Cyclotomic p-adic Multi-Zeta Values

Sinan Unver

Abstract. The cyclotomic p-adic multi-zeta values are the p-adic periods of
71(Gm \ tas, ), the unipotent fundamental group of the multiplicative group
minus the M-th roots of unity. In this paper, we compute the cyclotomic p-adic
multi-zeta values at all depths. This paper generalizes the results in [7] and [8].
Since the main result gives quite explicit formulas we expect it to be useful in
proving non-vanishing and transcendence results for these p-adic periods and
also, through the use of p-adic Hodge theory, in proving non-triviality results
for the corresponding p-adic Galois representations.

1. INTRODUCTION

There are not many examples of motives over Z. The most basic examples of
such motives are the Tate motives. Another one is the unipotent completion of
the fundamental group of the thrice punctured projective line w1 (G,, \ {1},-), at
a suitable tangential basepoint [2]. In fact by a theorem of F. Brown, this motive
generates the tannakian category of mixed Tate motives over Z. The complex pe-
riods of 71 (G, \ {1},) are Q-linear combinations of the multi-zeta values given
by
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81,892, ,8k) = —_—
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for s1,---,8k—1 > 1 and s > 1. These values were defined by Euler and studied
by Deligne, Goncharov, Terasoma, Zagier etc.

Similarly, one can consider the unipotent fundamental group 71 (G, \ par, ) of
the multiplicative group minus the group pas of M-th roots of unity for M > 1. If
Oy denotes the ring of integers of the M-th cyclotomic field, then this fundamental
group defines a mixed Tate motive over Op;[1/M]. The periods of this motive are
linear combinations of the cyclotomic multi-zeta values

Ci1n1+~-iknk

0<ny < --<ng

where i;, for 1 < j < k, are fixed integers and ¢ is an M-th root of unity. These
values were studied and related to modular varieties and the theory of higher cy-
clotomy in [4].

This paper concerns the p-adic periods of the motive 71 (G, \ par, -). We have a
realisation map from the category of mixed Tate motives over a number field to the
category of mixed Tate filtered (¢, N)-modules for any non-archimedean place of
the number field [1]. Also for any (framed) mixed Tate filtered (¢, N)-module we
associate a period. The cyclotomic p-adic multi-zeta values (henceforth ecmuv’s) are
the p-adic periods associated to the mixed Tate motive defined by the unipotent
fundamental group of G, \ s, for pt M. These values were defined in terms of the
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action of the crystalline frobenius on the fundamental group in [7], generalising the
notion of p-adic multi-zeta values (henceforth pme’s) in [6]. In this paper we give
an explicit series representation of these p-adic periods. This is a generalisation of
[8] to the cyclotomic case.

We give an overview of the contents of the paper. In §2, we start with studying
certain types of series in terms of which the cmuv’s will be expressed. These series can
be of two types, denoted by o or v, and are called the cyclotomic p-adic iterated sum
series (or ciss). In fact the ciss are divergent and we will need to regularise them.
The regularisation can be intuitively thought of as removing a combination of the
summands which have large p factors in the denominators that cause divergence.
More precisely, we extend the algebra of M-power series functions by adding some
highly divergent functions which we denote by o, and we show in Proposition 2.9
that the ciss are contained in this algebra. In Corollary 2.6, we show that the
{op(s;4)}’s form a basis for this extended algebra as a module over the algebra of
M-power series functions. These two facts help us to define the regularised versions
of the ciss, denoted by ¢ and 7, in Definition 2.10. The limits of these regularised
series are called the cyclotomic p-adic iterated sums (or cis), and denoted by o
and ~. Let ¢ be a primitive M-th root of unity. Let Pys; denote the Q(()-algebra
generated by the cis, and Z); the algebra generated by the ¢mv. The main theorem
is

Theorem 1.1. We have the inclusion Zp; C Py

The proof of this theorem occupies the whole of §3. The proof expresses in
an inductive way every cmuv as a series and should be thought of as an explicit
computation of these values.

