Drinfel’d-Thara relations for p-adic multi-zeta values

Sinan Unver

Abstract. We prove that the p-adic multi-zeta values satisfy the Drinfel’d-
Thara relations in Grothendieck-Teichmiiller theory ([10], [22]). This requires
a detailed study of the crystalline theory of tangential basepoints in the higher
dimensional case and Coleman integrals ([5]) as they relate to the frobenius
invariant path of Vologodsky ([32]). The main result (Theorem 1.8.1) is used
in [14, pp. 1133-1135]

1. INTRODUCTION

1.1. For sq,---,8,_1 > 1 and s > 1, the multi-zeta values are defined as
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They were first defined and studied by Euler. More recently, they appeared in
many different branches of mathematics, including deformations of Hopf algebras
([10]), the geometry of modular varieties ([19]), renormalization, knot theory etc.
Their main importance stems from their being periods for mixed Tate motives over
Z (9], [18]).

There are two important classes of relations that are known for the multi-zeta
values. One class of these, called the shuflle relations, is an immediate consequence
of the Euler-Kontsevich integral representation of multi-zeta values ([18], [29]) and
is of geometric nature. The other class, called the (regularized) harmonic shuffle
relations, can be proven via the series representation above in a non-geometric way
([18], [29]). These relations together are called the double shuffle relations and
conjecturally are the only algebraic relations with rational coefficients between the
multi-zeta values.

1.2. If wy,- -+ ,wy are one-forms on a manifold M, and « : [0,1] — M is a smooth
path then the iterated integral is defined as:
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where 7; : [0,1]¥ — [0,1] is the i-th projection. With this notation, the Euler-
Kontsevich formula for the multi-zeta values:
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expresses these numbers as periods. This expression realizes (sy, -+ - ,51) as (—1)*-
times the coefficient of 68"_161 . 6817161 in a formal non-commutative power se-
ries P z(eg,e1) € C{{ep,e1)). Conversely, the multi-zeta values determine gz
uniquely.

Letting w := eo% + elzd%l, D7 (ep,e1) is defined as the limit:

tli_r}r(l) exp(—eq log(t)) - (1 + Z/ ) w) - exp(eg log(t)).

1.3. The Drinfel’d associator ®xz(eg,e1) first appeared in ([10]), where it was
shown that it gives an element in Mag;(C). The pro-variety M/Q has a canonical
morphism to Al, and its fiber My over A € A'(K) is a torsor on the left under the
unipotent part of the Grothendieck-Teichmiiller group GT;, and a torsor on the
right under its graded version GRT; (= My) ([10], [27]).

The assertion that ®xz(eg,e1) € Mar(C) is saying that Py satisfies the
Grothendieck-Teichmiiller relations with p = 2mi ((5.3), (2.12), (2.13) in [10]).
Since multi-zeta appear as coefficients, any relation on ® g implies a similar re-
lation on the multi-zeta values. By a result of Furusho (Theorem 0.2, [15]) and
independently of Deligne and Terasoma ([29]), these relations imply the double
shuffle relations for the multi-zeta values.

1.4. The definition of ® k7 (e, e1) can be rephrased in terms of the Betti-de Rham
comparison theorem for the unipotent fundamental group of X := P!\ {0,1, cc}.
Namely, let to; and t19 be the standard tangential basepoints at 0 and 1 (§5.4) and
v € 10PB,t,, be the standard real path from ¢p; to ¢19 in the Betti fundamental
groupoid of X¢. By the Betti-de Rham comparison theorem (Proposition 10.32,
[7]), this gives a path

(1.4.1) drCOmpP () € t1o PR te, (C)

in the de Rham fundamental groupoid of X. Since H!(X,0) = 0, the de Rham
fiber functor wyr (§2.2.5) gives an identification

(1.4.2) thdR,tOl :) 7717dR(X,w(dR)).

Viewing m1 qr(X,w(dR))(C) as group-like elements of C({eg, e1)) (§6.8) and using
(1.4.1) and (1.4.2) gives and element in C({eg,e1)) which is nothing other than
Prcz(eo, e1).

1.5. In ([9]), Deligne and Goncharov constructed an abelian category MTMop,
of mixed Tate motives over the ring of integers Ok, of a a number field K, us-
ing Voevodsky’s triangulated category DMIC\&_ (K). Moreover, they show that the
unipotent fundamental group 71 (X, tp1) of X naturally defines an object of MTMj.
Then the motivic philosophy and the construction of ® i suggest that for the other
comparison theorems, namely the Betti-étale and crystalline-de Rham, one would
have elements in M similar to ®x .

1.6. In the Betti-étale case, such an element was constructed by Drinfel’d and Thara
([10], [21]). Let

x : Gal(Q/Q) — Z*
denote the cyclotomic character and ﬁz denote the pro-finite completion of the free
group generated by x and y. Then for every o € Gal(Q/Q) the action of ¢ on the
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fundamental groupoid of paths from ty; to 19 determines an element f, € 132 such
that (Theorem, §1.7, [21]):

fd(x,y)fd(yvx) =1

fo(2,2)2" fo(y, 2)y"™ fo (z,y)z™ = 1,
for zyz =1 and m = (x(o) — 1)/2; and

fo(x12, %23) fo (@34, Ta5) fo (T51, T12) fo (T23, T34) fo (a5, T51) = 1,
with z;; as in (§3.1, [22]).

1.7. The crystalline-de Rham case is the main topic of this article. For X/k
a smooth variety over a perfect field k of characteristic p, one has a category
Isoc! (X/W) of unipotent overconvergent isocrystals on X/W (§2.3.1), where W
is the ring of Witt vectors of k. This is a tannakian category whose fundamental
group at a fiber functor is the unipotent crystalline fundamental group of X. Sup-
pose that X has a compactification X which is smooth, projective and such that
D := X \ X is a simple normal crossings divisor in X. If Ylog denotes the canon-
ical log structure on X associated to the divisor D (§2.1.1) and Isocg,,;(X05/W)

denote the category of unipotent log convergent isocrystals on X,, then a theorem
of Shiho ([30]) implies that the restriction functor

Isocs,,; (X iog/W) — Isoc!

is an equivalence of categories (Lemma 2, [31]). These categories are endowed with
the frobenius functor induced by the frobenius morphism on Xu,.

Assume that X/W is a smooth, projective scheme with geometrically connected
fibers and ® C X is a relative simple normal crossings divisor. Let X := X\ D, and
let the subscripts 1 and s denote the generic and special fibers respectively.

Let K be the fraction field of W. Deligne’s theory of canonical extensions gives
an equivalence of categories (I1.5.2, [8]; §2.2.4):

Micyni (Xiogn/K) — Micyni(X,/K)
from the the category of unipotent vector bundles with connection on ¥l09,n to that
on X,.
The crystalline-de Rham comparison theorem is an equivalence of categories
(811, [7); §2.4):
(1.7.1) Micyni(Xiog.n) = 150¢5,,;(Xiog,s/W).

Combining with the above and choosing a (tangential) basepoint ¢ this gives an
isomorphism of the crystalline and de Rham fundamental groups:

ﬂ—;c’rys (x& ;S) = Wl,dR(xnv Fn)

This induces a frobenius map F. on m qr(X,,1,). When H*(X,,0) = 0, there
is a canonical isomorphism 71 4r(X,,1,) ~ 7T1,4r(Xy, wir), With wgr the de Rham
fiber functor of Deligne (§5.9, §12.4, [7]; 2.2.5).

Applying this to X = IP’%F, D = {0,1,00}, and the tangential basepoint ty;
and noting that the universal enveloping algebra of m1 gr(X,,w(dR)) is the set of
formal associative, and non-commutative power series ring Q,((eo, e1)), we have a
frobenius map:

Fi: Qp{(eo, e1)) — Qp{(eo, €1))-
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Note that Q,((eo, e1)) is naturally a Hopf algebra under the co-product induced by
Ale;) =1®e;+¢; ®1,4=1,2. The frobenius map is determined by F,(eg) = peg
and F,(e1) = pg~leig, for a unique group-like power series g whose ey and e;
coeflicients are 0. In fact, g is the image of the de Rham path from ty; to 19 under
F, and so is the exact analog of ® i~ in the crystalline case.

Deligne (unpublished) defines the p-adic multi-zeta value ¢, (s, -+ ,51) asp~ 2 si

times the coefficient of ef* ey ---e5' ey in g (§4.3, [31]). A series representation

for p-adic muti-zeta values is given for k¥ < 2 in ([31]). An essentially equivalent
definition is given and studied in ([13]); the double shuffle relations were proved by
Furusho and Jafari ([16]).

1.8. Let K be a field of characteristic 0. The set Mo (K) of Drinfel’d associators
with p = 0 consists of p(X,Y) € K((X,Y)) such that ¢(X,Y") is group-like for the
usual co-product on K((X,Y)), i. e. that

p(0,0) =1 and  A(p(X,Y)) = ¢(X,Y) @ p(X,Y);
and that ¢ satisfies the following 2-cycle, 3-cycle and 5-cycle relations:
(X, Y)p(Y, X) =1
in K{{X,Y)),
P(Z, X)p(Y, Z2)p(X,Y) =1
in K{(X,Y,Z))/(X+Y + Z) and
(X2, X34)p(Xa0, Xo1)p(X12, X23) (X34, Xa0)p(Xo1, X12) = 1

in K((Xi;))o<i,j<a/R, where R is the ideal in K((X;;))o<i j<a generated by the
following elements:

for 0<1,j <4
and
(X Xt

for 0 <14,j,k,l <4 such that {3,5} N {k,1} = 0.
Our main theorem in this paper is the following, which is the exact crystalline
version of the corresponding results in the Betti (§1.3) and étale (§1.6) cases:

Theorem 1.8.1. With notation as above, we have

g € Mo(Qy).

In order to prove this, we need to check that g satisfies the 2-cycle, 3-cycle and
5-cycle relations above. Note that these immediately imply relations on the p-adic
multi-zeta values. In particular, by Furusho’s result mentioned above ([15]), these
give another proof of the p-adic double shuffle relations ([16]).
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1.9. The proof of Theorem 1.8.1 relies on the construction and study of crystalline
tangential basepoints in higher dimensions and its relation to limits of the frobenius
invariant path. In defining tangential basepoints, we use the language of log geom-
etry which appears naturally in this context. This gives an equivalent definition to
the one given in (§3, [31]) in the one dimensional case.

Let X/k and D be as in (§1.7), and let € D(k). The natural equivalence of
categories IsocS,,:(Xjog/W) — Isoch(X/W) together with the pull-back via the

inclusion 7,y — X049 gives a functor

Isoc!

uni

(X/W) = Isoc,,; (Tiog/W).

ung
Choosing a tangent vector v € NS /Y(x) at = transversal to the the divisor D,
gives a splitting of the log structure on x;,4, i. €. an isomorphism x4 >~ kg 10g-
Since k104 has a canonical lifting, namely W 04, Wwe get a realization functor for
Isocy,,;(kz,109/W). Combining this with the above gives us the fiber functor
w(v) : Isoc! (X/W) — Veck.

Suppose that X, ® be also as in (§1.7), and r € D(W). If v € Ng /g(x), then
the fiber functor w(v,) on Micyy;(X,/K) is a realization of the fiber functor w(vy)

through the equivalence (1.7.1). Choosing a similar o € N, S /g(l))7 and assuming

W = Z,, we obtain a frobenius action on mn?dR(.’f,])nn, the fundamental groupoid
from r,, to v, defined over Q,. Since the frobenius depends on the choice of a tangent
vector we integrated it into the notation above.

Let Qp st == Qp[l(p)], where I(p) is a symbol standing for a possible branch of
the p-adic logarithm. For any a,b € X,(Q,), not necessarily of finite reduction,
Vologodsky (based on the work of Coleman, Besser, etc.) defines a canonical path
vCa € bPir,a(Qp st) that is fixed under frobenius. We study the limit of this path
along a tangent vector at a point in D,,.

The universal enveloping algebra of the de Rham fundamental group of My 5/Q,
is Qp((Xij;))o<i,j<a/R, with the notation above. We apply the results on tangential
basepoints and the limit of the frobenius invariant path to the five ”infinitesimal
imbeddings” of My 4 into My 5. Namely, we look at a parameter of imbeddings of
My 4 into My 5 and let the parameter go to zero. We, then, express the crystalline
invariant paths in terms of Coleman integrals and explicitly compute the limits of
these Coleman integrals which finishes the proof of the 5-cycle relation. The proofs
of the 2-cycle and 3-cycle relations are straightforward.

1.10. Owutline. In §2, we start with the basics of logarithmic geometry and the de
Rham and crystalline fundamental groups. We describe the trivializations of a log
point in Lemma 2.1.2 in §2.1.3. This will be important when we are defining the
tangential basepoints. Logarithmic differentials and its relation to the log product
over a frame is reviewed in §2.1.4. In Lemma 2.1.3 in §2.1.5, we remark a canonical
isomorphism between two log points which will be used in comparing tangential
basepoints to ordinary basepoints in the tangent space. In §2.2, we review the de
Rham fundamental group: in particular, canonical extensions of unipotent connec-
tions and the de Rham fiber functor for a variety X that satisfies H'(X,0) = 0. In
§2.3, we review the crystalline fundamental group, where we review the comparison
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theorem between unipotent overconvergent isocrystals and unipotent log conver-
gent isocrystals. We describe the comparison between the de Rham and crystalline
fundamental groups in §2.4.

In §3, we define the de Rham and crystalline versions of tangential basepoints
and the comparison between them. In §4, we show that evaluating at a tangential
basepoint is equivalent to pulling back to the tangent space and then evaluating at
the ordinary basepoint in the tangent space. This will be used when we compute the
limit of the frobenius invariant path. In §5, we describe the de Rham fundamental
group of My 5 and define a canonical set of tangential basepoints on it.

In §6, we describe the limit of the frobenius invariant path of Besser ([3]) and
Vologodsky ([32]). We give an alternative description of this path in §6.5 and §6.6,
which will be used later on, and relate it to the tangential basepoints. In §6.7,
we show that changing a tangential basepoint by multiplication by a root of unity
does not change the frobenius invariant path. Note that the analog of this is not
true in the Betti-de Rham case. This will be important while we are proving the
Drinfel’d-Thara relations. In §6.8, we describe the main object of our study, p-adic
multi-zeta values.

In §7, we prove the Drinfel’d-Thara relations. The proofs of the 2-cycle and 3-
cycle relations are fairly straightforward. In §7.3, we prove the 5-cycle relation, by
first expressing the frobenius invariant path in terms of Coleman integrals and then
taking a limit which enables us to interpret certain frobenius invariant paths on
My 5 in terms of those on Mg 4.

We assume that the reader is familiar with the basic notions of logarithmic
geometry, as in (§1-2, [23]) or (§1, [24]); and the basic notions of rigid geometry as
in ([28]).

1.11. Notations and conventions. If C is a category and A is an object of C,
we will abuse notation, for the sake of brevity, and write A € C.

We denote the category of vector spaces over a field K by Vecg.

By a variety X over a field k, we mean a separated and geometrically integral
k-scheme X, which is of finite type over k. If X/k is smooth, we say that D C X is a
simple normal crossings divisor, if D := jed Dj is the sum of smooth divisors D;
meeting transversally. Since we will always be dealing with simple normal crossings
divisors we will not distinguish between a divisor and its support.

