INFINITESIMAL CHOW DILOGARITHM

SINAN UNVER

Abstract. Let C be a smooth and projective curve over the ring of dual numbers of a field k.
Given non-zero rational functions f, g, and h on C2, we define an invariant p(f AgAh) € k. This
is an analog of the real analytic Chow dilogarithm and the extension to non-linear cycles of the
additive dilogarithm of [11]. Using this construction we state and prove an infinitesimal version
of the strong reciprocity conjecture [5]. Also using p, we define an infinitesimal regulator on
algebraic cycles of weight two which generalizes Park’s construction in the case of cycles with
modulus [8].

1. INTRODUCTION

Let k be a field of characteristic 0 and ky, := Ek[t]/(t"), with k2 being the ring of dual numbers
over k. One expects an abelian category of motives over any scheme over k, and in particular over
ko. Goncharov while considering the degeneration of motives attached to hyperbolic manifolds
of odd dimension expected that motives over the dual numbers should have properties similar to
euclidean scissors congruence class groups [4, p. 616]. Bloch and Esnault further expected that
the real analytic dilogarithm should degenerate to an additive dilogarithm which would give an
analog of the volume map on the euclidean scissors congruence class in three dimensions. This
insight was realised in the construction of an additive dilogarithm for the weight two motivic
cohomology complex based on the localisation sequence in their fundamental paper [2]. Later
an additive dilogarithm for the Bloch complex was constructed in [11]. In a precise sense, the
current paper is an extension of the construction of [11] to the non-linear case. The construction
in this non-linear case is much more involved and requires many new ideas. In the introduction,
we will try to explain the main ideas behind the construction.

Suppose that X/C is a smooth, projective curve over C and f, fo, and f3 are rational functions
on X. Letting

1 1
ra(f1, f2, f3) = A1t3(610g\f1| ~dlog|fa| A dlog|f3| — 510g|f1| -darg fo A darg f3),

with the property that dra(f1, f2, f3) = Re(Alts(dlog(f1) A dlog(f2) Adlog(fs))), one has, up to
a constant multiple, the Chow dilogarithm map [5, p. 4]: pr : A3C(X)* — R given by

(1.0.1) pr(fL A fa A fa) = / (F1, fou fo).

T2
X(©

The main construction of this paper is the analog p of this map for R replaced with ko, which
is expected in the spirit of the above discussion about the analogy between mixed tate motives
over ko and euclidean scissors congruence class groups. In the main set-up of this paper X/C is
replaced with a smooth and projective curve Cy/ks.

The main challenge in constructing such a map is to find an analog of the integral (1.0.1) for a
curve Cy/ksy. A related problem is that the integrand involves taking the real part of an algebraic
form. Therefore, we have to find an algebraic construction in the context of motives over ko which
will be an analog of this. We have encountered such a function in [11]: log® : k[[¢]]* — k[[¢]]
defined as log®(a) := log(a/a(0)). We would like to think of log® as the analog of a branch of
the logarithm or as the real part of the logarithm. In order to find an expression which is an
analog of (1.0.1), we are again motivated by the construction in [11]: the construction in this
paper restricted to the case of IP’i2 and a triple of linear fractional transformations gives the
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construction in [11]. The precise statement can be found in Theorem 3.5.6. Even though both
the arguments in [11] and the ones in the current paper use the idea of liftings of the functions
to some thickening of ks, the approach in [11] is computational, here it is more geometric. We
briefly outline the main idea.

In [11], we defined the additive dilogarithm iy : Bo(ko) — k, by fis({s + at}s) = —m.
In order to show that this function indeed satisfies the functional equation for the dilogarithm
and deduce its basic properties, we interpreted this formula as follows. Let ¢ : AZk[[t]]* — k
denote the map (2.4.5), which in this case takes the form £(u A v) := log®(u)[t?] - log® (v)[t] —
log® (u)[t] - log®(v)[t?], where for a € k[[t]], a[t"] denotes the coefficient of t” in a. Then the map
By (K[[t]]) — k defined by sending {a}s to £(1 —a) A @), factors through the canonical projection
Bg(k[[t”) — Bg(kz), to give fig.

Let us now turn to the context of this paper of a curve Cy/ks. When considering general
rational functions on Cy, we put a slight restriction on the type of singularities that our functions
can have. We allow those functions on C; which are locally a product of a unit and a power of an
element that reduces to a uniformizer on the closed fiber. The precise definition is in Definition
3.1.1. For a choice of liftings of uniformizers &5, we call a rational function on Cs, 5-good in
§3.2, if it satisfies this hypothesis with respect to the uniformizers in &5. Letting k(Cy, %5)*
denote the set of rational functions which are &?3-good, the infinitesimal Chow dilogarithm p is
amap p: A3k(Ca, P2)% — k.

The main idea in constructing p is as follows. If Cy/ko has a global lifting C'/k[[t]] to a smooth
and projective curve and the functions (f, g, k) have global liftings ( f.q. iL) to functions on C'
which are good with respect to a system of uniformizers 2 := {7.|c € |Cs|} on C that lift 2,
then

(1L0.2) p(frg.h) = S Trnltlress.(F A g AR))),

Celésl

where res;z_ is the residue map (2.4.4).

The existence of a global lifting of Cy together with good liftings of the functions f, g, h is too
much to ask for. Even if we knew that such liftings exist, we need to show that the expression
(1.0.2) is independent of the choices of the liftings which is a non-trivial task. In the following,
we do not assume the existence of any lifting. Instead, we choose local liftings of Cs at all of
its points, including the generic point. These are known to exist by the smoothness assumption.
On the generic lifting we choose arbitrary liftings of the functions; on the local liftings we choose
good liftings of the functions. The general expression for p is then given in Definition 3.2.2.
Sections 3.1 and 3.2 are devoted to showing that this sum makes sense and is independent of all
the choices.

In Definition 3.2.2, there is a differential form w which measures the defect of choosing different
liftings. We would like to think of different liftings as the analogs of the different branches of
the functions under consideration and w as measuring the difference between the choice of two
different branches. This differential is in some sense the main technical object. The map w
attaches a 1-form to the following data: smooth affine schemes A;/k[[t]] of relative dimension
one, an isomorphism y : A;/(t?) = As/(t?) and triples of functions (fi, g, hi) in A whose
reductions modulo #?> map to each other via y. The 1-form is given by the formula (2.3.1).
However, this description depends on many choices and it is of fundamental importance for the
construction of the regulator p to show that this construction of w is independent of all the
choices. These are proven in Lemma 2.3.1 and Lemma 2.3.3. It is at this point that we have to
assume that our objects have dimension at most 1. The statements about independence of the
choices are not true without this assumption. The residue property (P8) in §2.4.5 allows us to
compute the residue of w when both of its arguments are good liftings. This property is used
when proving that the regulator p does not depend on the choice of local liftings in Proposition
3.1.2.