We would like to mention that Furusho defined in [3] another p-adic version of
multi-zeta values that is essentially equivalent to ours in [6]. More precisely, the two
versions generate the same algebra and each version can be obtained from the other
one by elementary linear algebraic manipulations. This is explained in detail in [8,
Lemma 3.13]. One can also define a version of cyclotomic version of Furusho’s p-
adic multi-zeta values which will again be essentially equivalent to the above version
by the proof of [8, Lemma 3.13]. Finally, we would also like to mention that D.
Jarossay has a different explicit expression for cyclotomic p-adic multi-zeta values
in [5] obtained independently except for the dependence on [6] and [7].

Acknowledgements. This paper was written while the author was visiting H.
Esnault at Freie Universitdt Berlin supported by the fellowship for experienced
researchers of the Humboldt Foundation. The author thanks Prof. H. Esnault and
the Humboldt Foundation for this support.

2. CYCLOTOMIC P-ADIC ITERATED SUM SERIES

Fix a prime p and M > 1, with pt M. Let ¢ be a primitive M-th root of unity,
K = Qp(¢) and g, the cardinality of the residue field of K. For s := (s1, -, sx),
with 0 < ;5 ¢ 1= (41, ,9) with 0 < i; < M; and m = (mq,--- ,my), with
0<m; <p, let

Ciln1+"'ik"k

o(s;i;m)(n) := ES
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where the sum is over 0 < ny < ng < -+ < ni < n with p|(n; —m;). If we let
n := (ny, -+ ,ng) we will also write the numerator of the above summand as ¢in
and the denominator as n2. _
Similarly, we let y(s;i;m)(n) := CTZ:: ~o(s'5i';m’)(n), if p|(n —my) and 0 other-
wise, with 8’ = (s1,-+,8k_1), ¢’ := (i1, " ,ix_1), and m’ = (mq,--- ,mp_1). Let
op(s;4)(n) = o(s;4;0)(n), where 0 = (0,---,0). We define the depth as d(s) = k
and the weight as w(s) :=>_ s;.

We call a sequence of the form o (s;i;m) or y(s;4;m) a cyclotomic p-adic iterated
sum series (Or ciss).

Definition 2.1. Let n € N and let f : N>, = K be any function. We say that
f is an M-power series function, if there exist power series p;(x) € K|[[z]], which
converge on D(0,r;) for some r; > |p|, for 0 < i < pM, such that f(a) = p;(a — 1),
for all a > n and pM|(a — 7).

Clearly there is a unique M-power series function with domain N and which
extends f. We identify two M-power series functions if they agree on their common
domains of definition. By the Weierstrass preparation theorem, the power series p;
in the above definition are unique. Fix 0 < < pM, and let f be as above. Then
there is a power series p(x) € K|[x]] which converges on some D(0,r) with r > |p|
and f(Ig") = p(Ig"), for N sufficiently large.

Example 2.2. (i) Let s € Z and f(k) := (**k*, for p { k and f(k) = 0 for p|k.
Then f is an M-power series function.

(ii) Clearly the sums and products of M-power series functions are M-power
series functions.

(iii) Let f be an M-power series function. For any 0 < [ < pM, with p|l let

fl = }Llir% f(n)7
pM|[(n—1)

with n ranging over positive integers such that pM|(n — 1), and tending to 0 in the
p-adic metric.
Let f[U be defined by

if p|k and pM|(k —1); and fI(k) = 0, if p k. We then see that f[!! is an M-power
series function. In fact, if p|l, and p is a power series around 0 such that f(n) = p(n)
for all pM|(n — 1) then fH(n) = q(n), for all pM|(n — 1), where

sy — ) =(0),

x
Inductively, we let fF+1 .= (),

(iv) Using the notation as above, let f(!) be defined by fM) (k) := fU(k), if p|k;
and fV (k) = %, if p fk. Then f(1) is also an M-power series function.

Proposition 2.3. Let f : N>,, — K be an M-power series function. If we define
F:N>,, = K by
F(n):= > f(k)
no<k<n

then F is also an M -power series function.
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The following lemma on power series will be essential while we are proving the
linear independence of the o)’s.

Lemma 2.4. Let f,g € K[[z]] be two power series which are convergent on D(a),
for some a > 1. Suppose that g # 0, and let h := f/g. If there exist a;; € K and
n > 1 such that

h(z+ M)~ h(z)= Y (aif

1<i<n Z+ ])Z

0<j<M

for infinitely many z € D(a) then h is constant and a;; = 0, for all i and j.

