Problem 1 (15 points) Find the explicit solution of the following initial-value problen.

2xyy + v + 22 = 0,
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Problem 2 (10 points) Let y(t) be a twice differentiable function with Laplace transform

Y (s) for s > 0. Show that for s > 0 the Laplace transform of t?y"(t) is given by

L{ty" ()} = s*Y"(s) + 4sY'(s) + 2Y ().

fx é{ 7‘”(,4-1{‘23 = g c*ﬁJ{ 'LL?”\-\—} 4+

&0 2 il .,
_ g (_Q_ e_~3 Y 7 b At
S
.
_é_i Ji{‘f}d—}j‘
- ds*

B _c_[_i (: S'LV{S) ﬁ\[zo]—-“llo}]
ds?

d [ 25 Yy + s* ’7”’]
ds

’r
F s 2. -
£* ™Y ud
2 Jis) =5 —7/(5) + 28 Ny « £3)

', I
_ 5"V 7sy « AsTisy 4 2 Tewy



@ 26 dlib oy X b =&

Problem 3 (20 points) Consider the equation y”(t) + 2ay'(t) + by(t) = 0 where a and
b are real numbers.

3.a) (5 points) Reduce this equation to a system of first order equations.
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3.b) (15 points) Find conditions on a and b such that all solutions of the system of
equations you find in part a of this problem tend to zero as t — +oo. -
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Problem 4 (10 points) Calculate the coefficients of the Fourier series for the function

f:|-m 7] = R given by f(z) =7 — |z|.
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Problem 5 Consider the boundary-value (eigenvalue) problem

y'(z) = Aylz),  x€(0,2m)
y'(0) =0, ¢'(2m)=0.
where \ is a real number.
5.a (15 points) Find all values of A for which this problem has a nonzero solution and

determine these solutions, i.e., find the eigenvalues and cigenfunctions.

Warning: You must give a detailed justification of your response. Giving the values of
(=) v
A without explaining how you obtain them and why there are no other possible values

will not earn you any credit.
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5.b (5 points) Show that the eigenfunctions with different eigenvalues are linearly inde-
pendent.
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Problem 6 (25 points) Solve the following problem.
Utf "i_ ?Lf = ’UJ_;:_I:, :C e ((), 7T), t > 0

u(0,t) =0, wu(m.t)=0, t>0
u(z,0) =0, w(x,0)=sin(2z)+ 3sin(dz), z € (0.7).
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