row
’Y?“—l,?"I
0 A—XT |/

® g;()) is the distance to the nearest matrix with » — 1 of the
eigenvalues equal to A, and the remaining equal to A. Therefore

gi(A)

g;(A\) for all 7, .

|
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Generalized Wilkinson Distance and Pseudospectra
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Outline of the proof of the proposition

® Take the derivatives of g; for all

*

9i(As) = ujvi = ujv; = gj(A)
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Generalized Wilkinson Distance and Pseudospectra
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Outline of the proof of the proposition

® Take the derivatives of g; for all

*

9i(As) = ujvi = ujv; = gj(A)

® Furthermore )\, is a critical point of g(\) implying

g'(As) = Zuj’Uz =0 = wujv; =0 forall¢
i=1

o |
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Generalized Wilkinson Distance and Pseudospectra

-

Outline of the proof of the proposition

-

Theorem:

Let u; be a left eigenvector and {vy, vs, ..
dent set of right eigenvectors of A associated with . If ujv; = 0 for
j = 1,...,r, then X is an eigenvalue of A with multiplicity » + 1 or

greater.

., v} be a linearly indepen-
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Outline of the proof of the proposition

Theorem:

Let u; be a left eigenvector and {vy,vs,...,v,.} be a linearly indepen-
dent set of right eigenvectors of A associated with . If ujv; = 0 for
j = 1,...,r, then X is an eigenvalue of A with multiplicity » + 1 or
greater.

® For the matrix
Ay =A—€luyug ... uplfvy v ... ’UT]T

ui,us, . ..u, are the left eigenvectors and vy, vs, ..., v, are the right
eigenvectors associated with \,.

o |
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Outline of the proof of the proposition

® Since ujv; =0forj=1,...,r, itfollows that A\, is an eigenvalue of
A, with multiplicity » + 1 or greater.

o |
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Outline of the proof of the proposition

® Since ujv; =0forj=1,...,r, itfollows that A\, is an eigenvalue of
A, with multiplicity » + 1 or greater.

® |t can also be shown that
[A, — Al = || —€fur ug ... w1 ve ... 1] =¢

deducing the proposition.

o |
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Corollary of the Proposition

® Define

Cr(A) = inf{e: two components of A, ,_1(A) coalesce}

o |
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- N

Corollary of the Proposition

® Define

Cr(A) = inf{e: two components of A, ,_1(A) coalesce}

® |If at a point of coalescence of A, _1(A) for e = C,.(A) the multiplicity
and linear independence assumptions hold, then

Wi(A) < Co(A)

o |
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® The other direction W,.(A4) > C,.(A) seems to be usually true, but not T
always.

|
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® The other direction W,.(A4) > C,.(A) seems to be usually true, but not T
always.

g
] | | | | | | | | |
—4 —3 -2 1 0 1 2 3 4 5

Blue Curve — Agz(H) fore = WS(H)
Qrange Curve — AS(H) fore = W3(H)

Red Square (A ) — Eigenvalue of multiplicity three of the nearest matrix
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