The proof of the infinitesimal version of the strong reciprocity conjecture uses the relative
Bloch group relation (P11). In order to state this relation, we first construct a relative version of
the standard Bloch group Bs, and a relative version of the part of the weight three Bloch complex
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in degrees 2 and 3. The Proposition 2.4.5 then states that w defines a map from the Milnor part
of the relative Bloch complex of weight three. Here and the discussions below regarding the
strong reciprocity conjecture, we would like to emphasize that we consider only the part of the
Bloch complex of weight three. There is in fact a term in degree one which contains a version
of the Bloch group Bj, but this term has no consequence for the present paper since the strong
reciprocity only refers to the terms of degree 2 and 3. Defining the analog of Bs would take us
too far outside of the material of this paper, this question will be dealt with in more generality
in a future work.

The construction of the infinitesimal Chow dilogarithm with the desired properties is in fact
more or less equivalent to the infinitesimal version of the strong reciprocity conjecture of Gon-
charov [5], by using the results of [11] on the structure of Ba(k2) :

Theorem 3.4.4. The infinitesimal part of the residue map
resic| : [(k(Cy, P2),3) — T'(k,2)°

is homotopic to 0. More precisely, there is a map h : A3k(Co, P5)* — Ba(ka)® which makes the
diagram

By (k(Ca, P5)) @ k(Ca, P3)* —25 A3K(Cy, Po)*

lTeSC h l’I‘ESCW

By (ks)° = (A%k3)°
commute and has the property that h(ky A A2k(Cy, 23)%) = 0.

In the last section we use the discussions of this paper to construct a regulator for algebraic
cycles of weight two over k[[t]]. That this regulator vanishes on boundaries is a direct consequence
of the definition. We prove that if two smooth cycles are the same modulo #?> then they have
the same regulator value and also we prove that the regulator vanishes on products. Finally in
84.4.5, we compare our construction in the case of cycles to the construction of Park in the case
of cycles with modulus 2. Here we emphasize that we use the strong sup modulus when defining
the additive Chow groups.

There are many questions that are left unanswered in this paper. The most important one
in our opinion is the generalization of the above construction to higher weights, moduli and to
characterstic p. In characteristic p, even in weight two and modulus two, we expect a new com-
ponent for our Chow dilogarithm which is of arithmetic nature. Another fundamental question
is to understand the relation of the theory of this paper with that of [6], which was in fact one
of our main motivations for this paper. These will be the subjects of future work. A related
question is to study the regulator on algebraic cycles in more detail and define an equivalence
relation on cycles over k[[t]] which would give a construction of the motivic cohomology complex
for truncated polynomial rings in terms of algebraic cycles. We will pursue this approach in our
joint work with J. Park.

Outline. The paper is organized as follows. After a recollection of basic facts about splittings
in §2.1, in the remaining part of §2, we construct the map w. Its uniqueness is proven in §2.2,
and existence in §2.3. The fundamental properties of w are proven in §2.4.

In §3.1 and §3.2, we give the construction of the regulator p. In §3.3 and 3.4, we prove the
infinitesimal version of the strong reciprocity conjecture. In §3.5, we relate the construction of
this paper to that of [11].

In §4, we apply the construction to the case of algebraic cycles of weight two over k[[t]], and
construct an infinitesimal regulator on these cycles.

Notation. For a functor F' from k-algebras to abelian groups, let F(k2)° denote the direct
summand of F(k2) which is the kernel of the projection F(ks) — F(k) corresponding to the
k-algebra homomorphism ko = k[t]/(t?) — k which sends ¢ to 0. If A is a k[[t]] algebra then we
denote A/(t") by Alsn. Similarly, if f € A, then we let f|;» denote its image in Alsn.

Acknowledgements. The author thanks J. Park very much for many discussions related to
the contents of this paper, especially regarding §4. He thanks H. Esnault for mathematical



4 SINAN UNVER

discussions and for being a wonderful host to him as an Humboldt Experienced Researcher at
Freie Universitét, where part of this work was carried out. Finally, he would like to thank the
Humboldt Foundation for support.

2. ALGEBRAIC CONSTRUCTION AND PROPERTIES OF THE CANONICAL 1-FORM

In this section we would like to present an algebraic construction of the 1-form that we referred
to above. We give this construction in a slightly more general context than is necessary for
our purposes for the reasons that it makes the construction more transparent and this general
construction will be needed for future generalisations of this work.

2.1. Splittings. In the first subsection, we review the notion of a splitting, the existence of which
is guaranteed by the infinitesimal lifting properties of smooth affine schemes. This notion enables
us to make explicit computations by choosing local coordinates.

For a ring A and an ideal T of A, let A := A/I, a splitting of the projection 7 : A — A, is a
map ¢ : A — A such that 7 o ¢ = id. In the special case that we are interested in, the existence
of a splitting is guaranteed by Grothendieck [7, III-Corollaire 5.6]:

Lemma 2.1.1. Let k be a field, A a noetherian k-algebra, and I := (x) an ideal of A, such that
x is not a zero-divisor in A, A is complete with respect to the I-adic topology and A is smooth
over k. Then there is a continuous isomorphism A[[t] — A, which sends t to the element x and
such that the composition A — A|[t]] = A — A is the identity map on A.

Remark 2.1.2. (i) It is easy to see that for any ring B, there is a 1-1 correspondence between
splittings ¢ : B — BJ[t]] of m : BJ[t]] - B and automorphisms « : B[[t]] — B][[t]] such that
B < BJ[[t]] % B[[t]] = B is the identity and «a(t) = t.

(ii) Using Lemma 2.1.1, the above remark generalizes to any A and I which satisfy the hy-
pothesis of the lemma. Namely, there is a 1-1 correspondence between splittings ¢ : A — A of
7 : A — A and isomorphisms « : A[[t]] — A such that a(t) = z, and A — A[[t]] 5 A 5 A is the
identity. Given @ the corresponding ¢ is obtained by restricting to A.

(iii) The splittings behave functorially with respect to localisation. More precisely, if ¢ : A <
Ais a splitting and g € A, then ¢ induces a splitting ¢, : A, = Ay(g)-

We will use the second remark above constantly in order to choose a local system of coordinates.
Given a splitting ¢, there is a unique isomorphism % : A[[t]] — A as above such that P|4 = ¢.
We will use 31 : A — A[[t]], as a local chart.