Proof. The proof is a generalization of the proof of [8, Lemma 2.0.2]. Note that by
the Weierstrass preparation theorem the number of poles of h on the closed unit
disc D(1) is finite. This set is nonempty if at least one a,;; # 0. Assume that this
is the case and let this set be {aj,---,ar}. Arrange «; so that «; is a pole of
h(z), and hence a; € {0,—1,---,—(M — 1)}. Since a; — M is not in the last set,
it cannot be a pole of h(z + M) — h(z), but since it is a pole of h(z + M), it also
has to be a pole of h(z). Let ag = ag — M. Continuing in this manner we will get
a; = a1 — (i1 — 1)M, and that oy — kM is a pole of h(z + M) — h(z) and hence is
in {0,---,—(M — 1)}. This is a contradiction. O

Let &) denote the algebra of M-power series functions which are 0 on N\ pN.
We will consider these as functions on pN. They are functions f : pN — K such
that there exist power series p;, for 1 < i < M, around 0 with radius of convergence
greater than [p| and which satisfy f(pk) = p;(pk) for M|(k — i). Let us consider
op(s;1) as functions on pN as well and let &y, denote the module over 2y,
generated by the o,(s;4) in F(pN, K). This is an algebra as can be seen by using
the shuffle product formula for series.

Proposition 2.5. The algebra Py, is free with basis {o,(s,1)|(s,1) € U, (N*™ x
[0, M — 1]*™)} as a module over Py;.

Proof. We will prove the linear independence of the set Sy, := {o,(s,1)|d(s) < m},
by induction on m. For any function f : pN — K, we let §(f) denote the function
defined by 6(f)(n) := f(n+p) — f(n). Note that

ikn

(2.1) dop(s;8)(n) = -

Let dp(f)(n) = f(n+pM) — f(n). Then
' Cik(n+pl> )
(22) Sar(op(s;4))(n) = Y W%(S;l')(n +pl).
0<l<M
We know the linear independence for the set Sy = {1}. Assuming that we know
the linear independence for S,,_1, we will prove it for S,,. Let us suppose that
{op(s;4)} U Sy—1 is linearly dependent over &p;. Then there exists an !’ with

0 <1’ < M such that we have an expression of the form

op(sii) = Y apop(t]),
(t,5)
d)<m—1

which is valid for all n which satisfies pM|(n —pl’) and with a;,; a quotient of power
series which converge on an open disc containing |z| < |p|.
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Applying 0, to the last equation we get

Cik (n+pl)

Y ——ou(sii)(n+pl) =

0<Ii<M (n+pl) "

( Z 5M at; Jp 7] Z btjap ;.7)( )
d(igf:ir)x—l d(ﬁgiiy)z_l

for n which satisfies pM |(n—pl’). From the identity (2.1) we see that o, (s'; ") (n+pl)
is equal to o,(s';i")(n) plus a linear combination of the terms o,(t;j)(n), with
d(t) < m—2 and with coefficients which are quotients of power series. This together
with the induction hypothesis implies that
Cik(P(ll-‘rl)) S \(n)
e = Omlagi)(n),
0<l<M (n T pl)Sk

which contradicts the lemma above.

Next we do an induction on the number of elements o,(s,?) with d(s) = m, and
as; 7 0. Suppose that we have a non-trivial equation

Z as,i0p(s,1) = 0.

(s,2)
d(s)<m

By the induction assumption on m, there is an (s,i) with d(s) = m such that
as; # 0. In particular, there exists an 0 < " < M such that agz; is not the zero
function when restricted to pl’+pMN. In the remainder of the proof we will consider
all the functions as functions on pl’ + pMN. Dividing by a,, and rearranging we
get

op(s,i) + Z by, jop(t; J) Z be,jop(t, 4),

(£,5)#(s,4) [€2%))
d(t)=m d(t)<m

where b; ; are quotients of power series. Applying dps to this equation and using
induction on the number of b; ; # 0 with d(t) = m we obtain 6/ (b ;) = 0 for all
(t,j) with d(t) = m, hence these bi,; are constant and equal to, say c;j.

