In Exercises 1-14, find the velocity, speed, and acceleration at time
t of the particle whose position is r(¢). Describe the path of the
particle.
Lr=i+ij 2. r=1t%i+k
. r=1%j+1k 4. r=i+1j+1k

.r=1%i—1%j+k 6. r = ti+ t%j + 1’k

3

5

7. r =acosti+asintj+ ctk

8. r=acoswti+ bj+ asinwtk

9. r=3costi+ 4costj+ 5sintk

10. r =3costi+ 4sintj+tk

11. r = ae'i+ be'j + ce'k

12. r = atcoswti+atsinwtj+ blntk

13. r = e " cos(e')i + e sin(e’)j — e’k

14. r = acostsinti+asin®1j+ acostk

15. A particle moves around the circle x> 4+ y? = 25 at constant
speed, making one revolution in 2 s. Find its acceleration
when it is at (3, 4).

16. A particle moves to the right along the curve y = 3/x. If its
speed is 10 when it passes through the point (2, 3), what is its
velocity at that time?

17. A point P moves along the curve of intersection of the
cylinder z = x? and the plane x 4 y = 2 in the direction of
increasing y with constant speed v = 3. Find the velocity of
P whenitisat (1,1,1).

18. An object moves along the curve y = x2, z = x3, with
constant vertical speed dz/dt = 3. Find the velocity and
acceleration of the object when it is at the point (2, 4, 8).

2

19. A particle moves along the curve r = 3ui + 3u2j 4 2u’k in
the direction corresponding to increasing v and with a
constant speed of 6. Find the velocity and acceleration of the
particle when it is at the point (3, 3, 2).

20,

21.

22.

23.

24.

25.

26.

A particle moves along the curve of intersection of the
cylinders y = —x? and z = x? in the direction in which x
increases. (All distances are in centimetres.) At the instant
when the particle is at the point (1, —1, 1), its speed is 9 cm/s,
and that speed is increasing at a rate of 3 cm/s2. Find the
velocity and acceleration of the particle at that instant.

Show that if the dot product of the velocity and acceleration of
a moving particle is positive (or negative), then the speed of
the particle is increasing (or decreasing).

Verify the formula for the derivative of a dot product given in
Theorem 1(c).

Verify the formula for the derivative of a 3 x 3 determinant in
the second remark following Theorem 1. Use this formula to
verify the formula for the derivative of the cross product in
Theorem 1.

If the position and velocity vectors of a moving particle are
always perpendicular, show that the path of the particle lies on
a sphere.

Generalize Exercise 24 to the case where the velocity of the
particle is always perpendicular to the line joining the particle
to a fixed point Po.

What can be said about the motion of a particle at a time when
its position and velocity satisfy r e v > 0? What can be said
whenrev < 0?

In Exercises 27-32, assume that the vector functions encountered
have continuous derivatives of all required orders.

du d?%*u _du d3u

d
27. Sh hat —| — X — | = — x —.
SOWtatdt(thdtZ) thdt3

28.

29.

d
Write the Product Rule for n (u e (VX w)).

d
Write the Product Rule for n (u X (VX W)).
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30.

31.

32.
33.

E3 34.

Expand and simplify: x(d“xdzu)
Xpand and simplity: — —_ —_ .
P Pty dt v dt  dt?

d
Expand and simplify: 7 ((u +u”)e(ux u')).

d
Expand and simplify: ! ((u xu')e (u xu”’ )

If at all times ¢ the position and velocity vectors of a moving
particle satisfy v(t) = 2r(¢), and if r(0) = ro, find r(¢) and
the acceleration a(7). What is the path of motion?

Verify that r = rp cos(wt) + (vo/w) sin(wt) satisfies the
initial-value problem

2
d*r 2

JE = o ' (0) = vy, r(0) = ro.

E3 3s.

(It is the unique solution.) Describe the path r(z). What is the
path if ry is perpendicular to vo?

(Free fall with air resistance) A projectile falling under
gravity and slowed by air resistance proportional to its speed
has position satisfying

d’r K dr
az - 8T

where ¢ is a positive constant. If r = rg and dr/dt = vg at
time ¢ = 0, find (7). (Hint: Let w = ¢’ (dr/dt).) Show that
the solution approaches that of the projectile problem given in
this section as ¢ — 0.
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In Exercises 14, find the required parametrization of the first

quadrant part of the circular arc x2 + y2 = a2.
1.
2.
3.

. The plane x + y + z = 1 intersects the cylinder z = x

2

In terms of the y-coordinate, oriented counterclockwise
In terms of the x-coordinate, oriented clockwise

In terms of the angle between the tangent line and the positive
x-axis, oriented counterclockwise

. In terms of arc length measured from (0, a), oriented

clockwise

. The cylinders z = x2 and z = 4y? intersect in two curves,

one of which passes through the point (2, —1, 4). Find a
parametrization of that curve using ¢ = y as parameter.

2ina
parabola. Parametrize the parabola using ¢ = x as parameter.

In Exercises 7-10, parametrize the curve of intersection of the
given surfaces. Note: The answers are not unique.

7.
8.
9.
10.
11.

x2+y?=9andz=x+y

z = m andx +y =1

z=x24+y?and2x —4y—z—1=0
yvz+x=1landxz—x =1

The plane z = 1 + x intersects the cone z2 = x? + yZ ina
parabola. Try to parametrize the parabola using as parameter:

H 12.

13.

14.

15.

16.

(@t=x, (b)t=y,and (¢c)t =1:z.

Which of these choices for 7 leads to a single parametrization
that represents the whole parabola? What is that para-
metrization? What happens with the other two choices?

The plane x + y + z = 1 intersects the sphere

x% 4+ y? + z? = l in acircle €. Find the centre ry and radius
r of €. Also find two perpendicular unit vectors 1 and v
parallel to the plane of €. (Hint: To be specific, show that

¥1 = (i — j)/~/2 is one such vector; then find a second that is
perpendicular to ¥1.) Use your results to construct a
parametrization of €.

Find the length of the curve r = ¢2i + t2j 4 3k from t = 0
tot = 1.

For what values of the parameter A is the length s(7") of the
curve r = ti + Ar2j + 3k, (0 <t < T) given by
s(Ty=T +T3?

Express the length of the curve r = at?i+ bt j+ clntk,
(1 <t <T), as a definite integral. Evaluate the integral if
b? = dac.

Describe the parametric curve € given by

X = acostsint, y=asin2t, z = bt.

What is the length of € betweent = 0andt =T > 0?
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© 6. Show that if 7(s) = 0 for all 5, then the curve r = r(s) is a

Find the unit tangent vector 'i‘(t) for the curves in Exercises 1-4.

r=ti—21%+ 33k

r =asinwti+ acoswtk

. r=costsinti+ sin7j + cost k

r=acosti-+ bsintj+tk

. Show that if k(s) = O for all s, then the curve r = r(s) is a

straight line.

e

e

7.

8.

plane curve. Hint: Show that r(s) lies in the plane through
r(0) with normal B(0).

Show that if K (s) = C is a positive constant and t(s) = O for
all s, then the curve r = r(s) is a circle. Hint: Find a circle
having the given constant curvature. Then use Theorem 3.
Show that if the curvature « (s) and the torsion t(s) are both

nonzero constants, then the curve r = r(s) is a circular helix.
Hint: Find a helix having the given curvature and torsion.
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