In general, the splittings as above are not unique. We prove uniqueness in a case that we need,
in order to handle the O-dimensional cycles. This result is well-known, but we give a proof since
it is easier than finding a suitable reference.

Lemma 2.1.3. Suppose that k is a perfect field, and A and I are as in Lemma 2.1.1 with A a
finite extension of k. Then there exists a unique splitting p : A — A.

Proof. Since A is smooth over k, the existence follows from Lemma 2.1.1. For any k-algebra B
with a square-zero ideal I, and a k:—alge]gra homomorphism ¢ : A — B/I, the set of liftings of ¢
to a k-algebra homomorphism ¢ : A — B is a psuedo-torsor under HomA(QIA/k, I). Since under
the assumptions Qlé k= 0, there is at most one lifting. Applying this inductively to the rings
B = A/I™, starting with the identity map for n = 1 gives the result. |

2.2. Uniqueness of the canonical 1-form w. Let A := k[[t]], we will be dealing with a full
subcategory €’} of the category of A-algebras. The objects of this category consist of A-algebras
A, which are smooth of relative dimension 0 or 1, are an integral domain and have the property
that the residue fields of the closed points of A /(t) are one of the following type: a finite extension
of k, if the relative dimension is 1; a finitely generated field of transcendence degree 1 over k, or
a field of Laurent series k'((s)) over a finite extension k' of k, if the relative dimension is 0. Note
that the condition on the residue fields of the closed points is satisfied if A is an algebra of finite
type over A or is the localisation or completion at a point in the closed fiber of such an algebra.
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If A is an object of ¢4, we denote the quotient A/(t) by A. If we have an isomorphism
X i Al = Alpz, and a pair (5, p), where j := (§1, §2, ) and p := (§1, §2, §3) such that g; € A,

Ui € Ax , and x(Jils2) = il in .A|t2, for 1 <4 < 3, then we will construct a canonical element

in QJ14 Ak We describe this construction in detail in the next few sections.

Given an isomorphism y : Alpz — A\tz we let (A, A, X) denote the abelian group of pairs
(7,9) € A x A% such that x(fl2) = |- We let x"B(A, A, x) denote the n-fold cartesian
product of B(A,.A,X) with itself. Note that this last group can also be thought of as the
group of pairs (p,p) of n-tuples of elements of A% and A* such that if p = (J1,-+ ,Un) and
p= (91, s Un), then x(Fils2) = Gile2 € ./Zl|t2, for all 1 < ¢ < n. We abbreviate this last condition
as X(Pliz) = plez . We will freely switch between these two notations without mentioning it.

We will construct a map

w<'7'7X) : ><3B(Aa -’LL ) - Q}‘l/k’

with the following properties.

(P1) Normalising condition/definition. Let k' /k be a finite extension. Suppose that A = A =
k'((s))[[t]] and x = id. Then because of the assumptions §; —g; € (¢?), for 1 < i < 3. Therefore, we
can write uniquely §; = agiet®i Tt 62t and §; = aggeteritt a2t with Qji, Gk, g € K'((5)),
for0<j<1,2<k,and 1 <:<3.

Then we have

(2.2.1)  @(p,p,id) = Z (1) 10(1) (G20(3) — G20(3)) - d10g(0y(2)) € O () /K
og€S3

(P2) Completwn Suppose that we have A and A as above together with an 1somorphlsm
X : .A\tz — A|t2 and pairs (p, p), where p := (i1, 2, J3) and p := (41,72, J3) such that §; € A*,
g; € A%, and X(yl|t2) = |42 in .A|t2 for 1 <i<3.

Let B and B denote the completions of Aand A along the closed fiber. Note that x induces
an isomorphism

B|t2 ~ A'tQ — A|t2 ~ B't%
which we will denote by . Let ¢ and ¢ denote the images of p and p in the respective completions
B and B. Then we have
w(ﬁ’ﬁ? X) = w(d’ qA7 w)
(P3) Functoriality. Suppose that we have a diagram

Al L Al

AR

Az L AQ,
where x; are isomorphisms, and such that there exists a closed point in po € Spec AQ, with the
property that g induces an isomorphism from the localisation at (¢) of the completion of A; at
g~ 1(p2) to the localisation at (t) of the completion of Ay at po. Note that this also implies that
f induces an isomorphism from the localisation at (t) of the completion of A; at (x2 o f)~(p2)

to the localisation at (¢) of the completion of Ay at x5 (pa2).
Let (p,p) € x3B(A, A, x1]s2), then we have

9, @@ P, xale)) = w(f(P), 9(D); xale2),

1 1 :
where g QA k — QA Lk is the map induced by g¢.

Proposition 2.2.1. The properties (P1)-(P3) uniquely determine w.
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Proof. Suppose that we would like to determine the value of w(p, p, x), for a general (p,p, x) as
above. By property (P2), we will assume that A and A are complete with respect to the ideal
defining the closed fiber.

Next note that by smoothness and completeness, we have isomorphisms A = A[[t]] and
A =5 A[[t]], which are the identity maps modulo (t). Through these isomorphisms it follows
that x corresponds to an isomorphism A[[#]]/(t2) = A[[t]/(t?) and therefore can be lifted,
non-uniquely, to an isomorphism % : — 5
¢ : A= BI[t]] and using (P3) with y2 := ¢ o
A= A= B[t

The completion of the local ring of B[[t]] at a closed point is of the form k'[[s]][[t]] for a finite
extension k' /k of k, and its localisation at (¢) is &'((s))[[t]]- By the functoriality (P3) with respect
to the pair of inclusions B([t]] — k'((s))[[t]] and the injectivity of the map lese/k — Qi,((s))/w we
reduce to the case when A = A = k/((s))[[t]], and an arbitrary A-automorphism X of &'((s))[[]].

Finally, taking all the rings in (P3) to be k'((s))[[t]], x1 = f = X and x2 = g = id, by (P3),
we reduce to the situation in (P1), where the value of the 1-form is given by an explicit formula.
This finishes the proof. (I

A. Choosing isomorphisms ¢ : A = B[[t]] and
X o ¢!, we assume without loss of generality that

In the next sections we will first prove the existence of w with the properties (P1) and (P3)
and then prove that it satisfies the further properties (P3)-(P10)

2.3. Existence of w and proof of the properties (P1)-(P3).

2.3.1. Construction of w(p,p,x). Let A and A be objects of €4, and x : A/(t2) — A/(t2), an
isomorphism over A, and (5, p) € x38(A, A, x) as above. We will define w(p, p, x) by first making
some choices. Later, we will show that this definition is independent of all the choices.

