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Z2 is the length of the
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EXAMPLE 9 hedistance
between two lines) Find the distance between the

two lines i through point Pi parallel to vectorVi and Z2hrough

point P2 parallel to vector v2.

Solution Let ri and r2 be the
position

vectors
of points Pi

and
P2,

respectively.
If

P3 and Pa (with position vectors r3 and ra)are the points on 1 and 22,respectively,

that are closest to one another, then PsPa is
perpendicular

to both lines and is
theretore

parallel to v X V2. (See Figure 10.33(b).) P3P4 is the
vector projection of PiP2 =

r2-ri along vi X V2. Therefore, the distance s =|P3Pal between the lines is given

by

S Ir-rsl=2)°(V xV2)]
V1 X

EXERCISES 10.4

1. A single equation involving the coordinates (x.
y.2)

need not

always represent a two-dimensional
"surface" in R*. For

example, x+y+=0 represents thesingle point
(0,0,0), which has dimension zero. Give examples of single

equations in x. y, and z that represent

the point (-2,0,-1)

9, Passing through the line x ++y=2,y-2=3, and

perpendicular tothe plane
2x +3y +4z=5

10.
Under

what geometric condition will three distinct points
in

Rnot determine a unique plane passing through them? How

can this condition be expressed algebraically
in terms of the(a) a (one-dimensional) straight line,

(b) the whole of R*, position vectors, ri. r2, and r3, of the three points?

(C) no points at all (i.e. the empty set). 1. Give a condition on the position vectors of four points that

guarantees that the four points are coplanar, that is, all lie onIn Exercises 2-9, find equations of the planes satisfying the given

conditions. one plane.

2.
Passing through

(0,2,-3)and normal to the vector

44-j-2k

Describe geometrically the one-parameter families of planes in

Exercises 12-14. (A is a real parameter.)

3. Passing through the origin
and having normal i-j+2k 12. X+yt2=A 13.x + Ay +z =A.

4.
Passing through (1.2,3)

and parallel to the plane

3x+-27=15
14.Ax +V1-12y =1.

5. Passing through the three points (1,1,0), (2.0,.2), and

(0,3,3)

In Exercises 15-19, find cquations of the line specified in vector

and scalar parametric
forms and in standard form.

15. Through the point (1,2.3)and parallel to 2i-34k
6.

Passing
through the three points (-2,0,0), (0, 3, 0), and

(0,0,4)

16. Through (-1,0,1) and perpendicular to the plane

2x-y+ 72 = 12

17. Through the origin and parallel to the line of intersection of

theplanesX+2y-2=2 and 2x-y+4z =5

18. Through (2, -1,-1) and parallel to each of the two planes

x+y=0and
x- y +22 =0

7. Passing through (1, 1, 1) and (2, 0, 3) and perpendicular to the

plane x t2y-32 =0
8. Passing through the line of intersection of the planes

2x+3y-7=0andX-4y +2=-5,and
passing through
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19. Through (1,2,-1)and makingequal angles with the
positive

Find the
required

distances in Exercises 26-29.

directions of the coordinate axes
26. From the origin to the plane x+2y+3z=4

In Exercises 20-22, find the equations of the given line in standardd

form.

27. From (1., 2,0)tothe plane 3x-4y-5z =2

28. From the
origin to the line x+y+z= 0, 2x-y -57=1

20. r= (1 -2/ji+ (4 +3/)j +(9-4/)k.
29. Between the lines

21.y= 22. 2y
+3:=0

22
2x+ 3y-42=4 x+2y=F3

y+223
and t 6

-22=-5

23. If Pi =(X1y1.21) and P2= (X2.y2.22), show that the

equations

X=X1 +I(2- XI)

y=y1+102-y1)

30. Show
that the line x

-2= =isparallel to the

plane 2y-2=1. What isthedistance between the line and

the
plane

In Exercises 31-32, describe the
one-parameter

families of straight

lines represented by the given equations. (A is a real parameter.)

Z =Z1 +(E2-Z1)

represent a line through Pi and P2. 31. (1-A)(x-Xo)A0y- Yo). 0
24. What

points
on the line in Exercise 23 correspond

to the

parameter values t=-1,t= 1/2, and t= 2?Describe their
32. = z- 20-

33. Why does the factored second-degree equation
OCatons.

25. Underwhat conditions on the position vectors of four distinct

points P1, Pa, Pa, and Pa will the straight line through P1

and P2 intersect the straight line through P3 and Pa at a

unique point?

(A1x+B1)y +C12-D1)A2x+B2y +C22- D2) =0

represent a pair of planes rather than a single straight line?

10.5 Quadric Surfaces
The most general second-degree equation in three variables is

Ax +By+C:+ Dxy +Exz +Fy:+Gx +Hy +lz=J.

We will not attemptthe (rather difficult) task of classifying all the surfaces that can be

represented by such an equation, but will examine some interesting special cases. Let

us observe at the outset that if the above equation can be factored in the form

(Aix+B1y+Cz-D,)A2x +Bzy+Ca-Da) =0.
hen the graph is, in fact, a pair of planes,

Ax+B1) +C =D A2X+ Bay+C22 =D2.and

or one plane if the two linear equations represent the same plane. This is considered a

degenerate case. Where such factorization is not possible, the surface (called a quadric

surface) will not be flat, althoughthere may still be straight lines that lie on the surface.

Nondegenerate quadric surfaces fall into the following six categories:

Spheres. The cquation x+y +2 =a represents a sphere of radius a centred at

the
origin.

More
generally,

(x-Xo) +(y-yo)+-20)=a*

epresents a sphere of radius a centred at the
point (

in x,
y, and

2 has
equal coeticients

lor
thex,

second-degreeterms,then it will
represent,

if any

TOn

622/1176 e

can be found by completing the squares as for
circle

AASKAR
Highlight

AASKAR
Highlight

AASKAR
Highlight