If A is a finite dimensional k-space, we denote the corresponding affine variety,
namely Spec Sym® A, by V(A).

If X and Y are S-schemes, we remove the subscript S in the fiber product X xgY
of X and Y over S, and denote it by X x Y, if it is likely to cause no confusion.
If A is a ring, sometimes we will denote the associated scheme by A, rather than
Spec A.

If X/W is a scheme over a discrete valuation ring W, we let X, and X,, denote
the special and generic fibers respectively.

If X/Q, is a variety, we will denote the associated rigid analytic variety with
the same notation in order to go easy on the subscripts, since this is likely to no
confusion.

If a € R({x;))icr1, the ring of associative formal power series ring in z;, then we
let a[z”] denote the coefficient of 7/ in a, for a multi-index J.

Acknowledgements. The author thanks A. Ogus and S. Bloch for mathematical
suggestions and encouragement.
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2. ON LOG GEOMETRY AND THE CRYSTALLINE FUNDAMENTAL GROUP

2.1. Conventions on log geometry. Our main references for logarithmic geom-
etry are [23], [24], and (84, [25]). We will pass between a set of tangent vectors
transversal to a divisor D at = and trivializations of a log point z;,4 using Lemma
2.1.2 below; we will use (2.1.5) to describe connections with logarithmic singulari-
ties; and (2.1.6) to give a description of tangential basepoints.

2.1.1. Canonical log structure. Let X /k be a smooth variety over a field k, D C X,
a simple normal crossings divisor, X := X \ D and = € D(k). Let {D;|j € J.}, be
the set of irreducible components of D passing through x and D, := Uje s, D;.
Denote by X,,, the canonical log structure on X defined by D (§1.3, [23]): the
underlying scheme of X,, is X and the log structure is defined by the inclusion
MY = Oyﬁj*(o;() — Oy,

where j : X < X is the open imbedding. Ylog is a fine saturated log scheme (§1.3,
[24]) and there is a canonical isomorphism of monoids

(2.1.1) Mx = Myym/o%x 5 Cart™ (X, D,),

where Cart™ (X, D,) denotes the monoid of anti-effective Cartier divisors on X
supported on D,. If the D; are defined locally by t; € Ox ,, and t := Il¢ ,t; then

MY,I = OY,I n ((OY,m)t)x

2.1.2. Log point at x. Let x;,4 denote the log scheme obtained by pulling back the
log structure on ylog via the map Speck — X corresponding to . Note that the
monoid M, on xj,4 is M5 , ®p,x kX, and (2.1.1) gives

’ X,z

~

(2.1.2) M, == M,/k™ = Cart™ (X, D,).
2.1.3. Splittings of the log structure on x1,4. With the notation in (2.1.2), let
S(D., X) :={p: ¢ is asplitting of M, — M,}.

Let I; C m; be the ideal defining D; in Ox , and d : m, — m,/m2 = Ql?m’ the
canonical projection. Then

(2.13) S(D0X) = {(-+ T Vjes, 11y € (@ \ {0), for j € JL}.
Let
Np, x(@ H Np, x(@
JEIz
be the fiber at = of the product of the normal bundles of D; in X.

Let N /X( x) == Np_x(x)\ {0}, and N[X) /X( z) = [ljes, N; /X( x). Note
that by (2.1.3), there is a one-to-one correspondence between S(D,, X) and the set
{05, )|y - NDJ-/X(I) ~ k, alinear isomorphism, for j € J,} and hence

X
with ND /X( x).

Definition 2.1.1. Let Speck; o, denote the log scheme with underlying scheme
Speck, and log structure associated to the pie-log structure Cart™ (X, D,) — k
that maps all the nonzero elements of Cart™ (X, D,) to 0.

Then by (2.1.2) and (2.1.3) we have:
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Lemma 2.1.2. There are natural bijections between S(Dy,X), Ng /X( x), and

{a|a : Tiog = Spec kz,logh the set of isomorphisms between the log schemes x4
and Speck, 104 over k.

2.1.4. Logarithmic differentials. For any map f : Yjoq — Zjog of log schemes, let
Q%’zog/Z denote the associated sheaf of Kahler differentials (§1.5, [23]) on Y.

We Wlll be interested in this only when Z;,, = Spec k, endowed with the trivial
log structure, and when Yy, is either X o4, Or 210, as in (§2.1.1 and §2.1.2).

Let P :=TI(Y, My). The identity map P — I'(Y, My gives a frame Y,y — [P],
in the sense of (Definition 4.1.3, [25]). Let Yjoq X[p] Yiog denote the log product
of Yjog with itself over k£ and [P] (Definition 4.2.4, [25]). There is an exact closed
immersion (Corollary 4.2.8, [25])

(2.1.4) At Yiog = Yiog %(p] Yiog,
whose conormal bundle is canonically isomorphic to Q%,lo( Ik

Let A(Y)™ denote the first infinitesimal neighborhood of Yiog XP] Yiog- Then
OA(Y)U) can be thought of as a sheaf of Oy-algebras through the first projection

Yiog X(p] Yiog — Y. If we endow Oy @ Q%’zog/k with the ring structure such that

(f1,w1) - (fa,w2) := (f1f2, fiwe + fawr) then we have a natural isomorphism of
sheaves of Oy-algebras (Corollary 4.2.8, [25]):
(2.1.5) Oapyn = Oy ® Q5
Case (a): Yiog = Ylag
In this case, QX k= Qx/k(log(D))7 where, if locally around a point =z €
X, D is defined by z;---2, = 0 for a system of parameters (z1,---,,) then
1 .
QX/k(log(D)) is locally generated by
d dx,
Y i, den.
I Xy

Let (X x X)~ denote the blow-up of X xj X along U;e;D; x D;, where D =
UsesD;. The fiber of (X x X)~ over the point (x, x) €X x X is

(2.1.6) H P(Np, xp,/xxx(@,7) H P(Np, x(z H Py,
i€Jy i€y 1€y
where J, is the set of ¢ € J such that x € D;, and P denotes projectivization.
Endow (X x X)~ with the canonical log structure associated to the exceptional
divisor of the blow-up. This gives the log scheme (X x Y)% ;- The diagonal map
from A : X — X x X extends to a map

A: Xy = (X x X7

log®

In this case, P = Cart™ (X, D) and X0y X[p] Xiog is an open subscheme of
(X x X)~ which contains the image of A(X) (Example in §4.2, Corollary 4.2.8,
[25]).

Case (b): Yiog = Tiog.

In this case, if for j € J,, the component D; of D, is locally defined by z; = 0,
then

dx;
(2.1.7) Q;M/k = @je}mkx—?.
J
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Let {xj%}jejw denote the dual basis.
We have P = Cart™ (X, D,) ~ @;ec;, N and

(218) Llog X[p] Llog = H Gm,

J€Jx
(Corollary 4.2.6; Example §4.2, [25]), which embeds canonically into the fiber of
(z,2) in (X x X)~ using (2.1.6).
2.1.5. Comparison of two log points. This section will be useful in studying tan-
gential basepoints. Namely, it will help us localize near a point in a variety by
passing from the variety to its tangent space.

Let Dy € V(Np, /x(x)) denote the simple normal crossings divisor that is the
union of the coordinate axes through the origin. In other words, if ¢1,--- ,%, is a
regular system of parameters on X at z, such that D is defined locally by ¢ - - - ,, = 0
then D(;) is defined by dty ---dt, = 0. Let V(N)ioq 1= V(Np_5(2))iog be the
scheme V(N +(z)) endowed with the log structure associated to the divisor D,
and Ogoq the log scheme induced by the inclusion 0 — V(Np, ().

Lemma 2.1.3. The log schemes x1o4 and 01,4 are canonically isomorphic.

Proof. Note that both log schemes have the same underlying scheme Spec k. Let
the component D; of D be defined locally at = by the ideal I;, for 1 < j <.
If {t;}1<j<n is as above then I; = (t;), for 1 < j < r. We have a map
Q: ®1§j95ym'(dlj/d[]2) — Oy’x,
with the property o(dt;) = t;. Since Myy) = (OV(N),O);tl-.Adtr, and My, =
(Ox.2)i5 .1, » this gives a map My(n) — M , and hence a map

My ) ®O§<N>,o W My, ®O;,x k

which we continue to denote by .

This map is independent of the choice of {t;}1<j<n. If {s;}1<j<n is another set
then s;/t; € (’)%i, for 1 < j < r. Let ¢ be the map corresponding to {s;}1<j<n-
To show the independence it is enough to show that 1) and ¢ agree on {ds;}1<j<,.
Note that

5
plds;) = p(d(Z*
J

and 1¥(ds;) = s;. Therefore

S5 Si S5
)t () dy) = (@) -ty

1) = PG 4+ ;

(p(de) _ 871( ) tj

x

Pldsy)  t;0 7 s

and ¢(ds;) and 9 (ds;) are equal in M~ , ®4,x kX, for 1 <j <.
? 7.3’)

This map makes the diagram

0 I M, — My, — 0
[ | e
0 I M, — M,,, — 0

commute, where « is the natural identification. This implies that the middle map
is also an isomorphism. O
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2.2. The de Rham fundamental group. We review the theory of the de Rham
fundamental group (10.24-10.53, [7]).

2.2.1. The categories Mic,e¢q(X/K) and Micy,;(X/K). Let K be a field of charac-
teristic 0 and X /K, a smooth variety over K. Let Mic,¢4(X/K) denote the category
whose objects consist of vector bundles with integrable connection (F, V) that has
regular singularities at infinity (1.5, [1]); and whose morphisms are vector bundle
morphisms which are compatible with the connections. Since we assume that X/K
is geometrically integral, End((O,d)) = K, and Mic,¢,(X/K) naturally forms a
tensor category over K (§5, [7]).

We will be mostly interested in a full-subcategory Micy,;(X/K) of Mic,¢q(X/K).
A vector bundle with integrable connection (E, V) is unipotent, if it has an increas-
ing filtration by sub-vector bundles with connection Fil;(E, V) C (E, V), 0 < i < n,
such that Fily(E,V) = 0, Fil,(E,V) = (E,V) and gr,(E,V) ~ (0,d) or 0. Since
regularity is stable under extensions (I, Proposition 5.2, [1]), unipotent connec-
tions are regular. Unipotent vector bundles with connection then form a tensor
full-subcategory Micyn;(X/K) of Micyeq(X/K).

Definition 2.2.1. If w : Micy,;(X/K) — Veck is a fiber functor, with values in K-
spaces, we let m1 gr(X/K,w) denote the fundamental group of this tensor category
at w (86, [7]) and call it the de Rham fundamental group of X/K at w.

2.2.2. Connections with logarithmic poles. We follow (1.4, [1]; 11.3.8, [8]; §11.1,
7).

Let Yio4/K be either Ylog OT Toq as in §2.1.4. A vector bundle with connection
(E,V) on Y, is a vector bundle E on Y and a K-linear map

V:E=E®Q,

satisfying the Leibniz property and it is integrable, if V2 : E — E ® Q%’zog/K is 0.
We denote the corresponding category by Mic(Y,q/K).

Continuing with the notation in §2.1.4, let p; : Yiog X(p] Yiog — Yigg, for i = 1,2,
denote the two projections.

A vector bundle with connection (F,V) on Y, is equivalent to giving an iso-
morphism

ng\A(Y)u) :>p*1<E|A(Y)(1)7

that induces the identity on A(Y"). If the connection is integrable, then this isomor-
phism extends to an isomorphism,

P5E|aqyy = PIE| Ay

to the formal completion A(Y)A of A(Y) in Yiog X1P] Yiog, since we assume that K
is of characteristic 0.

2.2.3. Residues of connections with logarithmic poles. We follow (1.4, [1]; 11.3.8,
[8]).

Let {t;|5 € J.} be part of a local set of parameters in a neighborhood U of z € X,
as in §2.1.1. Then letting i, : D; NU — X be the locally closed immersion, we
have a linear map:

Viv:isuE =iy FE
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induced by pairing V with the derivation tja%j. Even though tjaitj depends on the
choice of a system of parameters extending {¢;|j € J;}, V, v is independent of any
choice of system of parameters and hence patches to give a map V; : z;‘E — i;E,

where i; : D; — X is the closed immersion, which is called the residue map along
Dj. It turns out that the characteristic polynomial P;(z) € Op,[z] of V; is, in
fact, in K[z] (11.3.10, [8]). Therefore, the eigenvalues of the residue map, called
exponents, are constant along the divisor D;.

The construction of residues is compatible with duality and tensor products, i.e.

(2.2.1) (V'eV?); =ide Vi + V] ®id,
and an exact sequence of vector bundles with connection
0= (E1, V1) = (E2,V2) = (E3,V3) = 0
on X ., induces a corresponding exact sequence of vector bundles with endomor-
phisms
0— (i;El, vlJ) — (i;EQ, v27j) — (i;Eg,, V37j) — 0,
on Dj.
The residue map also gives the following description of Mic(z04/k).
Definition 2.2.2. For z € X (k), let T, denote the following category. Its objects
are pairs (V, (7)) es,) of vector spaces V over k and linear operators T; on V,

indexed by J, such that for every ¢,j € Jy, [T;,T;] = 0. The morphisms are maps
of vector spaces that commute with the operators.

The map that sends (E,V) € Mic(z04/k) to (E,(V;)jes, ), where
, 0

(c. . §2.1.4 (b)), induces an equivalence of categories

(2.2.2) Mic(2109/k) — Tz,

whose restriction to unipotent objects on both sides induces the equivalence
(2.2.3) Micyni(Tiog/k) = To uni-

One sees that the objects on the right hand side, in fact, consist of vector spaces V
together with commuting nilpotent linear operators T; on V, indexed by J,.

2.2.4. Canonical extensions of unipotent connections. Let X/K and X /K be as
above. Let (E,V) € Micyn;(X/K) be a unipotent vector bundle with connection.
Then there exists a vector bundle with connection (E.qy,, V) on Ylog which extends
(E,V) and has the property that all the residue maps V; are nilpotent (I1.5.2, [8];
I. Theorem 4.9, [1]). This extension, which is unique up to unique isomorphism,
is called the canonical extension of (E,V) to X. To ease the notation, we will
sometimes denote F.q, by E.
The functor
can : Micyni(X/K) = Mic(X 55/ K),

that sends (E,V) to (Ecun, V) is exact, and is compatible with taking duals and
tensor products. This follows from the corresponding properties of the residue map
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in §2.2.2 and the stability of nilpotence under these constructions. The functor can,
then, induces an equivalence of categories

(2.2.4) can : Micyni(X/K) — Micuni(X109/K),

where Micyni(X 04/ K) is the full-subcategory of Mic(X,4/K) whose set of objects
is the essential image of can.

2.2.5. The de Rham fiber functor w(dR). Assume further that X /K is proper and
H'(X,0) = 0. Then Deligne defines a fiber functor (§5.9, §12.4, [7]):

w(dR) : Micyni(X/K) — Vecg,

from Micy,;(X/K) to Veck, the category of vector spaces over K, as follows.
The condition H'(X,0) = 0 implies that the underlying bundle E.,, of the
canonical extension of (E,V) € Micy,;(X/K) is trivial (Proposition 12.3, [8]).
This gives a canonical isomorphism I'(X, Eq, ) @ i Ox 5 E.qn. Since the canonical
extension functor is a tensor functor (§2.2.3), it follows from the above that

wW(dR) : Micyni(X/K) — Veck

that sends (E, V) to I'(X, Eq) is a fiber functor. This called the de Rham fiber
functor. Note that with this notation we have a canonical isomorphism:

w(dR)(E,V) @k Ox = Ecan,

for any (E, V) € Micy,;(X/K).