First, we replace A and A with their completions along the closed fiber. Note that this does
not change A and hence Qi‘ Ik in which w takes values. Similarly, xy and the triples of points p
and p give corresponding points on the completions. Therefore, without loss of generality, we
will assume that A and A are complete with respect to (¢). From now on, in this section, we will
always assume that the A-algebras under consideration are complete with respect to the ideal (¢).
By the smoothness assumptions we have non-canonical isomorphisms A ~ A[[t]] and A ~ A[[t].

Let x: A Abe any lifting of x, and ¢ : A — Abe any splitting of the canonical projection.
Denote by p the corresponding isomorphism A[[t]] ~, A. We then we define w(p, P, x) as follows:

w(p, P, x) = Q@ (X(B): 7 (D)),
where we will define €2 below.

Let (G,q) be a pair with §,¢ € x3B8(A[[t]]) and are congruent modulo (£2). Let us write
G = (i1,72,93) and § = (J1, J2, y3). Then by assumption ; —§; € (¢?), for all 1 < i < 3. We write
Ui = Oéoz'eta”_‘_ﬁd%_‘—m and y; = aOieta“+t25¢27;+~--’ with Oljiaééki,&ki € A, for 0<j57<1,2<k,
and 1 <7 <3, as in (P1). We then define

(2.3.1) (g, q) = Z (=1)7 a15(1) (G20(3) — G20(3)) - d1og(ane(2)) € Qz/k,
o€ES3

exactly as in (P1).

This construction a priori depends on X and . Therefore, we will denote the w defined above
temporarily by wy,,. We will show below that, in fact, it is independent of ¥ and ¢. In order to
show independence with respect to the choice of the splitting ¢, we will start with the following
lemma which deals with the split case.

Lemma 2.3.1. Let A := k'((s))[[t]], where k'/k is a finite extension. Suppose that (p,p) €
x3B(A, A,id), and ¢ : A — A be any continuous A-algebra isomorphism which induces the
identity map on A. Then

Q. p) = QY (D), ¥(P))-
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Proof. Since 1 is assumed to be an A-algebra homomorphism, it is completely determined by
its restriction to k’((s)). Since ¢ is identity on k, reduces to identity modulo (¢), and Q}c,/k =0,
v is identity on k’. Therefore, it is completely determined by its value on s. Suppose that
W(s) = s+ at + bt2 + O(t3), with a,b € k'((s)). Then we have that (age®t+o2t") =

/I
- <ao+ao<at+bt2> (@t )elrteianttet 4 o)

_ aoeao +("0 b+2“ a®— (30 20 )2)2 ea1t+(a'1a+a2)t2 L O

(2.3.2) = (‘)‘1+ “)t+(a2+0‘ at20 Qb+ gasa %(%“)z)tz +O(t?),
where for a function f € k' ((3)), we let f' € k'((s)) denote the derivative with respect to s. More

precisely, f' € k'((s)) is the unique series such that df = f’ds in Q}g,(( )k
Then using (2.3.2) and (2.3.1) the difference Q(4(p), ¥ (p)) — Q(p, p) is given by

¥,
Z (=1)%a- ) (0420(3) — Q¢ 3)) dlog(%a@))

0eSs Qoo (1)
o o
o 0o (1 ~ ~ 0o (2
= Z (—1) a - @) . (0420-(3) - 0[20(3)) . ( )dS =0.
0S5 Qoo (1) Qoo (2)

]

Corollary 2.3.2. If: A As any lifting of x, and , ¢’ : A= A are two splittings of the
canonical projection A — A then
Wx,p' = Wx,p-

Proof. Note that wy. (5,5, x) = Q7' (x(9)), 7~ (9)) and wi , (5,5, X) = QP (X(). 7'~ (D))-
Therefore, letting § := 7~ '(x(p)) and ¢ := () € A[[t] and ¥ := ! 0 B, we need to show
that Q(G, §) = Q¥(q), ¥(q)). This is exactly the statement of the above lemma when A ~ k' ((s)).
However, we can always reduce to this case by choosing a closed point of A and noting that the
field of fractions of the completion of A at this closed point is isomorphic to &'((s)) and the

induced map QA/k — Qi,((s))/k is an injection. O

Because of the corollary above, from now on we will use the notation wy instead of wy,,. Next
we show independence with respect to the lifting  of .

Lemma 2.3.3. IfX and Y are liftings of x then wy = wy. Therefore, w is well-defined and does
not depend on ¢ and Y.

Proof. Using a splitting ¢ : A — A as in the definition of w, we reduce to the case when
A=A = A[[t] and x = id. Using the argument at the end of the proof of Corollary 2.3.2, we
reduce further to the case when A = &/ ((s)). If ¥ and X’ are two liftings of id, we need to prove
that:

AX(@), 5) = AT (), ).
Letting X' = 1o, we have |,z = id and we need to prove that for any p and p such that
Dlsz = Pls2, we have

Q05),P) = 25 D).

We have 1(s) = s + bt? + O(3), with b € k’((s)), and by the formula (2.3.2), we have

a1t+a2t2) a1t+(a2+2—gb)t2 + O(ts)

t(age

Then the difference Q(c(p),p) — Q(p, p) is given by

o o o
Z (1) 11y - (boi(?’)) - dlog(ags(2)) = b Z (=1)%ais) - 079 093 g — .
0S5 Qoo (3) 0S5 Qoo (3) Xoo(2)

= (pe€
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This finishes the proof of the lemma. O

2.4. The additional properties (P4)-(P10) of the map w. In this section, we will show
that the construction above satisfies the following fundamental properties which will be needed
below.

2.4.1. (P4) Interchange of components. If we interchange p and p then they are related by the
following formula

X, (@5, x 1) = —w(B,h, %),

. Ol 1 ;
where x_: QA/k — QA/k is the map induced by .