So the last equation can be rewritten as

op(s, i) + Z ct,;0p(L, J) Z bejop (L, J)-

(£.3)#(2,9) (t.4)
a(t)=m d(t)<m

Applying dj; and using the induction hypothesis to compare the coefficients of
op(s';4") we obtain that

p o Z

0<i<M

Cikp(l""l/)

Cbp(l—‘,—l )
Gt |

Yo Cwarn D, P e~ Omlen);

(aab)f(sk’ik) 0<i<M

where we put pz = n. The previous lemma then implies that the left hand side is
equal to 0. Putting ap := c¢(4,;/ ) and looking at the coefficient of ﬁ we find
that
¢+l 4 Z ap (PP = 0,
bk
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for every 0 < [ < M. Rephrasing we see that there exist 8, € K, for 0 < b < M
with By = 1 such that
> B =0,

0<b<M
for every 0 < | < M. This contradicts the non-vanishing of the Vandermonde
determinant for {1,¢,---,¢M~1}. -

Let %) denote the algebra of M-power series functions and ¢ € .%,; denote the
function that sends n to n. Let & M(%) be the algebra obtained by inverting ¢. Note
that ¢ is already invertible on the components i + pN with 0 < ¢ < p. Let
be the module over %), generated by the o,(s;é)’s. Then by the shuffle product
formula for series, Zur,o is an algebra. Let Furq(1) = Zaro @2, Fu(L).
Corollary 2.6. The algebra Fpy, (resp. Fuaro (L)) is free with basis {o,(s;1)|(s, i) €
Un (N*™ % [0, M — 1]*™)} as a module over Fp; (resp. Far(L)).

Proof. For a set S, let F(S,K) denote the algebra of functions from S to K. We
have the following decomposition

F(N, K) = @1§i§pF(pN7 K)?

where we send f € F(N,K) to the element on the right hand side whose i-th
component is f; € F(pN, K), defined by

for k € pN. We have o,(s;1); = op(s;1), for all 1 < ¢ < p, where we abuse the
notation and denote by o, (s; %) both the function on the left hand side of the equality
whose domain is N and also the function on the right hand side of the equation

which is its restriction to pN. By the definition of the power series functions, the
above decomposition gives the following decompositions:

Fu = Pi<i<pP M
and
Fuo = Pi<i<pP Mo
Using this, the freeness of .%# ), over #)s follows from Proposition 2.0.3 and the
statement for % M,U(%) follows by localization. ]

Definition 2.7. Let v : #y, — Fur denote the projection with respect to the
above basis. We will denote the projection Faro(1) — (1) by the same no-
tation. Similarly, let s : & M(%) — Z 5y denote the projection that has the effect
of deleting the principal parts of the Laurent series expansions around 0 for the
components pN, and is identity on the components ¢ + pN with 0 < i < p.

Let s := (81, ,8k), and ¢ := (t1, -+ ,t;). We write ¢ < s if there exists an
increasing function j : {1,---,1} — {1,---,k} such that t; < s, for all i.
Lemma 2.8. Let f be an M-power series function and let g be defined as

g(n) = Y fla)oy(s;i)(a)
0<a<n
for some s := (s1, - ,sk) and i := (i1, ,ix). Then

g = Z fl,iap(tvi)v

(£.3)
e

3
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for some M-power series functions fy,;. Similarly, if h is defined as

“
IA s
lee_|

Proof. We will prove this by induction on d(s). Suppose that d(s) = 0 and hence
op(s;4) = 1. Then for g the assertion follows from Proposition 2.3. For 0 <! < M,
let f; be the power series in K[[z]] which has the property that f(n) = fi(n) for n
such that p|n and M|(n —1). Write f;(z) = >, buz’, for |z| < |p| then

= Y Y e Y T,

0<I<M 0<i<s 0O<a<n 0<a<n
pla, M|(a—1)

where f is the unique M-power series function which satisfies f(n) = 0 if p f n
and f(n) = > ,.; byn'~* if p|n and M|(n — [). Then Proposition 2.3 implies that
the second sum defines an M-power series function. In order to see that h is an
M-power series functions it suffices to show that the function

tn) = Y %

0<a<n
pla, M[(a—1)

for any 0 <1 < M, is a K-linear combination of the o,(¢;4)’s for 0 <4 < M. This
follows immediately from the fact that the characters x; : Z/M — K defined by
xi(a) = ¥ are distinct for 0 <4 < M and hence are K-linearly independent.

