Math 204(2011) Midterm 2.
Problems and Solutions.

Problem 1. Verify that y;(¢) = 7 is a solution of the differential equation

3 1
"L 2y 4+ SZy=0, t>0.
vy gy

Then find the general solution of this differential equation.

Solution. ) 5
Yy (t) = o Yy = e

Thus 2 3 1. 11
a2 yL 2
t3 * t( t2) + t2 ¢ ’

i.e. y1(t) = 7 is a solution of the equation. We look for the second solution in the form

1
a(t) = So(t)
1 1
(1) = —zu(t) + (1),
i 2 1 / "
i) = Zu(t) = 250/ () + (1)
Inserting into equation:
2 1 1 3, 1 1 1
< 9 ! = Q- = - —0.
tsv(t) L () + e (t) + t( tzv(t) + e (1)) + t3fu(t) 0

From this equation we get

Solving this equation we find

Thus y»(t) = 1 Int,
and the general solution has the form

1
y(t) = (Cl + CQ hlt);

Problem 2. Find the general solution of the equation

" / 6_2t

Solution. First we find the general solution of the homogeneous equation

' +4y + 4y =0.



The corresponding characteristic equation
r?+4r+4=0
has a double root r; = ry = —2. Thus the general solution of the homogeneous equation is
yn(t) = (C) + Cyt)e .

By using the method of variation of parameters we find the particular solution of the nonho-
mogeneous equation

—2t —2t

ya(t) ()
)= —yi(t) | =22 qryoy(t) | 2L gy,
yp( ) yl( ) W[yhyQ](t) 92( ) W[y17y2](t)
672t te*Qt 3
W[yla y2](t) = ‘ _267215 6—215 . 2t€72t =e€ 4t,

and dt dt
y(t) = —e | —+te® [ — = —eHInt —e .
t 12
Thus the general solution of the nonhomogeneous equation has the form
y(t) = (C, + Cyt)e ™ — e Int.

Problem 3. Find the power series solution of the differential equation

y' —ay —y=0

around zg = 0. Give the first 3 nonzero terms of each solution. Also determine the recursion
formula satisfied by coefficients.

Solution.
y = Z anx”, Y = Znanx”’l, Y = Zn(n —1a,z" % = Z(n +2)(n + 1D)ay 2™
n=0 n=1 n=2 n=2
thus we have
e ¢} o0 o
Z(n +2)(n + 1)a, 22" — Znanx" — Z a,z" = 0.
n=2 n=1 n=0

2a9 — ag + Z [(n+2)(n+ 1)apss —na, —ay)z" =0

n=1
Thus we have the recursion formula
ap
+ 2

Opto = ,n=20,1,2 ..
n

By using this formula we get



1 1 1
as = =y, G5 = —A3 = —ay, ...
3 3 1, Ws 5 3 15 1,
So we have y(x) = apy1(z) + a1y2(x), where
2zt
yl(.?}):l—l-?‘i‘g—l-...

3 x5

yo(x )—:p+§+1—5+

Problem 4a. Find the Laplace transform of the function f : [0,00) — R defined as

0if0<t <4,
t:
) {t%ft)

Solution.

where g(t) = (t + 4)%. Thus

L{f()} = LLus(t)g(t —4)} = e L{ua(t)g(1)} =
e [L{t*} + 8L{t} + 16L{1}] :<{48{££%—Ei+—1§}

s3 s s
Problem 4b. Find the inverse Laplace transform of

1
s2(s2+4)
Solution. . L1 o )
(210 2seed pFlAmE)

Thus we have
1 1

e I /0 (t — ) sin(27)dr.

t

Lﬂt—Tﬁm@ﬂdr:éélm@ﬂdr—/7ﬂm@ﬂdr:

0

1 1 1 11
— —t[eos(27)]y + = [T cos(27)] — —/ cos(27)dr = =t — - sin(2t)
2 2 2, 2

4
Thus . ] ]
ﬁ_l{m} = Zt — gsin(Qt).
Problem 5. Using the Laplace transform, find the solution of the initial value problem
y' +4y = f(t), (4)
y(0) =0, ¥'(0) =1, (1)



where

Solution. Since

we have

LU0} = £{7} = e L{(t+ D%} + L{m ()} = 5~~~

53 52

Thus we obtain from (A) and (B):

2 2e % 2e7°

Y (3) +4Y (5) = 1+ 5 = = = 55
and 1 2 2e” 2
e ® e ®
Y(s) = — _
(5) s?2+4 i s$3(s2+4)  $3(s?2+4)  s%(s?+4)
Therefore ) ) )
(1) = £ sin(20) + £ F(1) — () (1) ~ i (Dg(t 1),

where

f(t) =t* xsin(2t), g(t) =t *sin(2t)