Proof. First note that Q has the property that Q(q,4) = —(g, §). Let ¥ : A = A be a lifting of
x, and ¢ : A — A a splitting of the canonical projection as above. Then we have, by definition,
w(p,p, x) = 2@ 1 (X(P)), 7 (H))-

On the other hand, in order to compute w(p,p, x '), we can use the splitting 1 := Y Lo ox
from A to .,Zl, and the lifting ¥ ! of x~!. Note that ¢ can be described as follows. Let X denote
the isomorphism from A[[t]] to A[[#]], induced by x : A — A. Then i = Y ' 0 oY and we have
w(p,p,x") =

0 =1 1,y T~ — QY 1H). v LT % (5
(W @)y 0)=2x @ ®).x @ x®))-
By transport of structure, x_ of the last expression is Q@ 1), 2 L(x(p))). Therefore,
X, (W@ 5,x 1) =@ M), 7 (xX(B) = —QF X[0), 7 (D) = —w(B, b, X),
which finishes the proof. O

2.4.2. (P5) Transitivity. If we have A;, Ay and As and x12 : A1]s2 = Azl and a3 @ Azl —
"43|t2 then

Xos, (@(P1, P2, X12)) + W (P2, P3, X23) = w(P1, 3, X13),

where x13 = X230 X12

Proof. First note that Q(q1, ¢2) + Q(g2.93) = Qq1, g3)- Let X145 : A1 — As is a lifting of x12 and
Xos : A2 — As is a lifting of x23. Then X5 := Xa3 © X2 18 a lifting of x13. Let ¢ : A3 — Az be
a splitting. Then we have

(2.4.1) w(p2,p3; x23) = AP (Xa3(p2)), @ " (p3))-

Note that @o := 22_31 PO X, Ay — As is a splitting with 3, = y2_31 opoX,,. Then we have

w(p1,p2: x12) = Q@5 (X12(11)): 85 ' (02) = QX5 @ (Xus (1)) Xy (7' (X3 (92)))),

which implies that

(2.4.2) Xog,, (@(P1, P2, X12)) = Q@E  (X13(p1)), 7 (X (p2)))-
Similarly,
(2.4.3) w(p1,p3, x13) = AP (X13(p1)), P ' (ps))-

Summing (2.4.1), (2.4.2), and (2.4.3), gives the result. O
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2.4.3. (P6) Multilinearity. The map w(-, -, x) is multilinear on each of the three components of
x*B(A, A, x).

Proof. This follows from the same statement for €2. Namely, if (3;,7;) € 8 (A[[t]], Al[t]], id), and
(@5, 95) € B[], A[t]], id), for 1 < i < 3, then

Q((y1y17y27y3)a (ylylvaa QS)) = Q((g17527g3)7 (yla:’;%gi’»)) + Q((gllﬂ 3727@3)3 (Qllvg% g3))7
Q(G1, G202, 93), (91, 9295, U3)) = Q((F1, T2, F3), (91,92, 93)) + (1, T, T3) (91, T2, U3))
and
Q((ﬂhg%g?)gé)a (glvg% 2)32)3)) = Q((g17g2ag3)7 (gla (7)27@3)) + Q((gla g27gé)a (leg% :&é))
O

2.4.4. (P7) Anti-symmetry. The map w(-, -, x) is anti-symmetric with respect to the action of S3
on x33(A, A, x).

Proof. This follows from the same statement for . More precisely, if (7, 9:) € B(A[[t]], Al[t]], id),
for 1 <i < 3, then

Q((ga(l)7 go(Q)v ﬂo(S))a (go(l)u ga(2)7 ?30(3))) = (_1)09((ﬂ17 Y2, gS)? (glv g27 g3))7
for any o € Ss. |

Corollary 2.4.1. The properties (P6) and (P7) imply that w(-, -, x) induces a map

w('a 7X) : A%ﬂ(Aa Aa X) - Q;/ka

which we will denote by the same notation.

2.4.5. (P8) Residue. Suppose that A° and A° are objects of %% whose reductions AO and Ao
are discrete valuation rings. Let A and A be their localisations at the prime ideal (t). Suppose
that y : A°|;2 = A°|,2. Note that this gives, after localisation, an isomorphism  : Al;z =5 Al,.
Suppose that # € A° (resp. 7 € AO), such that its reduction to AO (resp. AO) is a uniformizer.
Assume that x(7;2) = 7|2 in A°e.
Definition 2.4.2. We let 8(A° #) := {§ € AX|j = #u, forsomea € Z, andu € (A°)*}
and x”Aﬂ(/lo, ), the n-fold product of B( ,7) with itself. We say that § € A is wr-good if
g € B(A%, 7).

Note that x"B(A°,#) C x"AX. We let x"B(A°, A° x,7 %) C x"B(A, A, x) denote the
subgroup of those pairs of n-tuples which lie in x"ﬁ(flo, 7) and x”ﬁ(./io, 7). We claim that on
this set, the 1-form w has only logarithmic singularities at the closed point of Spec AO:

w: x3B(A°, A, x, 7, /) — QAI k= < Q}ct/k’

1 1° - 1
where, if # denotes the reduction of # to A, then Q‘Alo s (QA Ix + A - dlog(z)) C QA/k

In the remainder of this section, we will prove the above statement and give a formula for the
residue of w.
First note that we have the following version:

(2.4.4) resz : A"B(A°, 7) — A" LA /(7))

of the residue map in [3, §1.14]. This map is characterised by the following properties. It is
multilinear, anti-symmetric, vanishes when restricted to A™(.A°)*; and

resy(T,ug, -+ Un) = (Ug, -+, Uy,),

where if u; € (A°)%, for 2 <i < n, then u; denotes reduction modulo (7). We will need the fact
that this construction of resz in fact depends only on the ideal (7) generated by 7 in Ae.

Lemma 2.4.3. If 7/ = v -7, for some unit v € (A°)%, then resz = ress.
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Proof. First note that under the assumptions 3(A°,#') = B(A°,#) and hence the sources and
the targets of resz and res; are the same and the statement makes sense. In order to prove the
statement, by the multi-linearity, anti-symmetry and the vanishing of both resz and res;z on

A™(A°)*, we need to check that they agree on elements of the form (7, us, -+ ,u,) with u; €
(AO)X. On this element, we have resz (7', ug, -+ ,un) = (Ug, -+ ,u,) and resz (', ug, -+ ,up) =
resz(v- My ug, -, Up) = 1esz (U, U, 0, Up) + TeSx (T, Uy, Up) = (Ug, -+, Uy, ), Which finishes
the proof. |

Let ¢ denote the full subcategory of the category of A-algebras whose objects consist of
étale A-algebras which are integral domains with the residue field of the closed point a finite
extension k' of k. Given such an A-algebra B, the completion B along the ideal (t) is canonically
isomorphic to k’[[t]], where &’ is the residue field of the closed point, so we write ¢ : B =5 k/[[t]].
Let [t At] : AL K'[[t]] — k' denote the map that sends a A b to the coefficient of t2 At in a A b.

We have a canonical map

A? log®

0 AZB* 2B A n2pqpe AT Az E0Y

k/
for every object B of 4. With the above notation, A°/(#) is an object of %9, and we have a
canonical map:

(2.4.5) 0 AZ(A°)(R) S = K = A%/ (#,1).
Proposition 2.4.4. If (5,p,x) € A3B(A°, A°, x, 7, 7), then we have w(p,p,x) € o with

Alog_/k
residue given by

(2.4.6) reszw(p, p,x) = x o Loresz(p) — Loresz(p).