Remark. A priori the de Rham fiber functor depends on the choice of a com-
pactification X with H'(X,0) = 0. Let X; and X5 be two such compactifications.
By resolving the singularities of the closure of the diagonal Ay in X; x X, we find
a compactification X of X which maps to X; and Xo. Let (F, V) € Mic,n; (X/K)
and let F; denote the canonical extension of X to X;, for i = 1,2. Let ; : X — X,
denote the projection. Since the exponents of the pull-backs are linear combinations
of the original exponents (I, [1]), we see that (7} E;, V) both have zero exponents
and hence are both the canonical extension of (E, V) to X. Therefore, since E; are
trivial bundles,

D(X1,E) =T(X,n*E,) S T(X,mEy) = (X4, Es).

This shows that, up to isomorphism, w(dR) does not depend on the compactifica-
tion.

2.3. The crystalline fundamental group. In this section, we review the theory
of the crystalline fundamental group (§11, [7]; §2.4, [31]).

2.3.1. Unipotent overconvergent isocrystals. We follow (§2.3, [2]; §2.4.1, [31]). Let
k be a perfect field of characteristic p, W := W (k), the ring of Witt vectors over k,
and K, the field of fractions of W.

If Q/W is a formal scheme and Zy C Q Xy k is a locally closed subscheme,
let 1Zp[oC Qk denote the tube of Zy in Q ((1.1.2), [2]). Assume further that
Z C Q xXw k is a closed subscheme with j : Zy — Z, an open imbedding. For
a sheaf of abelian groups E on |Z[g, j'E denotes the sheaf on ]Z[g, which is
characterized by the property that for any quasi-compact U C|Z|g,

I(U,j'E) =lm D(U NV, E),
1%
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where V' runs through the strict neighborhoods of | Zy[g in |Z[g (§2.1.1, [2]).

Assume, moreover, that Q/W is smooth in a neighborhood of Zy in Q. Let FE
be a jTO] z[-module with integrable connection V on 1Z]o. We imbed Z diagonally
into Q2 := Q xyw Q, and let py, p2 ;| Z[g2—]Z[g denote the two projections induced
by those from Q% to Q. We say that V is overconvergent along Z \ Zy, if there is an
isomorphism p3E = piE on |Z[g2, which induces V when restricted to the formal
completion of the diagonal ((2.2.5), [2]).

Let Y/k be a variety over k, the category of overconvergent isocrystals Isoc' (Y/W)
is defined as follows. Let Y be a compactification of Y, and {U;};c; an open cov-
ering of Y together with closed imbeddings of U; < P; into formal schemes P; /W,
which are smooth in a neighborhood of U; NY. Let j; : U; N Y — U; denote the
corresponding open imbedding. Then an overconvergent isocrystal on Y is given by
a collection of jj O)u,| modules with integrable connection which are overconvergent
along U; \ (U; NY); and a collection of isomorphisms between their restrictions to
Ui N Uj[p,xp,;, which satisfy the co-cycle condition (§2.3, [2]). The morphisms are
given by a collection of maps of jiT O)y,-modules with connection which are com-
patible with the isomorphisms on JU; N Uj[p, xp,;. The category is independent, up
to canonical equivalence, of all the choices and depends only on Y/W.

For an overconvergent isocrystal (E, V) € Isoc! (Y/W), and data {U; — Pi}ier
as above, we call the corresponding jg Ojy,-module with connection on |U;[p,, the
realization of (E, V) on P; and denote it by (E,V)p,.

An overconvergent isocrystal (E,V) on Y/W is said to be unipotent, if it has
a finite filtration by sub-overconvergent isocrystals Fil;(F,V), 0 < ¢ < n, such
that Filg(E,V) =0, Fil,,(E,V) = (E,V) and gr;(F,V) = (O, d) or 0. We denote
by Isoc! (Y/W) the full-subcategory of IsocT(Y/W) consisting of unipotent over-

unt
¥

uni

convergent isocrystals on Y/W. Isoc! .(Y/W) has a natural structure of a tensor

category over K.

Definition 2.3.1. If w : Tsoc!,(Y/W) — Veck is a fiber functor over K, we let
WLCWS(Y/ W,w) denote the corresponding fundamental group of Isoc! (Y/W) at

w (86, [7]), and call it the crystalline fundamental group of Y/W at w.

2.3.2. Unipotent log convergent isocrystals. Shiho defines the log convergent site
on a fine saturated log scheme Yj,, over k (§2, [30]). As usual we will be interested
in the cases when Y}, is Ylog Or Tiog-

Case (a): Yiog = Xiog-

If we assume that X, is the canonical log scheme associated to a simple normal
crossings divisor D C X (§2.1.1), the category of log convergent isocrystals on Ylog
can be described as follows.

First suppose that there is a formal scheme Q/W and a relative simple normal
crossings divisor D C Q, i. e. that D is a simple normal crossings divisor lying in
the smooth locus of Q/W and is flat over W, satisfying the following properties:
there is a closed immersion i : X — Q xy k, such that Q/W is smooth in a
neighborhood of X and D = i*(D). Let (Q x Q)™ denote the blow-up as in §2.1.4,
and p; and D, denote the two maps from ]A(Y)[(QX9)~ to ] X[ that are induced
by the two projections.

Then a realization of a log convergent isocrystal on Ylog corresponding to the

data (i, Q, D) is given by a locally free Ojx-module of finite rank £ on ]X[g and an
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integrable connection V on E with logarithmic singularities along | X[oNDx such
that there is an isomorphism
PE = piE

on ]A(X)[(QXQ)N that induces the map associated to V, when restricted to the
formal completion of A(QK)Q]A(Y)[(QXQ)N in ]A(Y)[(QXQ)M

If there is no such global imbedding, choose an open cover {U;};cs of X, such
that there are formal schemes P;/W, relative normal crossings divisors D7) C P;
and imbeddings U; < P; xw k as above. For ji,jo € J, let (P;, x P;,)~ denote
the blow-up of P;, x P;, along UieI(’ngl) X ngz)) and

qy, :]A(Ujl N sz)[(le XPjy )™ _>]Ujk [ij ’

for k = 1,2, denote the two maps induced by the projections.

Then the realization of a log convergent isocrystal on X /W corresponding to
this data is described as follows. For every j € J, there is an O)y,-module E; on
JUjlp, and an isomorphism

on }A(Uj)[(pjxpj)w as above, and for every distinct j1,jo € J, there is an isomor-
phism
(2.3.2) Fivja + G Ej, = TE;,,
which satisfy the co-cycle condition, and which are compatible with the maps (2.3.1)
in the obvious sense. A morphism from an isocrystal {E;, a;, fj,,} to another
isocrystal {F}, B;,9j,4,} is given by a collection of morhpisms £; — F; on |Uj[p,
that are compatible with the «; and §;’s and with the f; ;, and g;,;,’s. The
category of log convergent isocrystals is independent of the data of the local lift-
ings {’Pj7D(j ), U; — P; xw k}, up to canonical isomorphism, and is denoted by
Isoc®(X o9 /W).

A log convergent isocrystal (E, V) on X is unipotent if it has a filtration Fil;(E, V),
0 < < n, such that Filo(E,V) = 0, Fil,,(E,V) = (E, V), and the graded pieces
are (O, d) or 0. Let IsocS,,;(X105/W) denote the full-subcategory of Isoc®(X0q/W)
consisting of unipotent log convergent isocrystals.

Assume from now on that X /k is proper and X := X \ D. By restriction we
obtain a natural functor:

Tsoc (X jog/W) — Tsoc! (X/W),

which, when restricted to unipotent objects, induces an equivalence of categories
(Lemma 2, [31]):

2.3.3 Isoc. (X io0/W) — Isoc!
g

uni uni

(X/W).
Definition 2.3.2. If w : IsocS,,;(X10g/W) — Veck is a fiber functor, we let

uni

T1.erys(Xiog/W,w) denote the fundamental group of Isoct Xi0g/W) at w.
,cry g g

unt

A fiber functor w on Isoc!

unt

TrI,crys(X/VV? W) :> 7T17C7'Z/S(Y509/VV7 w)7

(X/W) then induces an isomorphism

by (2.3.3).
Case (b): Yiog = Tiog.
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Let 1104 be a log scheme structure on Spec W such that the pull-back log struc-
tures on Spec k and Spec K via the canonical maps to Spec W induce isomorphisms
My = My = P and My — M. The realization of an object of Isoc®(xs,i0g/W)
with respect to this data is then given by a finite dimensional vector space E over
K, endowed with an integrable connection

. 1
VIE-E®Q, g
on Iy og Such that there is an isomorphism
(2.3.4) psE = piE
on A(Fs)]pxlp]zc[ (c. f. §2.1.4), which induces the map associated to V when restricted

to the formal completion of A(x,) in t, 10 X[P] En,log-
Note that, using the isomorphism (2.1.8), we have that

(2.3.5) ]A(Is)[;x[p]z:: H D(lvl_)v
JE€Jx

where D(a,r™) is the open p-adic disk of radius r and center a.
Choosing a fiber functor w : Isocy,,;(ts,109/W) — Veck, we define the log crys-
talline fundamental group 71, crys(¥s 109/ W,w), as in Definition 2.3.2.

2.3.3. Frobenius.

Case (a): Yioq = Ylog.

The relative p-power frobenius map F' : Ylog - X
functors

(p)

log induces the following

F* : IsocS,,; (Y;S;/W) = I50¢3,,:(X1og /W)
and
F* :Isoct (X®) /W) — Isoc!

uni (X/W).
Let us describe the first of these functors.

Let 0 : W — W denote the frobenius map on W, and for a scheme Z/W let
Z@) /W denote the base change of Z/W via o.

Let {U;}jes be a cover of X such that there is data (P;, DY), U; — P;, F;)
with (Pj,D(j), Uj — P;) is as in §2.3.2 above and Fj : Pj0g — PJ(?())Q is a lifting
of the frobenius F, where P; is endowed with the log structure defined by D),
~ ()

Let (Ej,ay, fj,5,) be the realization of a log convergent crystal (£,V) on X,
corresponding to the data (’PJ(J),D(j*U), U;p) — Pj(g)). Then F*(E,V) is the log
convergent crystal on X;,, whose realization is given by
(F k(Ej)s (Fire X Fii)~ g, (Fjy i X Fio k)™ fiija)-
This induces maps
~(p)

(2.3.6) Fy T orys(Xiog /W, w) = T crys (X oy /W, w 0 F¥)
and
(2.3.7) Fo 7] s (X/W,w) = ] 4 o (X P /W, w0 F*).

Case (b): Yiog = Tiog.
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First note that, if x4 is given by the map M, = M} 2 k, then :cl(g;

scheme structure on Spec k associated to the map

is the log

’Y(p) : Mk ®k>< kX — k,

where k™ — M)y, is the canonical inclusion, k¥ — k> is the frobenius, and My — k

(p)

is . Then the relative frobenius F' : x;,y — T}, g s the map given by the identity

on Spec k, and the map
M, Qg x kX = My,

which is induced by the multiplication by p on M} and the canonical inclusion
kX — M.
Let 1104 be a lifting of x;,4 as in §2.3.2 and F : g, — gcl(g; be a lifting of F. Let

(E,a), where « is as in (2.3.4), be the realization of an object of Isoczm(xl(g;/W).
We let F,, x[p) Fy denote the induced map
Fo X1p) Fn ¢ (Flog X[P] Liog)n — (Fl(;f; X[P) Fl(gg))n'
Then the realization of the pull-back of (E,«) with respect to F is given by
(TR E, (Fy x1p) Fy) ).
Let [p] : [[;e,, D(1,17) = e, D(1,17), be defined by

Pl((2))jer.) = (2]) e, -

Using the identification (2.3.5) the pull-back above is given by (E, [p]*(a)).
Let (;llog,]-'l) and (;%097]:2) be two liftings of (2104, F'); and (E;, ;) denote the
(p)

corresponding realizations of a log isocrystal on x;, po

together with the isomorphism
fi2 : p3 By — D1 By

on ]A(x(p))[xuwx[mxz(a). Then the isomorphism between the pull-backs of F}*E;

and F*E; to ]A(.’I})[IIX[P]FZ is given by (F, x(p) F2)* f12.

Let F' and F? be two liftings of frobenius on Yiog, and (E, ) a realization of an
object in Isoczm(xl(f)’;/W) as above. The map (F, xp] F;)*« gives the isomorphism
between the pull-backs of F*E, i = 1,2, to ]A(m)[;X[P]F. When evaluated at A(rx),
this isomorphism gives an automorphism of F, which can be described as follows.

Sippose that {m;}ics, € My, is a subset of My, such that it induces the basis
for My = P = ®;es,N. Then the maps induced by F? from My Qyx W> to My,
are given by

F™*(my) = ag.z)mg»’,
for some agi) el+pW,jeJ,andi=1,2.

Then with the identification above, F,! x(p] F; on [[,c, D(1,17) is given by

(2)
a
(.7:% X[p] .7:72]) (ZJ) = ﬁzf,
J

and hence, with this identification, the point (a§-2) / a§»1)) e, corresponds to (F} x [P

F2)(Ae)). !
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Let N; denote the residue map of (E,«) along m;, i. e. N; = (idg ®mjaimj) oV
(§2.2.3). Then the above automorphism of E is given by (§2.4 (b)):
2), (1
[T expog(al® /aS")N;).
Jj€Jx
2.4. Comparison of the de Rham and crystalline fundamental groups.
Let X/W be a smooth, proper, and integral scheme, ©® C X a relative simple
normal crossings divisor and X := X\ D. Let X be the completion of X along X;.
Case (a): Yiog = Xiog-
There is a natural equivalence of categories

(2.4.1) Micyn; (X,/K) = Isocs,,; (Xs,109/ W),

uni

(Proposition 2.4.1, [4]) which is a composition of the following functors. The canon-
ical extension functor in (2.2.4) gives the equivalence of categories

Micyni(X,/K) = Micuni(Xy,109/ K)-

Choosing the lifting (X, ’)5) as a lifting of (X,,D,), and noting that the underlying
rigid analytic space iman of in is ?n, we obtain a natural equivalence of categories

(511, [7): B B
MiCuni (%n,log/K) — ISOCC (%s,log/W))

ung

whose inverse associates to a unipotent log convergent isocrystal on fg,log its real-
ization corresponding to the lifting X;0,/W. The composition of these functors is

(2.4.1).
If we use the equivalence (2.3.3), we get another equivalence of categories:
(2.4.2) ~ : Micyni(%,/K) — Tsoc! . (%,/W).

A fiber functor w from Isoc!

uni

7T-1,c7‘ys(~%s/VV7 UJ) :> 7Tl,dR(}t’r]/I(vw o 7)

(X5s/W) to Vecg, then induces an isomorphism

This implies that the frobenius map (2.3.7) on the crystalline fundamental group
induces a corresponding map

(2.4.3) F, :mqr(%,/K,wo~y) — wl’dR(%%")/K,w o F*o")
on the de Rham fundamental group.