Now assume the statement for all (s,7) with d(s) < k and fix s := (81, , Sg+1)
and g := (i1, ,ik+1). Let F be as in Proposition 2.3, then
, (rtitigy (s’ i) (nkg)
g(n) = F(n—1op(s;)(n) = > F(ngs) e
0<npyq<n nkJrl
plngq1

and the statement follows from the induction hypothesis on h.
On the other hand, to prove the statement on h, we write h(n) =

Y Y Mosi@r Y Tl i),

<i 0<a<n
0<I<M0<i<s | Osecn 0<a<n

using the notation above. The second summand defines a function which is of the
form as in the statement of the lemma because of the induction hypothesis on g.
To finish the proof, it suffices to show that the function which sends n to

> Solsi)

0<a<n
pla, M[(a—1)

is a K-linear combination of the functions o, (s, t;4,j), for 0 < j < M. We prove
this exactly as above. O

Proposition 2.9. For any s and m, o(s;i;m) € F .
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Proof. We will prove this by induction on d(s). If d(s) = 1, then o(s; i;m) = 0,(s; 1)
if m; = 0; and o(s;i;m) € F otherwise, by Proposition 2.3. Suppose we know
the result for d(s) < k, and fix s with d(s) = k + 1.

Since ,
(“+1o(s’ym’)(a)

asSk+1

o(siim)(n) = Y

0<a<n
P|("r—mk+1)

)

using the induction hypothesis we realize that we only need to show that functions

of the form
> i@,

0<a<n
pl(a—m)

with f an M-power series function, are in %)/, and this is exactly the statement
of the previous lemma. Il

In fact, from the proof above it follows that o(s;i;m) is an .%#ys-linear combina-
tion of o, (t;j) with t < s.

Definition 2.10. For a function f € Fpr,, let f:= t(f) € Fa. We call f the
regularization of f. Since by the previous proposition o(s;i;m) € Fur», we let
o(s;i;m) € Fr be its regularization and for 0 < I < M, we let o(s;i;m)[l] :=
limy o0 6(s54;m) (IgN) and o(s; i;m) := a(s;4;m)[1].

For a function f : N — K and 0 < m < p, let f,,) denote the function which
is equal to f for values m which are congruent to m modulo p and is 0 other-
wise. Recall that v(s;i;m)(n) := ("*n=5% - o(s';2';m') [, (n). We will define the
regularized version (s;i;m) of v(s;i;m) as follows. If my # 0, then it is de-
fined as §(s;4;m)(n) = ¢"*n =% - 5(s';i'sm/ ), (n). I my, = 0, and for 0 <1 < M,
pi(2) = agi+ayz+- -+ issuch that 5(s';4';m’)(n) = pi(n) for p|n and M|(n—1), then
Y(s;3;m)(n) := (" (asy +as,+1,n+- - ), if pln and M|(n—1) and 0 if p f n. Finally,
we let y(t; i3 m)[I] = limy o0 (43 m) (1Y) = ¢(Hrag, and (4 4;m) = (¢ 4;m)[1].

Another way to describe this is as follows. For any s,i and m, v(s;i;m) €
Fne(L), and J(s;i;m) := s o v(y(s;4;m)).

Definition 2.11. Let Py (resp. Sy, Snr) denote the Q(¢)-algebra (resp. vector
space) spanned by the o(s; i;m) (resp. o(s;i;m), 5(s;i;m)) and the y(s;i;m) (resp.
v(s3i5m), Y(s;i3m)).

We call p-adic numbers of the form g(s;i;m) or y(s;i;m), the cyclotomic p-adic
iterated sums (or cis).