Proof. First, without loss of generality, we replace A° and A° with their completions at their
closed point corresponding to (#,t) and (,¢). Then we choose ¥ : A° = A° as the unique
lifting of X which sends 7 to 7 and is an A-algebra isomorphism. Choosing also an isomorphism
E'[[s]] ~ A’ which sends s to 7, we reduce the problem to the case when A° = A° = ' [[s,t]]
x =1idand 7 =T = s.

Let p = (§1,%2,%3) and p = (91,92, 93). Then w(p,p,x) = Qp,p). If §;,49; € k'[[s,t]]*, for
all 1 <4 < 3 then Q(p,p) € Qi’[[s]]/k and hence res;Q(p,p) = 0. In this case, we also have
ressp = ressp = 0 € A%k[[s]]*. Therefore, we have the equality in the (2.4.6) in this case.

By the above property, the multi-linearity and anti-symmetry of both sides of (2.4.6), and
the definition of s-goodness, we are reduced to proving the equality in case when ]5 = (s,92,73)
and p = (s, 92,93), with g;,9; € k'[[s,t]]*. We can then write §; = ag; etoaritt?azit and g, =
aol-emli“%?i*'”, with aqy, Gpi, G € K'[[8]], for 2 < 7, and 2 < i < 3; and ay; € K[[s]]*, for
2 < i < 3. Then we have ressQ(p, p) = a13(0)(Ga2(0) — d22(0)) — a12(0)(Aa3(0) — &a3(0))

= (013(0)a22(0) — 012(0)a23(0)) — (13(0)A22(0) — 12(0)é23(0)).
On the other hand, res,(p) = (ap2(0)e bar2 (0487422 (0)+) A (a5 (0)el13(0)+1° 25 0)+-) € A2 R/[[#]] %
and hence (A?log®)(ress(p)) = (tai2(0) + t2a22(0) + ---) A (ta13(0) + t2@23(0) + ---). This
implies that £(ress(p)) = @22(0)a13(0) — a12(0)é23(0). Similarly, (ress(p)) = Ga2(0)a13(0) —
a12(0)de3(0). Therefore, we have

ressQp, p) = U(ress(p)) — L(ress(p)),
which finishes the proof of the proposition. O

2.4.6. (P9) Difference relation. Suppose that we have objects A; and A; in €3, fori=1,2, as
above, together with isomorphisms a; 2 A J(12) S Ai/(t2), for i = 1,2, and y : Ay/(12) =
A1/(t2), and o : Ay /(82) = Al/(tz), with g o x = % o aa. Moreover, suppose that (p2,p1) €

x38(As, A1, X), (2, 1) € x3B(Az, A1, ), and (ps, pi) € x3B(A;, Ai, o), for i = 1,2. Then we

have
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ay, (w(p2, P1, X)) — w(P2,P1,9) = ¥ _(w(P2; P2, @2)) — w(p1, P1, ).

Proof. In order prove the identity above, first, without loss of generality, we replace all the rings
above with their completions at a closed point in their special fibers such that these points
correspond to each other under the glven isomorphisms «ay, as, x and 1. Choose liftings, @; and
X- Since iy o x = oy, @y oY O a2 is a lifting of 1, and we can choose ¥ 1= @ o Y o &y ;1 as
the lifting of 1. With this choice, we have @; o XY = v o @p.

Let ¢ : Al — Ay be a splitting. Then E71 opo: Ag — Ay and 61_1 ocpoaqy: A~1 — fll,
with the corresponding isomorphisms given by n

P oBot Ay]] = Ay and @;lopoa, A [[t] — A
By the definition of w, we have
w(pr, P, 1) = AP~
w(P2, P1, ) = QP ((
w(P2:f2,02) = AW 0Fod) (@

(7)), (),
$2)), @ (P1))
2(52 ——1

)

hence
¥, (W2, P2, 02)) = AW 0P) M ([@(B2)), (¥ 0P)(B2)) = AP (B(@2(52))), 7 (¥ (h2)));
and

w(p2, b1, X) = Q@' opoa) " (X(p2)), (@' o Boa)  (Br)),
hence
a1, (w(B2,P1, X)) = Q@' 0 P) T (X(B2)), (@1 0 D) (1)) = QFEH(W(@2(52))), 7 H(@1(51))).
The above expressions, together with the basic identity,

9@2»@1) - 9(427 qu) = 9(62742) - Q(dla ql)a

finishes the proof of the property above. O
2.4.7. (P10) Modulus. The map w(-,-,x) depends on p and p only modulo (#3).

Proof. The statement follows from the same statement for {2, which is seen directly from its
definition. 0

2.4.8. (P11) Relative Bloch group relation. Suppose that B is a local ring with infinite residue
field and I C B an ideal, we will define a relative Bloch group of (B, I). Let us write 5(B,I) :=
{(b,b)b—b e Iand b,b € B}, and B’ := {b € Blb- (1 —b) € B*}. Let 8°(B,I) denote the
intersection (B” x B”) N (B, I) inside BX x B*.

Let us define the relative Bloch group Ba(B, I) as the abelian group generated by the symbols
{(B, 3)}2 for every (5, B) € °(B,I), modulo the relations generated by the analog of the five term
relation for the dilogarithm:

- 1—31 1—321 1-— a~c1
A A B (e A e e
for every (&, %), (7,9) € B°(B,I) such that (¥ — §,% — ) € B(B,I). As in the classwal case, we
obtain a complex

§: Bo(B,I) — A*B(B, 1),
which sends (b, ) to (1 —b,1 — b) A (b, b). This map induces the following map:
A By(B,I)® B(B,I) = A°B(B, 1),
which sends {(Z,2)}> ® (9, 9) to 6({(Z,2)}2) A (9,9)-
Let B := k' ((s))[[t]], and I=(t?), then the two above definitions of § are related as follows:

[t
B(B, (t*)) = B(B, B,
(2

]
id), where id : B/(t?) — B/(t?) is the identity map. In particular, we have
a map w : A33(B, (t?))

%Q}B/k

Proposition 2.4.5. With B := k'((s))[[t]], w vanishes on A(Ba(B, (t?))28(B,t?)) C A3B(B, (t?)).
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Proof. We need to show that w vanishes on terms such as
((1_faf7§)a(1_faf7§))7

with (f, f) € 8°(B, (?)) and (§,9) € B(B, (?)).
By the transitivity property (P5), it is enough to show that w vanishes on the following terms:

and
(2'4'8) ((1_f7f’g)7(1_fvfag))~

In order to Erove that w vanishes on (2.4.7), let f= aoea1t+5‘2t2+"', g:= ﬂ()651t+52t2+'" and
G = PoePrtTh2t"+ Then we have

2
~ QoL y @iz X0%7 24
1—f=(01—ag)e~" G012t F

Then property (P1) gives that w evaluated on (2.4.7) is equal to

( 0400411 ~dlog(ag) — ay - dlog(1 — ao)) (B2~ B2) = 0.