Case (b): Yiog = Tiog-

Let ri09/W be a lifting of x;,4 as above. Then we have a natural functor:

(2.4.4) Isocy,,i (Xs,109/W) = Micuni(n,i0g/K),

which sends an isocrystal on s ;04/W to its realization corresponding to the lifting
Tiog/W. Using the equivalence of categories (2.2.3), we also get a functor

(2.4.5) ay : Isocy,i (Xs,10g/W) = Te,) uni-

In order to prove that (2.4.4) and (2.4.5) are equivalences of categories, it suffices
to prove that (2.4.5) is an equivalence of categories in the case when r;,4 is the log
scheme Spec W endowed with the log structure associated to the pre-log structure
N®" — W, which sends all non-zero elements to 0.
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Suppose that we are given a finite dimensional K-space and a collection {N; }1<;<,
of commuting nilpotent operators on V. We can define a log convergent isocrys-
tal on r,10, Whose realization associated to the lifting riq is given by the vec-
tor space V, together with the collection of automorphisms of V' whose value at
(zi)i<i<r € [1i<ic, D(1,17) (cf. (2.3.5)) is given by

(2.4.6) II explog(z:)N:).
1<i<r
This isocrystal has image (V, {V; }1<i<,) under a;.

Conversely, any unipotent log isocrystal on 04 has to be of this form. This
can be seen as follows. Suppose that we are given an isocrystal (E, V) with im-
age (E,{N;}1<i<,) under «,. Then the connection defines an isomorphism from
P5E|xq) to BiE|xa), where A denotes A(r,) and the superscript (1) denotes
the first infinitesimal neighborhood. The integrability of the connection implies
that this isomorphism canonically extends to the formal completion A" of A in
Tn,log X [P]En,log- Using the identification (2.3.5), this isomorphism is given by (2.4.6).
Since the natural map from analytic functions on [ [, .,.,. D(1,17) to formal power
series around (1,---,1) € [, D(1,17) is injective, it follows that the above
isomorphism is given by the formula (2.4.6) over all of [li<i<,D(1,17).

3. TANGENTIAL BASEPOINTS

Let X/k be as above, where k is of characteristic 0 (resp. p). If z € X(k),
then we have a natural fiber functor on Mic,y;(X/k) (resp. Isoc! (X/W)). In this
section, we will define a similar fiber functor for v € N* _(z) (c. f. §2.1.3), where

_ D./X
z € (X \ X)(k).
3.1. de Rham case. Let k be a field of characteristic zero.
Then for x € X (k), the map
w(zx) : Micyn;(X/k) — Vecy,

which sends (£, V) to E(z) is a fiber functor.
Now assume that z € (X \ X)(k). Using the equivalence of categories (2.2.4)

can : Micyn;(X/k) = Micum;(ylog/k)7
the pull-back Micyn; (Xog/k) — Micuni(Ti09/k) via the inclusion ;o5 — X0g, and
Micyni(10g/k) 5 Teuni (2:2.3), we get a functor

Composing this with the functor 7 ,,; — Vec,, which forgets the operators, we get
the fiber functor

(3.1.1) w(zx) : Micyn; (X/k) — Vecy,

which sends (E, V) to Ecqn ().
We would like to emphasize that, in this de Rham case, the construction of the
fiber functor does not, in fact, depend on the choice of a set of tangent vectors at x.

Namely, given v € N ; /Y(I)’ w(x), which only depends on z, could also be defined

as composing the map Micyy;(X/k) = Micyuni(Zi0g/k) above with the equivalence
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Micuni(Tiog/k) = Micyuni(kzi0g/k) induced by v (Lemma 2.1.2) and the natural
forgetful fiber functor on Micyy;(ky i0g/k) (c. f. §3.2).

3.2. Crystalline case. Let k be a perfect field of characteristic p > 0.
Assume first that € X (k). Then we have the pull-back morphism

(X/W) — Isoc! (x/W).

A lifting r of x induces a map Isocjmi (/W) = Micyni(tx/K) = Veck as in (2.4.4).
This fiber functor

Isoc!

uni

w(z) : Tsoc! (X/W) — Vecg

is defined up to canonical isomorphism.

Now assume that z € (X \ X)(k) and let v € N*

8 /Y(I)' The closed immersion

Tlog — Ylog induces a pullback functor
Isocs,; (X iog /W) — Isoct,,: (@1og /W),
and v induces the equivalence (2.1.2):
(T1og/W) = Isocs,,; (kg 10g/W).
Applying (2.4.5) to ky 10y and Wy 10 we get a fiber functor on Isoc,,; (X oq/W).

uni

The equivalence of categories in (2.3.3) then provides the fiber functor:

(3.2.1) w(v) : Isoc! (X/W) — Vecg

uni

Isoct

unt

we were looking for.

3.3. Comparison of the de Rham and crystalline basepoints. Let k be a
perfect field of characteristic p, and X,9, etc. as in §2.4. Let ¢ € © and v €
NX _(r) with reduction vy in NX (rs). This data will give us a comparison

D /% Die/Xs
between the fiber functors w(vs) on Isoch.(%s/W) and w(g,) on Micy,; (%X,/K).
If id, and id, denote the trivializations as in Lemma 2.1.2, we have a commuta-
tive diagram
ke, iog — Wheiiog

J{idv lidu

Ls,log ? Liog

l !

gs,log —_— §l09~
For (E,V) € Isoc,;(Xs,10g/W), let (B, V) € Micyn;(X,,109/K) denote its re-

alization on the log rigid analytic space X, ;o4. Then, associated to the data given
above, we have
w(05)(E,V) = Bx(ty) = w(ty) (Bx, V).

This gives an identification of the functors w(vs) and w(y,), if we take in to ac-
count the equivalence of categories (2.4.2). We would like to emphasize that this
identification depends on the model, i. e. on X,r, and v.

Let (), €, 9, u) be another data of a lifting. Associated to this lifting we have an
isomorphism

w(0)(E, V) = Eg(ny) = w(vy,) (B, V).
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Corresponding to these two liftings the isomorphism from Ex(r;) to Egl(y,) is
described as follows.

Let (X x @)fog denote the log scheme obtained by blowing up X x 9) as in §2.3.2.

The fiber of the blow-up over (g, ) is isomorphic to
H P(Ngi/gxg),
with §; = ©; x €;. In particular, if v := (-+- ,0;,--- ), u:=(--+ ,u;,---) and
[t),u] = ( e a[nivui}f ")7
then [v,u] defines a point in the fiber of (¢, ).
If (E,V) € Isoct,,;(Xs,10g/W) then we have a canonical isomorphism between

the pull-backs of (E5, V) and (Eg, V) to the tube of Xs 109 In (X x )y, and hence
evaluating this isomorphism at [0, u], gives the isomorphism

Ex(rn) = Eg(vy)

we were looking for.

4. COMPARISON OF TANGENTIAL BASEPOINTS AND ORDINARY BASEPOINTS

In this section, we describe the relation between the tangential and ordinary
basepoints. We will see that taking the fiber functor at a tangential basepoint v
at x, is equivalent to pulling the object back from X to V*(Np, ,x(z)) and then
applying the fiber functor at v, viewed as a point in the variety V*(Np, , < (2)).
Since there is, in general, no algebraic map from V*(Np +(z)) to X, the pull-
back functor is defined by passing to the log point in both spaces and using the
identification in §2.1.5. In order to achieve this, we will show that pulling back to
the log point in V(N p,/%(%))iog gives an equivalence of categories.

4.1. de Rham case. In this subsection, we continue the standard notation with
k a field of characteristic 0. We let

V¥(Np_x(@) =[] V(Vp, x(2) \ {0},
JEI

and

V(N Dl/x HV D/X z)),

J€Jx
where the bar on the factors in the last expression denotes the projective completion
(of curves). Clearly these varieties are isomorphic to G5 and (P')*", if |J,| = r.
Let

T ZV(NDm/Y(w)) — V(Np, /X( z))
denote the j-th projection, for z € {0,000}, L, := Ujey, 7 1(( )), and Dy := Lo U
Lo Note that by the notation in §2.1.5, Lo = D). Denote by V(N D, /%(®))iog,
the log scheme which is V(N p, /% (z)) endowed with the log structure associated to
Ds.
Lemma 4.1.1. The natural pull-back functor
Micyn; (@(NDI/Y(I))lOg/k) — Micyn; (0109 /k)

is an equivalence of categories.
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Proof. Let T yni denote the tannakian category over k, which consist of pairs
of a vector space and r commuting nilpotent operators on it, as in Definition 2.2.2.
Then by §2.2.3, the natural functor from Micyn;(0109/k) t0 Tr uni is an equivalence
of categories.

To prove the statement, after choosing coordinates, it suffices to prove it for
Priog == (P1) ZXO; with the log structure associated to the union of the coordinate
axes passing through 0 and those passing through co.

Using the above equivalence, it suffices to prove that the natural functor

Micuni (Pr,log/k) — ﬁ,uni

is an equivalence.

This functor associates (E(0),{V,}i<;j<r) to (E,V), where V; is the residue
of V along z; = 0 at the point 0. If (V,{N;}i<j<,) is an object of 7 yns, then
(V@ Op,,d — Zj Njdlogz;) is an object of Micyni(Pr.i0g/k), which has image
(V,{N;}) under this functor. This proves essential surjectivity.

Since the functor above is a tensor functor, in order to prove that this functor is
fully-faithful, it suffices to show that

Homic,,; (P10, /%) ((Op,., d), (E,V)) — Homr, ... ((k,{0};), (E(0),{V;};))

is an isomorphism or equivalently that
Har(Priog: (B, V)) = Ni<j<rkerp ) (V;)

is an isomorphism.
First note that the underlying bundle F of

(E, V) S Micuni(Pr,log/k)

is trivial. This follows from the fact that Extp (Op,,Op,.) = HY(P,,0p,) = 0 by
induction on the nilpotence level (Proposition 12.3, [7]). Therefore, without loss of
generality, we will assume that (E,V) = (O%:L,d — Y1<j<r Njdlogz;), for some
nilpotent matrices N; € M,,xn(k). If a is a global (horizontal) section of (E, V)
then it is a constant section of O%T". This immediately implies the injectivity of
the above map. In order to see that it is surjective, we note that for any a €
Ni<j<rkerp)(V;), the constant section of OF" with fiber o at 0 is a horizontal
section with respect to the connection d — 3, ., N;dlog ;. O
Then, the fiber functor w(x) : Micy,;(X/k) — Vecy, is the composition of

can : Micyn; (X/k) = Micyni(X10g/k),

Micuni(Xiog/k) = Micuni(Ti0g/k) ¢ Micyuni(010g/k) ¢ Micyni (V(sz/y(fﬁ))log/k)

and

w(dR) : Micuni(V(Np_ /5(2))10g/k) — Vecy.

Here the second map in the middle diagram is induced by the canonical identifica-
tion in §2.1.5.
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4.1.1. PFunctoriality. Let (X, D) and (Y, E) be pairs of smooth schemes over k and
simple normal crosssings divisors. Assume that z € D,y € F and f : X;oq = Y04
a morphism of log schemes with f(z) = y. Let

P(f) : V(Np, x(x)) = V(Ng, v(y))
denote the unique homogeneous map that induces f; : ;o — Y104 Under restriction
to 0z,104 and the canonical isomorphisms xjog >~ 04,109 and Y109 = 0y 10g in Lemma
2.1.3. P(f) is called the principal part of f at x relative to the given divisors. P(f)
naturally defines a map
Pf): V(N 5 (@))iog = V(Ng, /7(4))iog-

We, then, have a commutative diagram

Micyni (Y/k) AN MiCons (X/k)
< PO <

Micuni(V(Ng, 7 (Y))iog/k) ——— Micuni(V(Np_ % (2))iog/k)-

4.2. Crystalline case. In this section, we give a similar description of the tan-
gential basepoint functor in the crystalline case. We assume that k is perfect of
characteristic p.

4.2.1. From log point to the tangent space. In order to do this, we need the crys-
talline analog of Lemma 4.1.1.

Lemma 4.2.1. The natural pull-back functor

I50¢5,,; (V(Np, /5(2))10g/W) = 150€;,;(O1og /W)

is an equivalence of categories.

Proof. First, as in the proof of Lemma 4.1.1, we can reduce to the case of P, 0.
In this case, the isomorphism (2.4.5) gives an equivalence

ISOCZni (OIOQ/W) — 7:”,univ

where 7, ,n; is the category defined in the proof of Lemma 4.1.1, but with & replaced
with K. We would like to emphasize that there is no such canonical isomorphism for
an arbitrary Np, 5(x), the reason being that Nj, < (x) does not have a canonical
lifting to W, but such a lifting exists for k®7.

Next, applying (2.4.1) to Py109/W, we see that the functor

Micuni (Pr,log/K) — ISOCC (PT;lOQ/W>

uni

is an equivalence. Then the statement we are trying to prove is equivalent to that
of Lemma 4.1.1. O

Proposition 4.2.2. The fiber functor w(v) : Isoc! (X/W) — Veck is the compo-

sition of the following functors: o
Isocjmi (X/W) & Is0cS i (X iog /W) = 180¢8, i (T1og /W) < 1805, (0109 /W),
I50¢5,,: (O10g /W) = Ts0cq,; (V(Np, (2))10g/ W)
and -
wy(v) : Isoct; (V(Np_ 5 (2))iog/W) = Veck,

unsg



Drinfel’d-Ihara relations for p-adic multi-zeta values 23

where wy(v) denotes the fiber functor at the basepoint v € V(Np_<(x)), and the
last equivalence in the first diagram above is induced by the isomorphism in §2.1.5.

Let ¢* : I50C3,,; (X10g /W) = Ts0¢;,i(V(Np_ 5(%))10g/W) denote the composi-
tion of the obvious functors above. In order to prove the proposition we first need

to give an alternative description of ¢*.

4.2.2. Description of ¢*. First we give another description of the functor

(4.2.1) Isocs,,; (X 1og/W) = Isocs,,; (0109 /W).

uni unsg

We use the notation of §3.3 with ¥, =X,9, =D, 0, =vetc. Let i C
V(Ng, /%(x))y be a rigid analytic polydisc around zero. Endow ¢ with the associ-

ated log structure induced from that on V(NQK/i)U'
Let ¢ : Ujog — X109, be a map such that:

(4.2.2) ¥(0) = x;

(4.2.3) 1 is a closed immersion;

(4.2.4) do : (Ng, x)n = ToUd) = (T,X), is the canonical inclusion;
these imply that

(4.2.5) g = Cart™ (X, (Dy)y,) = M5,

— ML{,O = Cart_(u, (@n)(;”))
is the canonical identification.

We have a map
" Micuni(Xp,109/K) = Micyni(Uog/K).
Combining this with the restriction map, we obtain
Vg Micuni(Xn,10g/K) = Micuni(Og, 10g/K).

Note that the category Micyni(0,109/K) 5 Truni/ K does not depend, up to canon-
ical isomorphism, on the choices of the models.
Consider another choice of a model, ), &, and y and let V C V(ch\,/@%’ and

1/; Y = @n be another choice as above, with 1/;(0) =1,. Then we have a map
(% X )™ (U X V)ing = (Fy xDy)ig

induced by 1 x 1. The underlying map of schemes is the identity map on the excep-
tional divisors. Note that the exceptional divisors are respectively the products of
the normal bundles of ¥*(D,, ;) x ¥*(D,,;) and D, ; x D,,; at (0,0) and (g,,9,). If
(E,V) € Tsoc,,;(X10,/W) then by pulling back with (¢ x 1)~ we have a canonical
isomorphism between the pullbacks of 1§ (E5, V) and ig(Eg, V) to the tube of the
diagonal in Oy ;04 X [p) Oy,104- Here note that even though the diagonal is not defined,
the tube of the diagonal is well-defined as the tube of the diagonal after Oy joq/W
and 0y 0/W are identified by an isomorphism that induces the identity map on
the special fibers. These isomorphisms on the tubes satisfy the cocycle condition.