3. PROOF OF THEOREM 1.1

3.1. Cyclotomic p-adic multi-zeta values. We recall notation and concepts
from [7]. Fix M > 1, and p M. Let K{({eo, - ,en)) denote the ring of non-
commutative power series in the variables eg, eq, - - - , eps. Studying the action of the
crystalline frobenius on the fundamental group of G, \ pas, we defined, for every
1<i< M, g € K({eg, - ,em)) [7, §2.2.3]. For an element oo € K{({eg,--- ,enm))
and any monomial e/ = e;, ---¢;,, let afe!] denote the coefficient of ¢! in a. If
el =e; e, we call w(el) = w(e;, -+ - e;, ) := n, the weight of e!. By [7, (2.2.7)],
we see that {g;[e!]|I} = {g;[e]|I}, for any i, j. Therefore it makes sense to study
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only one of the g;’s. Welet g := gy, and we defined the cyclotomic p-adic multi-zeta
values (or c¢mv) as the coefficients gle;, - - - €;, ], and we used the notation

—1 -1 ; . )
g[egk eik”'eél eil]:pZSLCp(ska'” 3 S13 2k, " ;Zl)v
where 1 < iq,--- i, < M. We call k the depth of the monomial eg’rleik . -681_162'1

or the corresponding cmw, and denote it by d(e!).

Let Ujys denote the affinoid that is obtained by removing discs of radius one in
PL around every M-th root of unity. Let Ajs denote the algebra of rigid analytic
functions on Ups. Then choosing the lifting F of frobenius given by F(z) = 2P,
defines a corresponding element gr € An({eo, - ,en)). Let wy := dlog(z) and
w; = dlog(z — ¢?), for 1 < i < M. For 1 < i < M, let i be the unique integer
such that M|(i — pi). Then in [7, (2.2.10)], we proved the following fundamental
differential equation for gr :

dgr = e F wi-gr —gr- > pg; €igiwi,

where the sums are over 0 < ¢ < M and gg := 1. We can rewrite this as follows,

(3.1) dgrle’'] = Frwagrle’ 1 —p Y (grg;)le”]gile™ wi

i J K
where I = (a,I’), and the second sum runs over J, K and 0 < ¢ < M such that
(J,i,K) = 1.

Let us h denote gr(oco). Then we proved the following equation in [7, (4.1.1)]
that relates h and the g;’s:

(3.2) h - Z 9; leigi = Z e - h,

where the sums are over 0 <17 < M.

For a € K[[2]]{{eg," - ,€n)), and a monomial e!, note that ale!] € K[[z]] is the
coefficient of el in a. We let a{e!} denote the function from N to K that sends n
to the coefficient of 2" in ale]. If a € Ap({eg, - ,ey)), we define a{e’} by first
viewing « in K[[z]]{{eg, -+ ,en)), by expanding around the origin.

3.2. Proof of Theorem 1.1. In order to prove Theorem 1.1, we need to show that
gi[e!] € Pas, for every monomial ef and 1 < i < M. We will prove this together
with the statement that gr{e!} € Py, -Syr. The proof will be by induction on the
weight of el. We will first show that gr{e!} € K - Sy, then we will prove in fact
that it lies in K - Sp; and finally in Py, - Su.

We will prove the following statements together by induction on w :

(i) gr{e’} € Pur - Su, for w(l) <w

(ii) hle’] € Py if w(J) < w — 1.

and

(iil) gife’] € Par if w(J) <w —1

e Let us look at the statements (i), (ii) and (iii) for w = 1.

From dgrleg] = 0, we see that gr[eo] = 0. Similarly, from dgrle,] = F*w, — pwq,

we see that -
grlea(z) =p Y %

0<n
ptn

From this we see that (¢) is valid for w = 1; as for (i7) and (i), they are trivially
true for w = 1.
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e Assume that we know (i), (ii) and (iii) for w. We will prove them for w replaced
with w + 1. ~

Note that by the induction assumption gr{e’} € Pas-Syr € K-Sy, for w(J) <
w. This implies that gr{e’} € K-Sy, if w(I) = w+ 1, by the differential equation
(3.1).

By construction [7, §2.2.4], gr[e!] is a rigid analytic function on Uy;. Therefore
by [7, Corollary 3.0.4], for any 0 <1 < pM, if limy_o gV gr{e! }(I¢"V) exists then
it is equal to 0.