Qo —

In order prove that w vanishes on (2.4.8), let f = ape®ttazt® o Again by (P1), we compute
that w evaluated on (2.4.8) is equal to

[e%i]e5]

Q ~ ~
( 0 (042 - 042)01 -
g — 1 Qg — 1

(63 — d2) ) d1og(Bo)

@0 1 (6&2 — dg)dlog(ao))ﬁl =0.

+(d10g(1 - ag) (@2 — 2) -
This finishes the proof. ]

Corollary 2.4.6. Suppose that A is an object of €}, and (p,p) = (1 — f, f,9), (1 — f,f, 9))
with (5, p) € x3B(A, A, id). Then w(p, p,id) = 0.

Proof. This follows from the above proposition after completing at a closed point in the special
fiber and then localizing at the prime ideal (t). O

3. INIFINITESIMAL REGULATOR AND THE STRONG RECIPROCITY THEOREM

In this section, we will give the construction of p(f A g A h), where f,g and h are rational
functions on a smooth proper curve Cy over k[t]/(t?). The construction will rely on the map w
of the previous section. In the first subsection, we will give a local definition which depends on
certain choices. In the next subsection, we will define the global version which is independent of
all the choices.

3.1. Construction of . In this subsection we will define a map ¢ which will be defined on the
triples of functions on a generic lifting of the ring under consideration.

3.1.1. Notion of goodness. Let S := Spec(A), S, := Spec(Ay), with A, := k[[t]]/(t"). Let €4,
denote the following full subcategory of the category of As-algebras. The objects of %}12 consist
of As-algebras Ay such that Aj is a smooth As-algebra of relative dimension 0 or 1, A, is an
integral domain, the natural multiplication by ¢ map induces an isomorphism A, — (¢) of As-
modules and the residue fields of the closed points of A, are one of the following type: a finite
extension of k, if the relative dimension is 1; a finitely generated field of transcendence degree 1
over k, or a field of Laurent series k’((s)) over a finite extension &’ of k, if the relative dimension
is 0. Note that these algebras Ay are precisely the algebras that are obtained as A/(¢?) with A
an object of €.

In the rest of this section, assume that 43 is an object of ‘@1‘2 such that A5 is a discrete
valuation ring. We call an element m € A3, a uniformizer, if its reduction ™ € A3, is a
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uniformizer, in the usual sense. This is equivalent to requiring that the natural map from
K'[[m2,]]/(#?) to the completion of A3 at the maximal ideal being an isomorphism, where k' is
the residue field of the closed point. Let Ay denote the localization of A$ at the prime ideal (¢),
similar to the notation in §2.4.5. If B is a general A-algebra with B = B/(t) an integral domain,
we also use the notation B, to denote the localisation of B at the prime ideal (¢).

Definition 3.1.1. We let 3(.A3, m2) := {y € AJ |y = n§u, for some a € Z, and u € (A3)*} and
say that y € As is me-good if y € B(AS, m2).

Note that if y € (AS)*, then it is me-good for any choice of a uniformizer 7. On the other
hand, if for example AS = k[[s,t]]/(t?) and f = (s +t)/s € As = k((s))[t]/(t?) then f is not
good for any choice of a uniformizer.

3.1.2. Fized generic lifting. Let A be an object in ¢’} together with a fixed isomorphism
a: Ay = A)(t?) =5 As.

Assume further that A is complete with respect to the ideal (t). Note that A is a lifting of Aj
only and we do not assume that A is the localisation of a lifting of A3. Let now

BA o™ (m)) = {y € Ax|alyli) € B(A3. ™)},

denote the elements in A whose reductions modulo (£2) are a~!(m)-good. Note that we do not
require that the elements in A are good with respect to a uniformizer. In fact such a requirement
would not have made sense since there is neither a fixed integral structure nor a choice of a
uniformizer on this integral structure on A. There is such a structure only modulo (t?). This is
a crucial point in what follows.
We will define a function
e x3B(A, a N (m)) = K,
where k' is the residue field of the closed point of A3.

In order to do this, first we choose a lifting B° of A3. In other words, B° is an object of ¢},
complete with respect to (t), together with a fixed isomorphism

5 (Bo)g = Be/(t*) = AS.
Let # be a uniformizer on B° such that A(7|42) = m2. Moreover let (I/S’\g)77 denote the localization
of B° at the ideal (t). Then (Z,S’\g)n is a lifting of Ay together with the isomorphism #,, which is
the localization of 4 :
Tt (B2)y/ (%) = (B2 = As.
Because of the choice of a uniformizer 7 on E’;, we have the notion of 7-goodness for elements
of (f)’g)n, the set of which we denoted by B(f)’;,ﬁ) in Definition 2.4.2.

Now suppose that we start with 5 € x38(A, a~!(my)). By assumption, a(p|s2) € x3B(A3, m2).
On the other hand, since §(7|;2) = 7o, there is an element, not unique, say ¢ € x3ﬁ(23vo,7?),
such that 5, (ql) = a(pl;2). This implies that (5, q) € x?B(A, (EBL77 3, ' o a). Therefore, by the
construction of the previous section, we have

L
B/k’

WP G, 7, oa) €9
where B := (Eg)n/(t) If we let B = (EG)/(t) then by assumption B’ is a discrete valuation
ring with field of fractions B. Therefore, the residue res(w(p, g, ’y;l o«)) of w(p,q, %‘1 oa) is
a well-defined element of the residue field B /() of the closed point of B°. This construction
depends on the liftings B° and ¢, and the liftings A and p. Recall the residue map

res: A3 B(B°, %) — A2(B°/(7))*
in (2.4.4) and the map ¢
0: N (B°/(®)* = B /(7).
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We define
eq(p) = U(res(q)) +res(w(p, 4.7, ' o a)).
We first show that the expression above is independent of the choice of local liftings g.