Therefore, given (E,V) € Isoc;,,;(Xi0y/W) and a model as above 9§ (Ex5, V) is
a realization of the pull-back of (E, V) to 0j4, corresponding to the given model.
This gives an explicit description of the functor in (4.2.1).

To give a description of ¢*, we need to describe

15065 14 (Otag /W) = 150655 (TN, 50 (2) 10g /).

ung
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Let 9/W be any formal vector bundle lifting Np, /x- Then V(M) is naturally
endowed with a log structure and the equivalence

(4.2.6) MiCuni (VM) 109/ K) — Micuni (Oog/K) = Trouni/ K

realizes the equivalence in Lemma 4.2.1.
Therefore we only need to find a tensor functor which gives an inverse (up to
isomorphism) of that in (4.2.6). The functor that sends (V,{N;}1<;<r) to

(V @K Oy, »d — Z N;d10g 2;) € Micyuni(V(M),).109/K)

1<j<r

does just that.

4.3. Proof of Proposition 4.2.2. We need to find a natural isomorphism be-
tween wy (v) o ¢* and w(v).

Choose a model X,D,t for (X, D, z) as above and let v € N;r/g(x) be a lifting
of v. Finally, let ¢ be as in §4.2.2. Then corresponding to the data (X,D,r,v) and
® the realization of (wy(v) o ¢*)(E, V) is Ex(x,).

Similarly, corresponding to the data (X,D,x,0) the realization of w(v)(FE, V) is
also F(xy).

This gives an obvious identification of the two fiber functors corresponding to
each data. We need to check that these identifications are compatible with the
isomorphisms on the isocrystal when we change the data. }

Namely, let (), €,9,u) be a similar lifting of (X, D, z,v) and ¢ : V — @n be as
in §4.2.2.

Then the isomorphism between w(v)(Ex,V) = Ex(r;) and w(v)(Eg, V) =
Eg5(vy) is the one obtained by evaluating at [v,, u,] the isomorphism between the
pull-backs of F5 and Fg to the tube in (X, x9D,)"~.

Similarly, the isomorphism between

(wv(v) 0 ") (Ex, V) = Ex(tn)

and

(wv(v) 0 ") (Egy, V) = Eg5(vy)

is the one obtained by evaluating at [v,,u,] the isomorphism between the pull-
packs of Eg and Eg on the tube in (V(Nz’;E) ><. V(NG‘,@));,zog- Note that the
isomorphism between the pull-backs t(j the tube in (V(Np_ ) X V(N@.,@))ilog
is obtained by pulling back via (¢ x ©)™~ the isomorphism on the tube in (X x
@);log. However, because of condition (4.2.4) the map induced by (¢ X ¢)~ on the
exceptional divisor is the identity map.

This implies that the isomorphisms between Fx(x,) and E@(Un) agree in both
cases. O

5. DE RHAM FUNDAMENTAL GROUP OF My 5

In this section, we will construct an exact sequence that describes the de Rham
fundamental group of My 5. In order to do this we will use the corresponding exact
sequence in the Betti case and the comparison theorem between the Betti and the
de Rham fundamental groups.
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5.1. de Rham basepoint of M;s. We have seen in §2.2.5 that there is a de
Rham fiber functor w(dR) if X/K has a smooth compactification X /K with the
property that H'(X,0) = 0.

Let

Mo /Q = {(z0, + ,&n—1) € P)G|z; #x;, for 0<i<j<n—1}/PGLy,
where PG Lo acts diagonally by linear fractional transformations and let
Mo s = ((P)°\ L)/PGLs,
where L := {(zo, -+ ,24) € (P})?|30<i < j <k <4withe; =z; =z} We

have Mps C M5 as an open subvariety with the complement a simple normal
crossings divisor. Let D;; C Moﬁ denote the divisor defined by z; — z; = 0.
Let MO,&log denote Moﬁ endowed with the log structure associated to the normal
crossings divisor Up<i<j<aDij = Mo 5\ Mos.

Since My 5 is the blow-up of (P!)? at three points, H5((Mgs)c,Z) = 0. Then
Grothendieck’s comparison theorem gives

Hip((Mos)c, (0,d)) ~ Hp((Mos)c, C) = 0.
By the Hodge decomposition, we have H!((Mg 5)c, ©) = 0, and since
H'(Mos,0) ®g C = H'((Mos)c, 0)

we have H!(Mg 5, 0) = 0.
Therefore there is a de Rham fiber functor

w(dR) : Micyni(Mo5/Q) — Vecg

5.2. Malcev completion and the de Rham-Betti comparison theorem.
We will review the construction of Malcev completion of groups as it relates to the
comparison theorem between the de Rham and Betti fundamental groups. Gen-
eral references for this section are §9 in [7]; Appendix A in [26]; §2.5 in [20]; and
Appendice A in [9].

Let G be a (discrete) group. Denote by {G;};>1 the lower central series of G, i.e.
G1 := G and G;41 := [G, G;], the subgroup generated by [g, h] with g € G and h €
G;. Let GIN! denote the nilpotent uniquely divisible envelope of GV) := G/G n41
(Corollary 3.8, p. 278, [26]). There is a canonical map j : G®V) — GV which
is universal for maps of G(N) into nilpotent uniquely divisible groups. Moreover
the map j is characterized by the properties that GIV! is nilpotent and uniquely
divisible, ker(j) is the torsion subgroup of G and for every g € GIV], there exists
an n # 0 such that g” € im(j) (see loc. cit.). Gl is the Malcev completion of
G,

For any group H and a field of characteristic zero K let K[H] denote the group
algebra over K, considered with its standard augmented Hopf algebra structure,
i.e. with the co-multiplication A : K[H] — K[H] ® K[H] given by A(h) = h ® h.
Let J be its augmentation ideal. Let K[H] be the J—adic completion of K[H].
Let G(K[H)) := {z € 1+ J|A(z) = 2&z} the set of group-like elements in K[H],
and P(K[H]) := {z € K[G]|A(z) = 1&z + 2®1}, the set of primitive elements in
K [H]. The set of group-like elements form a group under multiplication and the set
of primitive elements form a Lie algebra under commutator as bracket. Moreover
the logarithm map log : G(K[H]) — P(K[H]) induces a bijection ([20], Proposition
2.5.1). This is, of course, a bijection of pointed sets only.
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If H is a uniquely divisible nilpotent group then the natural map H — G(Q[H]) is
an isomorphism (Corollary 3.7, Appendix A, [26]). Therefore we obtain a bijection

H — P(Q[H]) of H with a Lie algebra over Q. In this case, abusing the notation,
we denote P(Q[H]) by Lie(H).

If X/C is a smooth, quasi-projective complex algebraic variety then this construc-
tion applied to 71 (X", ), the topological fundamental group, gives finite dimen-
sional nilpotent Lie algebras {Lie(r1 (X, )N} x>1 (§9.8, [7]). Since the functor
Lie induces an equivalence of categories between unipotent algebraic groups over Q
and finite dimensional nilpotent Lie algebras over Q (§9.1, [7]) we obtain unipotent
algebraic groups {m (X", %)M}y, with Lie algebras {Lie(m (X", %)V) 1y,
These algebraic groups satisfy 71 (X", %)V = 7, (X" «)IN(Q), for N > 1.

Proposition 5.2.1. Let X/C be a smooth, quasi-projective variety. If mq (X", x)
denotes the pro-unipotent group that is the inverse limit of

{m (X, 0Ny ss,
then there is a canonical isomorphism

7Tl7dR(X/(C, *) ~ El(Xa"’ *)

Proof. See Proposition 10.32(b) in [7]. O
Lemma 5.2.2. The natural map w4 : Mos — Moa that sends [zo,--- ,z4] to
[20," " , 23] induces an exact sequence

1 = m ar(Fyc,a) = m,ar(Mos,c,a) = m1ar(Moac,b) = 1

where a € My 5(C), b:=ma(a) and Fy, is the fiber over b, of pro-unipotent algebraic
groups over C.

Proof. We base-change all the varieties to C. Let M := A2\ {(z1, 22)|2122(1—21)(1—
z2)(z1 — #2) = 0}. Then the map M — M5 defined by (21, 22) — [0,1, 00, 21, 22]
is an isomorphism. Similarly the map X := A'\ {0,1} — My4 defined by
z = [0,1,00, 2] is an isomorphism. Under these isomorphisms 74 transforms to
(Z1, ZQ) — 21.

The homotopy exact sequence for the locally trivial fibration M*" — X" gives

s = (XU b) = m (FPTa) = (MO a) = m (X b) — -

Since Fj is connected, the map 71 (M, a) — 71 (X", b) is surjective. On the other
hand, X" has the unit disc as its universal covering space (Uniformization, [12])
and hence 7o (X", b) = 0. This gives the exactness of the sequence

1= m(F",a) » m (M, a) — m (X, b) — 1.

The projection M** — X" has a (topological) section defined by o(z) = (z, (1 +
|2|2)1/2). Note that the statement in the lemma remains the same if we change
a with another point @’ such that m4(a) = m4(a’). Therefore from now on we will
assume without loss of generality that a = o(b). Then we have a splitting of the
last exact sequence defined by the map o, : 71 (X", b) — 71 (M, a). This induces
an action of m1 (X", b) on m (FZ", a), by conjugation. And hence an action of
7T1(Xan, b) on Hl(Fb, Z)
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The injectivity of Hq(Fg™,Z) — Hy(M*",Z) implies, by Lemma (2.3) of [11],
that the action of m (X", b) on H; (Fp,Z) is trivial. Now in this situation, Theorem
(3.1) of loc. cit implies that the induced sequences

1= m (Fe,a)™) — (Mo a) ™) — o (X 5)N) -1

are split exact for all N > 1.
By the description of the Malcev completion we see that the same is true for the
sequences

1— ﬂ-l(Fl?n,a)[N] N 7.‘.1(]\4an7a)[N] N 7T1(Xan7b)[N] 1
Using the diagram

1 — mF N — M)V (X IV

l l !

0 — Lie(m (Fg", a)V) — Lie(my (M, a)M) — Lie(m (X%, b)IN) — 0
of pointed sets where the vertical arrows are the logarithm bijections imply that
the lower horizontal line is exact. Passing to the corresponding unipotent algebraic
groups we see that

1 - (F, o)™ = o, (M o)V = 7 (X 0)IV 1,
is exact. To see the exactness of the inverse limit of the last sequence we only
need to note that the maps 7, (F¢", a)N 1 — 7, (Fg", a)IN are surjective, which
follows from the surjectivity of the 7y (F¢™, a)(N+1) — 71 (Fg™ a)(N). This gives the
exactness of corresponding sequence of pro-unipotent algebraic groups
1= (F¢" a) = m (M a) = 7 (X", 0) — 1.

Finally we use Proposition 5.2.1 to deduce the statement in the lemma. (]

Lemma 5.2.3. Let b € M 4(Q). The natural map w4 : Mys — Mo 4 induces an
exact sequence

1— 7T17dR(Fb,w(dR)) — Wl)dR(Moﬁ,w(dR)) — Wl,dR(M0,47w(dR)) —1
of pro-unipotent algebraic groups over Q.

Proof. Let us first choose a € F,(Q). Then the previous lemma shows that the
sequence corresponding to 74 ¢ and the basepoint a € My 5(C) is exact. However we
know that if X/k is a smooth, quasi-projective variety over a field k of characteristic
zero, © € X (k) and k'/k is any field extension then the natural map 7 gr(Xw, z) —
71,ar(Xk, ©)rs of pro-unipotent algebraic groups over k' is an isomorphism (10.43
Corollaire, [7]). This fact applied to the extension C/Q and the exact sequence in
Lemma 5.2.2 implies the exactness of

1— Wl,dR(Fby CL) — 7T1’dR(M()’5, a) — Wl,dR(MOAu b) — 1
of pro-unipotent algebraic groups over Q.

In order to prove the exactness of the corresponding sequence with the de Rham
basepoint, we need to show that the pull-back maps induced by the inclusion i :
F, — My 5 and the projection My 5 — My 4 commute with the fiber functor w(dR).
Note that i and 74 naturally extend to morphisms of log schemes: i : Fb,log —
Mo.5,00g and Ty : Mo 5,009 = Mo.4,109- Since the map

ﬁ* : Micuni(ﬂo,él,log/Q) — Micuni(ﬂo,&log/@)
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commutes with the de Rham fiber functors, the same statement is true for 7} as
the de Rham fiber functor on Mic,,;(X/Q) is induced by composing the one on
Micyni(X0g/Q) with the canonical extension functor can (§2.2.4, §2.2.5). The same
argument also shows that ¢* commutes with w(dR). O

5.3. Residues. For (E,V) € Micuni(Mo5.104/Q), let V;; :E|Dw — E|D1,,- denote
the residue of V along D;;. Since E is a trivial bundle, V;; € Endg(T(Dy;, E|p,,)) =
Endg(w(dR)(E,V)). Because of the identity (2.2.1), the map that assigns V;; to
(E,V) defines an element e;; € Liem qr(Mo 5, w(dR)).

If {i,j} N{k,1} =0 then D;; N Dy; # 0. Computing the residues at the point
D;; N Dy, we see that [e;;, ep;] = 0. Similarly, by computing the residues along the
fibers of the projections My 5 — M 4, we see that >, e;; = 0. Let

H := Lie ((e;))o<i,j<a/(€ii, €35 — €ji, Zeija leij, exa]| for {i,j} N {k, 1} =0),

with Lie ((-)) denoting the free pro-nilpotent Lie algebra generated by the argu-
ments. We have an obvious map H — Liem; gr(Mon,w(dR)), which induces iso-
morphisms

Hy = <<€¢4>>0§i§3/(z 6i4) 5 Lieﬂ'l,dR(Fbvw(dR))

and
H/H4 :> Lie 7T1’dR(M()’4, w(dR))
This implies that H — Liem gr (Mo n,w(dR)) is an isomorphism.

5.4. Tangential basepoints on M4 and M 5.

(i) Basepoints on My 4. First consider basepoints on X := P!\ {0,1,00}. For
i,j € {0,1,00} let ¢;; denote the unit tangent vector at the point ¢ that points in
the direction from i to j. For example, to; := d% at 0, tig := —% at 1, togo := zzd%
at oo etc. The following claim will be useful in defining tangential basepoints on
the configuration spaces.

Claim 5.4.1. For any o € Aut(X) and any i,j € {0,1,00}, d(0)(tij) = Lo(i)o(j)-

Proof. Explicit computation. O

This defines tangential basepoints ¢;; on My 4, well-defined up to multiplication
by T1,fori,j € {0,1,2,3}, with i # j, in the following manner. Take k € {i,5}. Fix
any isomorphism « : My 4 — X, and any bijection « : {0,1,2,3}\ {k} — {0,1, c0}.
Let k&' € {0,1,2,3} such that {k,k'} = {i, 4}, and {a, b} = a({0,1,2,3}\{7,j}) Then
define {*t;;} = {((dv ™ aw)) Eatra) (@7 aw)) Tayp)}- The claim above
shows the well-definedness of the ¢;; up to sign. Note, for example, that {Tto} =
{Tt93}. We will never fix the choice of signs since this is unnatural and will not be
necessary.