Now note that by the induction assumption gr{e’} € Py - Sy C K -Su.
for w(J) < w. In particular, gr{e’} is an M-power series function. Then the
differential equation shows that the function which sends n to n - gr{e}(n) de-
fines an M-power series function by Proposition 2.3. This implies that the limits
limy o0 lgNgr{el }(IgV) exist, for any 0 < [ < pM, and therefore they are 0.
This together with the above fact that n - gz{ef}(n) is an M-power series function
then implies that gr{el}(n) is an M-power series function. Therefore, we have
gf{el} eEK- SM

Now reinterpreting the fact that limy o ¢V gr{ef}(¢") = 0, using the differen-
tial equation (3.1) for dgz[e!], we see, by the induction hypotheses and the definition
of Pas, that with el = e e’ep :

(a) if 1 < a,b < M, then we get

("gale’er] — (tgpleae’] € Pur
(b) If 1 <a < M and b =0 then
gale’eo] € Pur
(¢) If 1 <b< M and a =0 then
gvleoe’] € Pas.

(d) If a = b =0, we do not get any new information.
Using (a)-(c) we immediately see the following lemma.

Lemma 3.1. If1 <i < M, and R is of weight w, and such that e contains an eg
factor then g;[eft] € Pas.

This lemma together with the relation (3.2) implies the statement (ii) above for
w replaced with w+ 1 :

Proposition 3.2. If R has weight w, then h[e®] € Pyy.

Proof. Now for any e with w(R) = w(I) — 1 let us look at the coefficients of ege’®
on both sides of the identity

h - Z g; leigi = Z ei-h
0<i<M 0<i<M
to get
hle"] = (hg;")[eoe™ ] € Pas
by the induction hypotheses on h and g,, where e = eRe,. Again by this hypoth-

esis we see that

’

(hg; Mleoe™ ] — (hleoe™ ] — grleoe™]) € Par.
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Noting that g,[eqe™] € Py we arrive at

hlef'] — hlege™ ] € Py
Replacing ef with epef above we see that

hleoe™] — hle2e™'] € Py

where efi' = R, Proceeding in this manner and adding all the terms we obtain

hle®] — hled’] € P,

hleo]®

—— =0, we have

where w is the weight of e®. Since h[e¥] =
h[eR] € Py
O

Let us continue with the proof of (iii) for w replaced with w + 1. We need to
show that g;[e’] € Pas for w(J) = w. By the above we know this statement if e
has an eq factor.

Suppose that R has weight w — 1 and let us look at the coefficients of e,effe; in

the identity
h- Z g; leigi = Z ei-h
0<i<M 0<i<M

to obtain
(hgy Dleae™ + galefey] — hlees] € Pur,
by Proposition 3.2 and the induction assumption on g;. Simplifying further using
the same results we have
(3.3) gale™er) — goleac”] € Pas.
Now we can prove (iii) for w replaced with w + 1 :

Proposition 3.3. If w(J) = w then g;le’] € Py for any 1 <1i < M.

Proof. We proved the statement if e/ has an ey factor. Note that so far we have
seen that if R has weight w — 1 then for any a and b

C_gga [eReb] - C—ng [eaeR] € Pu
and
Ja [eReb] — gb[eaeR] € Pu.

This proves the statement in case e’ does not begin or end with e;. The case when
e/ = eV is trivially true since g;[e?’] = 0. In the remaining case we can write
el = eleSecef for some nonzero ¢ # i and r,s > 1. Applying (3.3) s-times and

adding the terms we see that

Ji [eJ] — g [eZHSeSeC] € Pu.

Since ¢ # i, by the above discussion we know that g;[e}"*e e.] € Pys. This finishes
the proof that g;[e”’] € Pay. O
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Finally, we prove the statement (i) for w replaced with w + 1. Let e/ be a
monomial of weight w+ 1. We have seen above that gr{e’} € K -Sy;. We also know
by the induction assumption that gr{e”’} € Py - SM, for any J of weight less than
or equal to w. This, together with the fact we just proved that g;[e’] € Pay, for any
1 <i< M and J of weight less than or equal to w, implies that all the coefficients
that appear in the differential equation for dgr[e!] lie in Pj;. This implies that
gr{e’} € Par - Sar, proving the claim and finishing the proof of Theorem 1.1.
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