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The diagonals of any parallelogram bisect each other.

The medians of any triangle meet in a common point. (A
median is a line joining one vertex to the midpoint of the
opposite side. The common point is the centroid of the
triangle.)

A weather vane mounted on the top of a car moving due north
at 50 km/h indicates that the wind is coming from the west.
When the car doubles its speed. the weather vane indicates
that the wind is coming from the northwest. From what
direction is the wind coming. and what is its speed?

A straight river 500 m wide flows due east at a constant speed
of 3 km/h. If you can row your boat at a speed of 5 km/h in
still water. in what direction should you head if you wish to
row from point A on the south shore to point B on the north
shore directly north of A? How long will the trip take?

In what direction should you head to cross the river in
Exercise 10 if you can only row at 2 km/h, and you wish to
row from A to point C on the north shore, & km downstream
from B? For what values of & is the trip not possible?

A certain aircraft flies with an airspeed of 750 km/h. In what
direction should it head in order to make progress in a true
easterly direction if the wind is from the northeast at

100 km/h? How long will it take to complete a trip to a city
1,500 km from its starting point?

For what value of ¢ is the vector 2ri + 4j — (10 + 1)k
perpendicular to the vector i + 7j + k?

Find the angle between a diagonal of a cube and one of the
edges of the cube.

Find the angle between a diagonal of a cube and a diagonal of
one of the faces of the cube. Give all possible answers.
(Direction cosines) If a vector u in R? makes angles «, 8, and
y with the coordinate axes, show that

w=2i—2)+ Kk
22. Find two unit vectors each of which is perpendiculyr ¢ both
-
uand v.
23. Find a vector x satisfying the system of equations x s y =
Xev=4xew=0.
24. Find two unit vectors each of which makes equal angles wi
u, v, and w.
25. Find a unit vector that bisects the angle between any two
nonzero vectors u and v.
26. Given two nonparallel vectors u and v, describe the set of 4|
W= points whose position vectors r are of the form r = Au + ;1|
where A and p are arbitrary real numbers.
© 27. (The triangle inequality) Let u and v be two vectors
A i ) . 2 - )
(a) Show that [u + v|* = |u|” + 2uev + |v|.
(b) Show thatuev < |ul|v|.
(c) Deduce from (a) and (b) that [u + v| < |u| + |v
28. (a) Why is the inequality in Exercise 27(c) called a triangle
inequality?
(b) What conditions on u and v imply that
u+v|=|u|+|v]?

29. (Orthonormal bases) Let u = i +
™ w=k. '

Sild=-

jov=ti- 2j, and

(a) Show that Ju| = |v| = |w| = | and
Uev=uew =vew = (. The vectors u, v, and W
mutually perpendicular unit vectors and as such are s
to constitute an orthonormal basis for R’

are
id

(b) If'r = i+ vj+ k. show by direct calculation that

r=(reu)u+ (rev)v-4 (rew)w.



I. Calculate u x vifu = j 20+ 3kand v = 3i 4 j - dk.
2. Calculate u x vifu — Jt 2kand v ijtk
3. Find the arca of the tiangle with vertices (1.2,.0), (1,0, 2),
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and (0. 3.1).

< Find acunit vecton perpendicular to the plane containing the
poInts (. 0.0). (0. /. 0). and (0.0.¢). What is the areca of the
triangle with these vertices?

- Find a unit vector perpendicular to the vectors i + jand
J+ 2Kk,

Find a unit vector with positive k component that is
perpendicular to both 2i — j — 2k and 2i — 3j + k.

rify the identities in Exercises 7— 11, either by using the

fimtion of cross product or the properties of determinants.

16.

uxu=20 8. uxv=—vxu
(U= V)XW=uUXWwW+vyvxw
(!u)xv:ux(zv):t(uxv)

-ue(uxv)=ve(uxv)=0

. Obtain the addition formula

sin(e — ) = sincos B — cosa sin B

by examining the cross product of the two unit vectors

u = cos i + sin Bjand v = cos i + sin «j. Assume

0 <« — B < 7. Hint: Regard u and v as position vectors.
What is the area of the parallelogram they span?

.Ifu+v+w=0,showthatuxv=vxw=wxu.

. (Volume of a tetrahedron) A tetrahedron is a pyramid with

a triangular base and three other triangular faces. It has four
vertices and six edges. Like any pyramid or cone, its volume
is equal to %Ah. where A is the area of the base and /4 is the
height measured perpendicular to the base. If u, v, and w are
vectors coinciding with the three edges of a tetrahedron that
meet at one vertex, show that the tetrahedron has volume
given by

] Uy Uz U3
Volume = — [ue (vxw)|=—=||v1 V2 V3]
6 wp w2 w3

Thus. the volume of a tetrahedron spanned by three vectors is
one-sixth of the volume of the parallelepiped spanned by the
same vectors.

Find the volume of the tetrahedron with vertices (1.0, 0),
(1.2.0),(2.2.2), and (0. 3, 2).

Find the volume of the parallelepiped spanned by the
diagonals of the three faces of a cube of side « that meet at
one vertex of the cube.

” For what value of & do the four points (1.1, —1), (0.3.=2),

.1.0), and (k. 0.2) all lie in a plane?

@ 18. (The scalar triple product) Verify the identitje,
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28.

Ue (VXW)=Ve(WXU =We(uxy)

If ue (vxw) # 0and x is an arbitrary 3-vector fing
numbers A, i, and v such that the

X = Au + Qv + vw.

Ifue (vxw)=0butvxws# 0, show that there are
constants A and j such that

u=Av—+uw.

Hint: Use the result of Exercise 19 with u in place of x apg

v x w in place of u.

Calculate u x (v x w) and (u X v) X w, given that
u=i+2j+3k v=2i—3jandw =j—k. Why would yo,
not expect these to be equal?

. Does the notation u e v X w make sense? Why? How abou

the notation u x v x w?

. (The vector triple product) The product u x (v x W) is called

a vector triple product. Since it is perpendicular to v x w, it
must lie in the plane of v and w. Show that

UX(Vw) = (uew)v— (uev)w.
Hint: This can be done by direct calculation of the
components of both sides of the equation, but the job is much

easier if you choose coordinate axes so that v lies along the
X-axis and w lies in the xy-plane.

If u, v, and w are mutually perpendicular vectors, show thit
u X (vxw) = 0. What is u e (v x w) in this case?

- Show that u x (v X w) + v x (wxu) + w x (uxv) =0

- Find all vectors x that satisty the equation

(—i+2j+3k)xx =i+ 5j—3k.

Show that the equation
(—i+2j+3k) xx =i+ 5j

has no solutions for the unknown vector x. g
Vi elors
What condition must be satisfied by the nonzero £| tion 11
U

O
b to guarantee that the equation a x x = b has a3

x? Is the solution unique? _//
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