(i1) Basepoints on My 5. We will define tangential basepoints on Moﬁ at the
points To1,23, £01,34, 12,34, Toa,12 and T4 23 Where by x;,:, i, ;, we denote the point
in Mof) defined by x;, = x;, and z;, = xj,. Let m; : Mof) — MOA denote the map
that sends [xg, -+, @+, 4] to [Toy -+, &iy o0, T4a].

Claim 5.4.2. Let0<iy <ip <4 and0 < g1 <j2 < 4 such that {il,ig}ﬁ{jl,jg} =
(. Then the subset {t|Vk € {i1,ia,j1,52},dmi(t) € {Ttap|0 < a,b < 3}} of the

tangent space T, My 5 has exactly four elements. The elements of this set,

i1%2,J152
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considered as a subset of TiyiyininMos = NDn'iz/WOj &) ijm/ﬁm5 are the pairs
(v, w) such that (d(x,/x;,),v) = T1 and (d(zj,/z5,),w) = 1.
Proof. Elementary computation. O

Let ti,4,,5,5, be one of the tangent vectors at i, j,j, as in the statement of
the claim. There are four different choices. However, in the crystalline setting, the
choice between these four points will not be important since in the normal bundle
decomposition the different choices differ only by multiplication by 1. Again we
are not fixing these choices.

6. P-ADIC INTEGRATION

Our main references for p-adic integration are [5], [32], and [3]. From now on we
will restrict to the case k = IF, and hence also to W = Z,. Let X, D etc. be as in
§2.4. Let Pyr := Pyr(%X,/Qp) denote the de Rham fundamental groupoid of X,,/Q,
(Définitions 10.27, [7]). Through the use of the canonical extension (§2.2.4), the
fundamental groupoid naturally extends to a scheme P4 affine over X, x X,), whose
fiber , Py, over a point (y,z) € X, x X, represents the functor Isomg (w(z),w(y))
of isomorphisms from the fiber functor w(x) to w(y).

The equivalence Micyn, (X,/Qp) ~ Isoclm- (%X5/Z,) and the frobenius functor on
the second category induce a morphism

(601) Ey: UnPdR,Fn - ‘)nPdR’Fn’

for r,n € X(Z,). Similarly, if r,y € ©(Z,) and v € Ngr/i(x), u€ N;q/g(g) then
depending on these tangential basepoints (§3.3), we have a morphism

(602) F, : Unﬁdexn — Un?dR»In'

6.1. The frobenius invariant path. Let Q, ;; denote the ring of polynomials
Q,[l(p)], where I(p) is a formal variable. In this context, one should think of I(p) as
(a multi-valued) logp. If D(1,17) denotes the open p-adic disc of radius 1 centered
at 1 then logz : D(1,17) N Q, — Q, extends uniquely to a homomorphism log z :
Q;, — Qp,st such that logp = I(p) (cf. 1.14, [32]).

There is a unique path that is left invariant by (6.0.1). Namely, Vologodsky [32],
extending the work of Coleman [5], Colmez [6], and Besser [3], shows (§4.3 and §4.4
in [32]) that:

Theorem 6.1.1. For z,y € X,(Q,), there is a unique path ycy € yPar+(Qp st)
such that

(6.1.1) Fo(yCa) = yCo-

Remark. For t,9 € X(Zy), and = := 1,y := 0y, yCo € yPir,2(Qp). In this case,
F, is defined over Q,. Projecting ,c, via the morphism Q, ;s — Q, that sends I(p)
to 0 and using the uniqueness in the statement of the above theorem, we see that
yCa is, in fact, defined over Q.

Ezample. (i) We will describe the frobenius invariant path on G,,/Q,. By
Lemma 4.1.1, (2.2.4) and (2.2.3), Micyuni(Gy/Qp) = Tuni- With this equivalence
yCz assigns an automorphism of Vo, ., 1=V ®q, Q. to every pair (V, N) in Typ;.

If 2,y € G,,(Qp) are two points with the same finite reduction let ,par, denote
the path that corresponds to the parallel transport along the connection. Then

ypar, (V. N) = exp(log(y/z)N) : V — V.
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If the points do not have finite reduction then we need the construction in §4
of [32] to construct the parallel transport. Suppose that x and y have reduction
zo € {0,00}. For (E,V) € Micyni(Gm/Qp), let Egpys denote the corresponding
unipotent log isocrystal on IF’llo , and VU (Eepys) denote the unipotent nearby cycles
of Ecrys (3.4, [32]) at xo.

Then the parallel transport on (E, V) from z to y is given by the isomorphisms
(4.4 in [32]):

E('/I;)Qp,st = \Pg:(Ecrys)Qp,st = E(y>Qp,st'

Following these isomorphisms gives:
ypar, (V. N) = exp(log(y/z)N) : Vg, ., = Vg, .-

Let ycg, for any x,y € Q, be given by the above formula. We would like to show
that ,c, is fixed by frobenius. If F is a lifting of the frobenius to P%p with the
property that F*((0)) = p(0) and F*((00)) = p(o00). In order to fix the choices
let F(z) = 2P. The residue of F*(E,V) at 0 is p times the residue of (E,V) at 0.
Therefore F* sends (V, N) to (V,pN).

For any path v, from z to y,

F*(y'Yz) = ybal'r(y) - f*(ylyzr) © F(z)pary.

Then we have

Fo(yer)(V,N) = (ypar]:(y) “Fil(yCa) - .F(x)parz)(‘/a N)
= exp(log(y/y?)N)exp(log(y/z)pN)exp(log(x? /x)N)
= exp(log(y/z)N)
= 4c:(V,N).
Hence

yCae(V, N) = exp(log(y/x)N) : Vo, .. = Vo, .-
(#) The same kind of reasoning gives the frobenius invariant path on (G,,)™ x

(AY)"2. First note that Micyn;((Gm)™ x (A1)™2) 5 Ty, uni. With this equivalence
the frobenius invariant path ,c, from

@ = (21,82, Tryry) € (G)™ % (A)2)(Qp)
to

Y= (Y2, Yrirs) € (Gm)™ % (A1)2)(Qy)
is given by

sCa(V. N1+ Ny, ) = expllog(2-)Ny) - exp(log(£2 ) Np) - exp(log(2-) N, )
X1 X9 Ty

as an automorphism of Vg, _,. O

There is a unique path ,¢, satisfying (6.1.1) even when w and v are tangential
basepoints. The proof of Theorem 19 in [32] extends to this case to show the
existence and uniqueness of ,c,. We will give an explicit description of this path
below, which implicitly shows its existence and uniqueness in the case of tangential
basepoints.
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6.2. Description of the limit of the frobenius invariant path. In order to
describe the path ,c, when u or v is a tangential basepoint, we can choose an
ordinary basepoint ¢ and note by the uniqueness that ,c, =,c, - (vcy)’l. Therefore
it suffices to describe ,c, when y is an ordinary basepoint and v a tangential
basepoint.

Let X,D etc. be as in the beginning of this section; ¢ € D(Z,). Assume that

u € N ; Vs (ry), which is not necessarily of finite reduction with respect to the
n n

given model. B
Let U C V(N4 /%(x)), be arigid analytic polydisc around zero; ¢ : Ujog — X 10g
a rigid analytic map as in §4.2.2. Recall the pull-back to the tangent space functor

©" : Micuni (Xy/Qp) — Micyni (V(Ni)/?(?))losi,n/@p)

in §4.2.1. The rigid analytic description of ¢* in §4.2.2 implies that if (E,V) €
Micyni (%,/Qp) and ¢ is as above then the restriction of

Y (E, V) € Micuni(Uiog/Qp)

to Micyni(010g/Qp) is canonically isomorphic to the restriction of

©*(E,V) € Micyn; (V<N©/¥(I))l09,n/(@1))
to Micyn; (Olog/Qp)-

Lemma 6.2.1. There is a polydisc U° C U such that the restrictions of ¢*(E, V)
and Y*(E,V) to Uy,, are canonically isomorphic.

Proof. Because of the above isomorphism on the restrictions

90*(E7 V)|Olog - "/}*(E7 v)|0log

to Oj0¢; and the equivalence of categories

Micyn; (V(NQ/i(I))log,n/Qp) — Micyni (Olog/(@p)

by Lemma 4.1.1, to finish the proof of the lemma it suffices to show that there is
a polydisc U° C U such that (E,V)|ye is in the essential image of the restriction
functor

Micuni (V<N©/§(?))log,n/(@p) — Micun; (Z/[l(z)g/@?)'
This follows immediately from Lemma 1 in §3.2 of [32]. ]
Therefore

(p*(E,V))(e) is canonically isomorphic to (¢v*(F,V))(e) = E(y(¢))
for all e € U° \ (D (y))y-
Notation 6.2.2. For e sufficiently close to 0 in V(Ng 5(x))y \ (D(r))n let

V(W) y(e) (B, V)
denote the above isomorphism
E(p(e)) —— ¢*(E,V)(e)(= E(x)),

for (E,V) € Micyni(%X,/Qp).
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Notation 6.2.3. Fory e D(Z,), u € N,;"/?” (ry), y € X,(Qp), and z := ¢, we let

uE('(/))y € uﬁdR,y (Qp,st)

denote the isomorphism between the fiber functors w(y) ® Qp o and w(u) @ Qp o on
Micyni (X,/Qp) given by the limit

sliﬁ%)(uca' Y W)pie) * w(e)Cy)s

over ¢ € U\ (D(y))y, where yc. denotes the canonical frobenius invariant path
satisfying (6.1.1) between & and u in V(Ng 5(2))n \ (D) )y, and (o cy denotes the
similar crystalline invariant path between y and () in X,,.

6.3. Well-definedness of ,¢(¢),. Several remarks are in order to explain the
definition and notation above. The question of the existence of the limit in Notation
6.2.3 above is completely local. Therefore we will assume without loss of generality
that
Y Upy € D(0,17)5,, — D(0, 1_)709 € Xn,log

is a closed immersion of logarithmic analytic spaces, where both spaces are endowed
with the log structures associated to the divisor z; - - - z,. = 0, and D(0,17)™ reduces
to a single point (namely the reduction of r) in the special fiber. Furthermore

¥(0) =0 and —iel+m0, for 1<i<r
Zi

with ¢ := (¢1,--+ ,%,) and mg, the maximal ideal in the local ring at 0. Again,
without loss of generality, we will assume that (£, V)|p(o,1-)» is the vector bundle
with connection associated to a vector space V and r commuting nilpotent operators
Ny, -+, N;.. Therefore we will view every path as an automorphism of Vg, _,-

Note that for any aq, as € X,(Q))

uCe * 5'7("#);[1(5) *p(e)Cas = ule - E,Y(d])’lb(b:) * Y(e)Car * a1Cas
therefore when trying to prove the existence of
gi_rf(l)(uce . EV(QZ})w(E) . w(s)cy)
we will assume without loss of generality that y € D(0,17)". Let y := (y1,*** , Yn),
w:=(up, - ,u.) and € := (g1, - ,&).
Lemma 6.3.1. Using the notation above,
E’Y(w)’l[}(é) : VQp,st = T/)*(E)(E)Qp,st — SO* (E’ V)(E)Qp.st = VQp,st
is given by
€i

1£IST€XP(N1‘ 10g(m)),

for e sufficiently small.

Proof. Because of the assumption on v, the expression in the statement makes
sense for € sufficiently small, and is the identity map at 0. By direct computation,
one checks that the map induces a morphism of vector bundles with connection:

w*(EaV) = w*(‘/aNla' e 7NT) - (MNL T ’NT) = (P*(E’V)
which is the identity map at the origin and hence is the unique such map y(¢). O
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Because of the computation of the frobenius invariant path on (G,,)” in the
example following Theorem 6.1.1 and on small discs using the unipotent nearby
cycles functor, the limit that we are interested in is

Elgr%)( H exp(NilogZ—:). H exp(V; IOg(z/)j(Zg))) H exp(N; log 1/]2(15)))
1<i<lr 1<:i<r 1<i<r
Uq
= H exp(NV; log(—)).
1<i<r Yi

Therefore the path (1), is well-defined.

6.4. Frobenius invariance of ,¢(¢),. We would like to show that ,¢(¢), is
invariant under frobenius. Since

ué(w)a = uE(d))b * bCa
and
F*(ué(w)a) = F*(u6(¢)b) : F*(bca) = F*(ué(lp)b) * bCas

we will assume without loss of generality that we are in the local situation above
with y € D(0,17)".

Let F be a local lifting of frobenius to X/Z, near r. Choose local coordinates
as in §6.3 with the additional property that F(D(0,17)™) C D(0,17)™. Let P(F)
denote the principal part of F as in §4.1.1.

Then by the definition of the frobenius action, for (E, V) € Micy,i(%X,/Q,) and
(V,Ny,- -, N,) associated to that as in §6.3,

Fo(uey)(E,V) = uparP(]—‘)(u)(‘P*(EvV)) (uly)(F(E,V)) - ].-(y)pary(E,V),

where on the right hand side of the equation the first par denotes parallel transport
along the connection on V(Ngp_ /% (r)), \ (D (y))n and the second one denotes parallel
transport along the connection on X,. We temporarily omit 1) from the notation.
For ¢ sufficiently small we know that, by §6.3,

uéy(]:*(Evv)) = (uCe- eVy(e) w(s)cy)(]:*(Evv))
uCe(@"(F(E,V))) - v (F(E, V) - y(e)cy(F(E,V))
= wCe(P(F)(¢"(E, V) - o) (F(E, V) - ye)cy(F(E,V)).
The frobenius invariance of ,c. implies that

uce(p™(E,V)) =

uPAp () () (P (B, V) - uee(P(F) (0" (E,V))) - pF)epar.(¢"(E,V))
and the frobenius invariance of )¢, implies that

w(e)Cy(E, V) = yeyparz(ye)) (B, V) - ye)cy (F(E,V)) - 7par,(E, V).
Putting these together we obtain

F*( uéy)(Ea V) = uce((p* (E7 V)) . EparP(]-')(E) (%0* (E7 V)) CeVp(e) (‘F* (Ea V)) ’
F(e)Parye) (B, V) - y(e)cy (B, V).
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Lemma 6.4.1. The isomorphism

Yoo (F (B, V) : Vo, ., = E(F (), = ¢ (F(EV))(E)a,. = Vo,.

is given by

P(F)i(e)
exp(N; log(——"-)),
1§Higr (Fo1h)i(e)
where
P(F)() = (P(F)i(e), -+, P(F)r(e))
and
Foi(e) = ((Fop)i(e), -, (For)nle)).
Proof. Note that if F = (Fy,- -, F,), then we have f—p = a;+mg for some a; € Q;;,
for all 1 <4 < r. We have P(F)(z1, - ,27) = (12}, -+ ,a,2P) and f— € 14 m,.
Putting all of these together we see that
P(F)i
————c1 .
(.7'-01/1)1' el+mg

This implies that the map in the statement above makes sense for e sufficiently
small.

Note that ¢*(F*(E,V)) is the vector bundle with connection associated to
(V,pNy, - ,pN,). In other words it is

(V®g, O,d— Y pNidlog(z)) = (V ®g, O,d— Y Ndlog(P(F)y)).
1<i<r 1<i<r

It can now be checked easily that the above defined map gives an isomorphism
V*(F*(E,V)) = ¢*(F*(E,V)), which is the identity at the origin, and hence is
the map ~ as in the statement of the lemma. (]

Now the lemma above gives

Parp £y () (P (B, V) - Yy (F(E, V) - Fpe)Parye) (B, V) = vy (£, V)
and hence
Fo(uey) (B, V) = wee(@™(E, V) - ch(e) (B3 V) - )¢y (B, V) = w8y (B, V).
This finishes the proof of the frobenius invariance of ,¢,.
Corollary 6.4.2. The path ,¢y(1) does not depend on 1.
Proof. Let v’ be any other map as above that satisfies (4.2.2), (4.2.3), (4.2.4) and

(4.2.5). The frobenius invariance above gives

Fu((ue@')y) ™" - we@)y) = Fulut(®)y) ™" - Fulue(®)y) = (we(®')y) ™" - ue(®)y-
Therefore (,c(¢),) " - 4¢(¢),, being the frobenius invariant path from y to y, is
the trivial path. O

Notation 6.4.3. We let ,c, = ,¢(¥)y for any ¥ as above. And if u and v are
any two tangential basepoints we let ¢, 1= yCy - yCy for any basepoint y.

Corollary 6.4.4. The path ,c, described above is the unique frobenius invariant
path from v to u.
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Corollary 6.4.5. Let (X/Z,,D) be as in the beginning of §6. Let r,y € D(Z,) and

X X

Then the path
u, Co, € u,,PdR,u,, (Qp,st)
is in fact defined over Q.

Proof. The proof is exactly as in the remark following Theorem 6.1.1. We only
need to remark that when the tangential basepoints have finite reduction as above
then F) is defined over Q. O

6.5. Alternative description of ,c,. Let the notation be as in §6.2 with y €

X(Zy), r € D(Z,) and u € Ngx/i(;); T =1y, y =9, and u := u,. Given a Q-

vector space V' and an operator T': Vg, ., — Vg, .., let T:V — V denote the map
induced by T on V = Vg, ., /l(p)V, .- Let (E,V) € Micyni(%,/Qp), ¢ and U° be
as in §6.2.

Let

o (’(/)*E>|uo — E(.’I}) ®QP Ouo

be any isomorphism of the vector bundles, such that «(0) is the identity map.

Consider the following composition

a(pu) - ypruy (B, V) B(y) = BE((pVu)) — B(x).

Lemma 6.5.1. With the notation as above,

ngnooa(pNU) : w(pNu)éy(Ev V) = ucy(Ea V)

Proof. The existence and the value of the limit on the left side of the equality is
independent of the choice of a with the property that «(0) is the identity map.
Below we will show the equality in the statement of the lemma for a specific choice
of a.

We know, by Lemma 6.2.1, that there is an isomorphism

(B, Ve = (B, V)|ue
which is the identity map on the fibers at 0. Let
o w*Eh/[o — E(l‘) ®qQ, Oyo

denote the underlying isomorphism of the vector bundles. We will use this choice
of a below.
Then for N sufficiently large, by the definition in §6.2, we see that

uy(B, V) = uepmu (9" (B, V)) - a(p™u) - ypvuwey (B, V).
By the finite reduction assumptions on y and u, Corollary 6.4.5 implies that
uey(E,V) 1 E(y)g,.. = E(@)g, .,
is in fact induced from a map from E(y) — E(z), i.e.
uCy(E, V) = ¢y(E,V) ®idg, ,,-
We will suppress the symbol idg, ,, from now on. Therefore we have

wCy(E,V) = wCy(E, V) = uépn, (9" (E,V)) - a(p™Nu) - B(pNuw)Cy (B, V).
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By the computation of the frobenius invariant path in GJ, in the Example in §6.1,
we see that if ¢*(E, V) corresponds to the vector bundle with connection on G!, ~

V(N@F/g)77 \ (D(y))n associated to (E(y), Ni,---, N;) then
wepvu(* (B, V) =[] expllogp™)Ni) = [] exp(=Ni(p) - V),
1<i<r 1<i<r
and
(" (B, V) = id.
Hence for N sufficiently large
a(pNu) “P(pNu) éy(Ea V) = ucy(E» V),

for this special choice of «, which proves the lemma. We emphasize that for a
general « one needs to, in fact, pass to the limit. ([l

6.6. Description of ,c, using the de Rham fiber functor. Use the above
notation, but with the additional assumption that H'(X,,0) = 0. Note that in
this case if s is any (tangential) basepoint, there is a natural isomorphism from
w(dR) to w(s). Denote this by se(dR),(qr), its inverse by ,ar)e(dR)s, and let
te(dR)S = te(dR)w(dR) . w(dR)e(dR)S.

Lemma 6.6.1. With u, y and 1 be as in §6.5, the path
w(dR)e(dR)u " uCy - ye(dR)w(dR) € Wl(xnaw(dR))
is equal to the limit
1\}13100 w(dR) €(AR) ppN ) * p(pNu)Cy * ye(dR)w(dr)-

Proof. Let (E,V) € MicCyni(%X,/Qp). Then the expression in the limit evaluated at
(E, V) is the automorphism of I'(X,;, E) that is the composition of the isomorphisms

P&, B) —— E(y) % BpNu) —— T(E,,B),

where the first and the last isomorphisms are the ones induced by the canonical
isomorphism

E —"— I(X,,E) ®q, O, -

Letting for a : *Elye — E(z) ®q, Oye, following the notation in §6.5, the com-
position

(B(x)~" @ (id)) o ¥*(B)
the expression in the limit evaluated at (E, V) takes the form
w(dR)e(dR)u : a(pNu) . z/)(pNu)coy(Ea V) : ye(dR)w(dR)-

Then the statement follows immediately from Lemma 6.5.1. (]
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6.7. Change of tangential basepoints. In order to see that changing the tan-
gential basepoints by multiplication with roots of unity have no effect in the crystalline-
de Rham theory, we need the following lemma.
If
X _ X
w e N@y/i(?) - H Ngl/g(l)y

1<i<r
where ©;, for 1 < ¢ < r, are the components of ® passing through r, let w :=
(wy,- - ,w,).
Lemma 6.7.1. With notation as above, if u,v € NDX /g(;) is such that v;/u; € Z)

r

is a root of unity for every 1 < i < r then

vCy = uCy-

Proof. First, note that if (E,V) € Micyni(%X,/Qp) then ,cy(E,V) and ,cy(E, V)
are both isomorphims from E(y)qg, ., to E(z)q, .,
The local description of ,,¢, and , ¢, by using a map v and the local rigid analytic

trivialization (E(x), N1,---,N,) of (E,V) as in §6.3 gives immediately that

Vi
vCy = H exp(log(J)Nz) * uCy-

1<i<r

Since log(¢) = 0, if ¢ is a root of unity, the statement follows. a

6.8. p-adic multi-zeta values. (§4.3, [31]) For a smooth variety X/Q, and a
(tangential) basepoint x on X, let Uyr (X, ) denote the universal enveloping algebra
of the Lie algebra Lie my 4r(X, z) and Uyr (X, z) denote its completion with respect
to the augmentation ideal (8§4.2, [31]). It is a co-commmutative Hopf algebra and
its topological dual is the Hopf algebra of functions on m1 4r(X, x).

From now on, let X/Z, be G, \ {1}/Z,, X = P! and X := X,;. Let eo, 1, and
eco € Liem qr(X/Qp,to1) denote the residues corresponding to the points 0, 1,00
in X respectively (§5.3). Then Lie 1 4r(X,to1) = Lie ({eo, €1, €x0))/ (€0 + €1 + €c0)
(§4.3, [31]) and Uyr(X, to1) is isomorphic to the ring of associative formal power
series on eg and e; with the co-product A given by A(ep) = 1® ey + ¢o ® 1, and
Ae1) =1®e1 + e1 ® 1. By the duality above, Q,-rational points of w1 qr(X,t01)
correspond to associative formal power series a in eg and e; with coefficients in Q,,
whose constant term is 1 and satisfies A(a) = a ® a.

We let
g = tole(dR)tloF*(tloe(dR)tm) € 7Tl,dR(‘Xa t01)(Qp) c Qp<<607 €1>>.
Using this series, we define the p-adic multi-values (,(sg, -+ ,51) as
glegter - ef T len] = p= i Gp(sk, ey 81).

In turn, these values determine g.

7. DRINFEL'D-ITHARA RELATIONS

In this section, we prove that the series g satisfies the Drinfel’d-Ihara relations.
These, of course, imply relations on p-adic multi-zeta values. The most tricky
relation is the 5-cycle relation whose proof constitutes most of the section. We
start with the 2-cycle and 3-cycle relations.
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7.1. 2-cycle relation. Letting v := ¢, e(dR);,,, and
g:=g(eo,e1) =77 - Fu(7) € Qp{{en, 1)),

we would like to see that

(7.1.1) gle, e0)g(eo, e1) = 1.
Let 7 be the automorphism of X that maps z to 1 — z. Then

T(to1) = tio, (V) =7 Tuleo) = v e1 -y, Tlen) = v ey
We have

! Te(g(eo, €1)) = (v ™) - T (Fuy)

(YY) Fu(n(0) =7 F(v7).

v-g(e1,eo) -y

Therefore

gler,e0) = Fu(y™1) -y = gleo, )"
7.2. 3-cycle relation. In this subsection, we will prove that
(7.2.1) 9(ecos€0)g(er; exo)g(eo, €1) = 1.

Let § := ¢_,e(dR)ty,, 7 := ¢, €(dR)t,y, and g :=17 -7 = ¢, __e(dR)s,, -
First note that:

Lemma 7.2.1. F.(r) =r.

Proof. Note that t1¢ ind t100 are both tangent vectors at 1 with the property that
t100o = —t19. Let T1(X) denote the tangent space of X at 1. By the definition of
the frobenius action on tangential basepoints, all we need to show is that if

r':== _je(dR),
denotes the de Rham path from 1 to -1 in G,,, ~ T1(X) \ {0} then
F.(r')y=1".
Given
(E,V):=(V®q, O0,d— N%) € MiCyni(Grn/Qp),

where N is a nilpotent operator on V, and let F(z) = 2P be the lifting of the
frobenius on the special fiber to the (log) compactification of G,,/Q,,

E.(r")(E,V) = _iparg_q)(E,V)- F(r')(E,V) - zqypar(E, V)
— exp(log(—1)"1) - N) = idy,
since log(—1)?~! = 0. This proves the claim. O

This implies that

qil F*(q) = 771 'Til F*(T) F*(’Y) = 771 ’ F*(’}/) =9

Let w be the automorphism of X that sends z to i Then

w(t01) = tlooa w(tloo) = tooOa
6 =ws(q) g
w*(eo):q-el-q_17 W*(el):q'eoo'q_17

w2(eg) = w?(q) - en - w2(q), wi(er) =wl(q)”"-eo-wi(q).
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Applying frobenius to

we obtain
1 = w(Feq) - wi(Fuq) - Foqg = W2(Fiq) - wu(Feq) - (g-q7") - Fug
= W(F.q) wi(Fuq) q-g=wl(Fuq) - wi(q) wilqg" - Fuq)-q-g
= WX(F.q) wi(q) welg)-q-g
= Wi(F.q)-wilq)-q- (" wilg)-q) - g
= W) wig " Fg) Wi (g wilg)q) - g
= (Wig)-wi(g) wie)™") (¢ wilg)-a) g

= g(ecsse0) - gler,ex) - gleo, e1).

7.3. 5-cycle relation. In this section, with notation as in §5.3, we will prove the
5-cycle relation

(7.3.1) g(eas, esa)g(ean, eo1)g(eiz, e23)g(esa, es0)g(eo1, e12) = 1.

7.3.1. The description of sc;. We will use the identification
(7.3.2) Mos =~ (G \ {112\ {(21, 22)|2122 = 1} C A%

We will start this section by expressing the frobenius invariant path sc; on My 5
from ¢ to s, where t is the tangent vector (1,1) at the point (0,0) and s is the
tangent vector (—1,1) at the point (1,0), where to specify tangent vectors we use
the identification of the tangent space of any point in A? with AZ.

By Lemma 6.6.1, using the obvious choices for ¢'s, we see that

(7.3.3) w(dr)€(dR)s - sct - te(dR)y(ary € ™1 (Mo 5, w(dR))
is equal to
(7.3.4)  lm_@rye(dR)a—pn pv) - (1-p% %) EN )+ oV ™) E(AR)w(ar)-
Let Xy := A\ {0,1,p7 N}, and iy : Xy — My 5, the inclusion that sends 2 to
(z,p"™). The exact sequences of de Rham fundamental groups:
(7.3.5) 1 = m(Xn,wir) = m(Mos,war) = m1(X,war) — 1

given by Lemma 5.2.3, canonically identify the 7 gr(Xn,w(dR))’s for all N. Note
that Lie m1 4r(Xn,w(dR)) = Lie ((eo, 1, e,-~)) and the identification between the
fundamental groups for varying NN is the obvious one. We will denote the image of
ep-~ in this identification by e,-o, in order to emphasize its independence of N.

Let ¢(Xn) denote the frobenius invariant path on X . We have by functoriality
iN,*( 1—pNCpN (XN)) = (1—pN ,pN)C(pN pN) and hence

iN,*( w(dR)e(dR)lpr . lprépN (XN) : pNe(dR)w(dR))
is equal to
w(@r)€(dR) (1-p~ p~) + (1-pN pM)EpN p) - (pN p)E(AR)ws(ar)-

Therefore in order to compute (7.3.3), using (7.3.4), we have to compute the limit
of the paths y_,~¢é,~ (Xn), viewed as group-like elements in Q,((eo, €1, €p-oc)) :
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Proposition 7.3.1. Viewed as an element of Q,((eo, e1,e,-)), the limit
1\}51100 w(dR)e(dR)l—pN ' 1—pNépN (XN) : pNe(dR>w(dR)a
in fact, lies in Q,((eo, €1)).

We will postpone the proof of this proposition to the end of this section, after
first making some remarks on Coleman integration which will be needed in the
proof. Let ¢ denote the limit in the statement above. In the course of the proof
we will omit the concatenation of paths with .e(dR)yar) O war)e(dR). from the
notation, for simplicity.

If m:=e;, e, with e;, € {eg,e1,e,-}, we need to prove that if m includes

ep— as a factor then c[m] = 0.

Lemma 7.3.2. In order to prove Proposition 7.3.1, it is sufficient to show that
c[m] =0 for any m which ends with e,-o.

Proof. Note that Q,((eo, e1,ep-)) is a complete Hopf algebra with the co-product
given by
Ale;) =1®ei+e;®1, for e; € {ep,e1,€p-},
and c is group-like, i. e., the constant term of ¢ is 1 and
(7.3.6) Alc)=c®ec.

Now suppose that we know that c[mge,-~] = 0, for every monomial mg in the
e;’s. Assume that c[m’e,-«~m"] = 0, if the length of m” is less than or equal to n.
In order to show that c[m’e,-«m"] = 0 for m” of length n + 1, let us look at the
coefficient of (m/e,-«) ®m” in (7.3.6). This coefficient is c[m’e,-«] - c[m”] = 0 on
the right hand side. On the left hand side, it is the sum of c[m'e,-~m"] and of
terms of the form c[mie,-«msy] with length of my less than n 4 1, and hence equal
to 0 by the induction hypothesis. Therefore c[m’e,-~m] = 0. O

7.3.2. Coleman integration. Given z € Xn(Q,) consider the fundamental torsor of
paths . Pir - (Xn) from z to a variable point. The frobenius invariant path .c;(Xn)
is a section of ,Pyg (X n) which induces the frobenius invariant path .¢,(Xx) of
Besser [3] corresponding to the branch of the logarithm with log(p) = 0. For each
y we view ,Pir »(Xn)(Q,) inside Uir(Xn,w(dR)) = Qp((eo, e1,€,-)), using the
usual identification of (tangential) basepoints with the de Rham basepoint.

Note that if we fix a monomial m as above, then we get a map from the underlying
analytic space Xy qn of Xn to C, given by
which is only locally analytic. Since the section ¢, is frobenius invariant by con-
struction, the map .¢,(Xn)[m] is induced by an abstract Coleman function in the
sense of Definition 4.1 and Definition 4.10 of [3]. Let us clarify this below.

Let D(a,r) and D(a,r~) denote, respectively, the closed and open discs of radius
r around a and, for 0 <r < 1, let

U, := D(0,1/r)\ (D(0,7~) U D(1,77)).

Then following the notation of Besser [3], the proof of (Theorem 5.7, [3]) implies
that there is an 0 < r < 1 such that the restiction of .é,(Xn)[m] to U, gives
an element in M (U,.), the ring of functions on U, which was originally defined by
Coleman in [5]. Some of the properties of M (U, ) is that:
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(i) for every f € M(U,), there is a ¢ € M (U,) such that dg = fdz;

(ii) if g € M (U, ) satisfies dg = 0, then g is constant.

(iii) if f is a rigid analytic function on U, that does not vanish on U then
log(f) € M(U,) (here we fix the branch of the logarithm with log(p) = 0, (p.40,

31)-

Hence for any « € U, and f € M(U,), the notation f* fdz can be defined as the
unique function g € M(U,) as in (i) above with the properties that dg = f dz and
g(x) = 0. As usual one defines the iterated integral

Y
/ fndzo - -0 fodz o frdz
for f; € M(U,) inductively as,
Yy t
/ fndt - (/ fno1dzo---0 fodz o fldz).

Lemma 7.33 Let m := e; ---e;,e; be a monomial. If i € {0,1,p~°°}, let

Wi N =W = sz—OlandwpooN:Z‘;zNonXN Then on Xy,

zz’
Y

yér(XN)[m] :/ Wi, N O OWj, N OWi N
T

for x,y € U,.

Proof of the lemma. Fix z € U, and think of both sides as functions of y. Since
both sides are in M (U,.), to see the equality one only needs to check that they have
the same derivative because of the property (ii) above, which is easy to check for ¢
is locally nothing other than the parallel transport. O

Let D(a,r],ry ) denote the open annulus around a of points z such that r <
|z —a| < ro. If A(D(a,ry,r5)) denotes the space of rigid analytic functions on
D(a,ry,ry ), let

Alog(D(a,ry 15 )) := A(D(a, 1,75 ))log(z — a)],
the polynomial ring in log(z — a) over A(D(a,r; ,75 )). This ring has the following
property: if f € A(D(a,r{,75)) such that f does not vanish on D(a,r{,75 ) then
log(f) € Aiog(D(a,r7,75)), (Corollary 2.2.a, [5]).

By the local description of the frobenius invariant path that we gave in Example
(i) of §6.1, if we fix x and consider ,é,(Xy)[m| as a function of z € D(1,07,17)
then it is an element of A;o4(D(1,07,17)). By the rigidity of rigid analytic functions
the restriction

Apog(D(1,07,17)) = Aig(D(1,77,17))
is injective. Therefore the restriction of ¢, (Xn)[m] to D(1,07,17) is completely
determined by its restriction to D(1,r77,17) C U,.. Since we know that the restric-
tion of .é,(Xn)[m] to U, is given by the iterated integral in M (U,) as above, this
idea gives a way to compute ¢, (Xy) for z € U, and z as close to 1 as desired.

Applying the same argument to ,.¢,,(Xx) for w close to 0, using the injection

Aog(D(0,07,17)) = Ajog(D(0,77,17))

gives a way to compute ,¢,(Xn). Using the fact that .¢.(Xn) - 2¢w(Xn) =
2Cw(X ) this gives a way to compute ,¢,, (X ) for z near 1 and w near 0.

We will now apply this idea to compute the limit of ;_,~¢é,~(Xy), which we
denoted by c.
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Let m =e;, ---ej,e;,. Then

Yy
o (Xn)fim] = / Wi N O+ O Wiy N O Wiy N
T

for x,y € U, as in the lemma above. We continue to denote the unique extension
of this iterated integral, which satisfies the logarithmic singularities condition near
0 and 1 above, to D(0,1/7) \ {0,1} by the same notation. Then the expression of
yCx(Xn)[m] as an iterated integral is valid for all z,y € D(0,1/r) \ {0,1}.

Notation 7.3.4. For ¢ € A(D(0,1/r)), the ring of rigid analytic functions on
D(0,1/r), and « € D(0,1/r) we let P,(p) € A(D(0,1/7)) be the unique primitive
of ¢ with Py,(p)(a) = 0.

We will need a couple of lemmas to finish the proof of the proposition.

Lemma 7.3.5. Let (¢on(2)) be a sequence of functions in A(D(0,1/r)), which is
uniformly convergent to 0 on D(0,1/r). Then the sequences

(Po(n)(2)), (M Palen)(2)

) P
for a = 0,1, are uniformly convergent to 0 on D(0,1/r).

z—p

Proof of the lemma. If f(2) = 2, 5¢an2" € A(D(0,1)), then suppg 1)l f(2)] =
max,>olan|, ([28]). Using this and noting that D(0,1/r) = D(1,1/r), easily gives
the statements above. O

Let us look at the following two statements that both depend on a nonnegative
integer k :

A(k): If (on(2)) is a sequence of functions in A(D(0,1/r)) which uniformly
converges to 0 on D(0,1/r) and if m :=e;, ---¢;, is any monomial in which e,
appears less than or equal to k—times then

and ( )

1

1—pN
lim wi, N O---ow; noen(z)dz=0.
N—o00 pN
B(k): If m := e;, ---e;, is any monomial in which e,-~ appears at least once
and less than or equal to k-times then
l—pN
li . B
NE’)IlOO N w1717N © owzlvN O’
ie. ¢[m] =0.
The proposition we are proving can be restated as B(k), for all k > 1. We will
prove this by proving the following three staments:
(i) A(0) is true.
(ii) A(k) implies B(k + 1), for all k£ > 0.
(iii) B(k) implies A(k), for all k£ > 1.

Claim 7.3.6. A(0) is true.
Proof of the claim. We will prove this by induction on the length of m, which

does not contain any e,-’s.
N
The m =1 case follows immediately from fplN_p on(2)dz = Py(on)(1 —pV) —

Po(on)(pY), which converges to 0 since Py(¢x) converges uniformly to 0 by Lemma
7.3.5.



Drinfel’d-Ihara relations for p-adic multi-zeta values 43

Let m = e;, - - - €5, not contain any e,-~’s, and asume that we know the state-
ment for m of length less than n. Then note that

l—pN 1—pN
/ Wi, © Wiy 0wy, © PN (2)dz = / Wi, © Wiy 0 (Wi, Py (0N )(2)),
pN pN
and using P,~ (pn)(2) = Py, (on)(2) + Po(on)(i1) — Po(on) (p™), the limit we need
to compute turns out to be

_ N _ N
/1 7 oo o Pulen)(2) 1-»

P

+(Polon) (i) — Poleon)(0™) / i, 00w

pN

Wi, © 2 .
N n 2 2 — i

The limit of the first integral as N — oo is zero by the induction hypothesis since
( Py (@IY)(Z) )

o is uniformly convergent to zero by Lemma 7.3.5. By the same lemma
_ N

the coeflicient in front of the integral fplN P w;, 0---ow;, goes to zero as well. So all

that remains is to compute the limit of the last integral. However by the description

of the limit of the frobenius invariant path in Lemma 6.6.1, we immediately see that

1—pN
lim / Wi, © 7" OWiy = t10Ct01 [m]7
N—o0 pN

where as usual 4 ¢, denotes the frobenius invariant path from the standard tan-
gent vector at 0 to the one at 1. O

Claim 7.3.7. A(k) implies B(k + 1), for all k > 0.

Proof of the claim. Let m := e;, ---e;,e;, be a monomial that contains less
than or equal to k + 1 e,-~’s. In order to show that c[m] = 0, we will assume
without loss of generality by the proof of Lemma 7.3.2 that e;, = e,--. Then
letting m = m/ey-o, and pn(2) = Z_pﬁ, which is uniformly convergent to 0 on
D(0,1/r) as N — oo, and applying A(k) to m’ and (pn(2)) proves the claim. O

Claim 7.3.8. B(k) implies A(k) for all k > 1.

Proof of the claim. Let m := e;, ---e;, be a monomial in which e,- appears
less than or equal to k times. We will prove A(k), assuming B(k), by induction on
the length of m. Let (pn(2)) be a sequence of functions in A(D(0,1/r)) uniformly
convergent to 0.

N
If m = 1 then the statement follows from fpll\?p on(2)dz = Po(en)(1 —pN) —

Po(en)(p")-
In general let m be as above. We are looking at the limit of

lpr
/ Wi, N O wi N o @n(2)dz.
p

N
If i; € {0, 1} then proceeding exactly as in Claim 7.3.6, using the induction hypoth-

_ N
esis and the fact that fple wi, N O -ow; n goes to 0 (because of B(k)) shows
the claim. Y
In case i1 = p~*° then fpl,;p Wi, N O -wi N O pn(2)dz =
N

17pN P 1-p
/ wi, o -owiy o (RPN 1y (o) (™)) [, wiavorow,
p

N zZ—=Dp pN

and exactly as above this goes to 0. O
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Proof of Proposition 7.3.1. The statement in the proposition is equivalent to
B(k) for all k. B(k) follows from Claim 7.3.6, 7.3.7 and 7.3.8. O
Since

A(Xn,w(dR)) = Qyl(eo, e1,ep))

and R
UX,w(dR)) = Qp((eo, €1)),

the obvious inclusion Q,((eo, e1)) € Q,({eo, €1, €p-)) induces a map
(7.3.7) iy i mar(X, war) = m,ar(X N, war) = T1,ar (Mo 5, War)-
We would like to stress that this map is not induced by a map of varieties.
Corollary 7.3.9. We have
(738) i*(WdRe(dR)tl() t10Cto1 t01€(dR)wdR) = wdRe(dR)S sCt te(dR)wdR'

In other words, sc; is the image of the frobenius invariant path between the tangen-
tial basepoints at 0 and 1 in X.

Proof. By Proposition 7.3.1, we see that the right hand side of the equation above
lies inside the image of .. If m : Mys — X denotes the map that sends (z1, 22)
to z1 then m, o i, is the identity map. Since m, maps s¢; to ¢,,¢t,,, the corollary
follows. O

Notation 7.3.10. Let Z = My 4 or Mys. If a and b are tangent vectors in the
standard compactification of Z, we let

b9a = wyn€(dR)p - Fi(pe(dR),) - 4e(dR)
Corollary 7.3.11. We have

WdR*

is (tmgtol) = s9t-

Proof. Because of the functoriality of g with respect to m : My s — X, as in the
proof of the corollary above, all we need to see is that the right hand side lies in
the image of ..

Using the description (7.3.2), let m3 : My s — X denote the second projection.
First, we would like to see that ;¢; maps to 1 under mg . : 71 qr(Mos,war) —
71,ar(X,wqr). Fix an Ny, and let ¢(Np) and s(Nyg) be the standard tangent vectors
at 0 and 1 on Xy, , that correspond to to; and t19 under Xy, C X. Then 7o ,(sg¢) =
724 (sGs(No) * s(No)It(No) * t(No)Jt) = to19pNo * pNoJtoy = 1.

Therefore, sg; € Qu((eo0,e€1,€p-oc)). Let €] := e(dR)w,p, - €i = wyp€(dR)¢. Then,
noting that pulling back by frobenius multiplies residues by p, we have

(7.3.9) F.(ep) = pej, and F.(e)) = (s9;)"" - pel - 591,

where ¢’ denotes the image of g under the obvious identification Q,((eg, €1, €p-=)) =~

Qp({€p, €1 €)—cc))-
On the other hand, by Proposition 7.3.1,

(7.3.10) sC; = te(dR)s ©sCt € QP<<6658/1>>v
and
(7311) F*(scé) = (Sgé)_l : SCQ'

Suppose that there is a monomial m such that (sg;) ™! [e},—m] # 0, and let m be
such a monomial of smallest length. Then F.(scj)le; -omo] # 0 by (7.3.11). On the
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other hand, (7.3.9) implies that Fi( sc})[e],-.mo] = 0. Therefore (sgg)’l[e;,xm] =
0 for every monomial m, and this implies that ( sg;)~! does not depend on € by
the argument in the proof of Lemma 7.3.2. This implies that ,g; does not depend
on e;_w and hence ,g¢ does not depend on e,-c. O

Using the notation in §6.8, the previous corollary can be restated as:

Corollary 7.3.12. Using the coordinates on Mys as in (7.8.2), let Dy and D,
denote the divisors on Mg s that correspond to zy = 0 and z; = 1, respectively.
Then

(7.3.12) s9t = g(epy, en,)-

7.3.3. Proof of the 5-cycle relation. Following the notation in §5.4, we choose tan-
gential basepoints t;,i, j,j, at Tijiy 515, o0 Mo 5. Notation 7.3.10 then defines ele-
ments:

(7.3.13) by kg trty Ttiyin.irie € TLdR(Mo5,w(dR)).

Lemma 7.3.13. The elements in (7.3.18) depend only on the points x;,i, j,j, and
not on the tangent vectors at these points.

Proof. If v and v are any two of the four tangent vectors above chosen at x;, i, j, j,
then u and v satisfy the hypothesis of Lemma 6.7.1 and hence we have ,c, =
2€(dR)y. This gives that Fi(ye(dR)y) = Fy(vCu) = vCu = ve(dR),, and hence

vGu = wyp€(dR)y - Fi(ve(dR)y) - we(dR)w,, = 1.

O
Because of the previous lemma, it makes sense to let
kika,lila9irio,gije *= thyko.tyio Jtivin iis-
Claim 7.3.14. We have
i1k2,j1j2 Giviz,j1j2 = g(ei1i2; ei1k2)'
Proof. Consider the isomorphism
2
Mos = (G \ {1})° \ {(21, 22)|2122 = 1},
given by sending the point which has representative {x;, , zi,, z;,, %y, Tk, } tO
(xil — Lip LThy — Tjy Ljy — Ljy Thy — xi2)
, .
Liy = Xjy  Tky — Tip Ljp = Tip  Thy — Ljy
Under this isomorphism ;, k, j, jo Giy 42,515 MAPSs to
59t = g(epy,ep,) = g(€iyiy; Cirky)-
O

If we apply F to the identity:
34,016(dR)o1,23 23,01€(dR) 40,23 40,23¢(dR) 40,12 40,12¢(dR)12,34 " 12,31€(dR)p1,34 = 1
and use Claim 7.3.14, we obtain the 5-cycle relation:

9(623, 634)9(640, 601)9(612, 623)9(634, 640)9(601, 612) =1
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