Proposition 3.1.2. Suppose that we have another lifting B° of A3, with the isomorphism
41 (Bo)g := BeJ(1?) = A3,

T, a uniformizer on B° such that A(7t|g2) = w2, and ¢ € 5(1/3\0,7?), a 7-good lifting of D, i.e.
An(|ge2) = a(pls2), then we have

Y(eq(p)) = 1(24(P));
where i (resp. 4 ) is the map from Ea/( ) (resp. 50/(7?)) to AS/(t,m2) = k' induced by 7 (resp.
)-
Proof. By the transitivity property (P5) applied on the generic point, we have
~ | - S NN |
Y, WP, 67, e ) +5, w345, o) =4, B4, ca)

Taking residues in the above expression, the statement that we would like to prove reduces to:

-1 =~

Jol(resz(q)) — 4o l(resz(q)) =g oresz(w(qd,¢,5 " ©7))-

Note that in the last expression since ¢ and ¢ are good liftings, i.e.
(4,4) € x*B(B°, B°,4~" 07,7, 7),

the residue resz(w(g,¢,4 ™" 7)) can be computed in terms of ¢, by the residue property (P8),
and hence gives the above expression. O

Definition 3.1.3. With the notation as above we define ¢ : x38(A, o~ (m)) — &/, by the
formula

e(p) = 3(eq(B)) = A(U(res(q)) + res(w(p, 4.7, ' o a))).
By the previous proposition, this definition is independent of the choice of the local good lifting
G. In fact, by the multi-linearity and the anti-symmetry properties of w, £ and res, £ induces a
map

e: A3B(A, o Hm)) — K.

3.2. The construction of p. Suppose that C5/Ss is a smooth and proper curve. We let C' :=
Cy Xg, S1 be its special fiber, 7, the generic point of C, and |C|, the set of closed points of
C. Similarly, for an open subscheme Us C C5, we let U to be the special fiber. We call an
element of k(C2)* := O, ,, a rational function on Ca. We call & = {7 |c € |C|} a system

of uniformizers, if for every c € |C|, ma,c € @CM is a uniformizer. Here @CM is the completion
of the local ring O¢, . at its maximal ideal. We say that a rational function f is Z?3-good,
if f is mac-good for every ¢ € |C|. We denote the group of P5-good rational functions by
k(Cs, P5)*. Similarly, we say that p = (f,g,h) is Pa-good, if all of f,g, and h are. If we let
Ip| := |div(f|c)| U |div(g|c)|U|div(h|c)| € |C|, then p is o ~good for ¢ ¢ |p|, for any choice of a
uniformizer 73 .. On the other hand, for example, a triple of functions of the form (s,s +1,-) is
not ma-good on the spectrum of k[[s, t]]/(t?), for any choice of a uniformizer .

Fix p = (f,g,h) € x3k(Ca, P3)*. Choose a lifting Aof Ay = Oc,,n, as in §3.1, together with
a fixed isomorphism

a: Ay = .A/(tQ) = As.

Choose any lifting j of p to A. For any ¢ € |C|, we apply the construction in §3.1, with A$ :=
Oc,.c. Since, by assumption, p is P-good, we have, for any ¢ € |C|, p € XSﬂ(A al(m.)).
Therefore corresponding to ¢, we have £(p; ¢) € k(c). For any element y in k(c), let Tri(y) denote
its trace from k(c) to k.

We define p(p) as
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(3.2.1) p(p) = > Trpe(psc) € k.

ce|C|
We will need the following proposition in order to show that this sum makes sense, and to show
that it defines the function that we are seeking.

Proposition 3.2.1. For any lifting p, the sum in the definition (3.2.1) of p(p) is finite. Moreover,
for any other lifting p, we have p(p) = p(p).
Proof. First, let us choose an affine open set Uy C C5 such that U, has a lifting U and plu,
has a lifting py to U, which is good with respect to a system of parameters 322((7) on U which
lift Ps|y,. More precisely, U is an affine scheme whose ring of functions Ay is an object of €5
together with an isomorphism B
av,  Aule = Asu,

where Ay ¢y is the ring of functions of Us; @g(ff ) is a system of parameters on Ay which lift
a[};(ﬂghjz); and py € Ay, is a lifting of a[;;(ph]z).

Then on the generic point, we have the generic lifting py,,. Let us look at the summands that
appear in the expression (3.2.1) for p(py,,). These are the terms

Tree(pun; ¢) = Tr(U(rese(Ge)) + rescw(Pu,m, Ges Vo © AUam))s
where ¢, is any local good choice of lifting of p at ¢. Again to be more precise, EE is an object of
%X, together with an isomorphism

:}/C : Bg|t2 = @C%c,
and ¢, is a lifting of 7. % (py), which is good with respect to a uniformizer in BE which lifts
Yo Hm2e)-
In case ¢ € U, py,y,, by our assumption, is a good lifting at c. Since g, is also a good lifting, by

the residue property (P8) we have

TI‘]C’I"GSCCU(];U,W e, ’3/;7]7- © aU2,77)) = Trkg(rescﬁU) - Trke(resc(jc)
and therefore Trye(pu,,; ¢) = Tril(res.py). Since py is a good lifting of p|y,, right hand side is
non-zero only when ¢ € |p|. Hence for ¢ € U, the terms (py,,; ¢) are non-zero for only finitely
many c. Since C'\ U is a finite set, we conclude that the sum (3.2.1) for p(py,,) is finite.

Now let p,, and p,, be arbitrary generic liftings. In other words, we have isomorphisms
d : A|t2 l} AQ
and ~
a:Alpe = A,

and elements p,, € A and pn € Awhich lift @~ !(p,) and & (p,). The differences &(p,; ¢)—&(py; ¢)
can be computed by choosing a good local lifting ¢.. Namely, we have

e(Pni¢) — e(Bn; ) = Fe(eq. (By)) — Ae(€q. (Py)) = Fe(€q. (By) — €4.(Pn))

= l(res(w(ﬁna Ges :Yc_,% °0dc)) — Tes(w(ﬁm Ges :Yc_,rl; 0 dc))).

In the last expression, &. (resp. @.) is the map induced by & (resp. &) after completing at ¢;
and 7, is the map induced by 7. after localising at 7. By the transitivity property (P5),

w(ﬁna (jca ﬁ/;; © dc) - w(ﬁna ‘jca ,3/;71] © é‘(’) = (:Yc,n © %)*w(ﬁfhﬁna 6[;1 © df’)

Therefore, after taking residues, we have
e(By; €) — e(Bys €) = Ge(resw(Bn, by, g ' 0 Ge)) = res (Ge, (W(By, by, G ' 0 Gc)))

By the functoriality property (P3), de w(py,py, & 1o @) is the restriction to the formal neigh-
-1

c
bourhood of ¢, of the rational 1-form &, (w(py, Py, &~ o@)). Using this in the last equality above,

and taking traces, we obtain:

(3.2.2) Tre(pn; ¢) — Trie(py; ¢) = Try resc &, (w(py, P, atoa)),
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for every c € |C].

Since the rational 1-form &, (w(py, py, &' o &)) has only finitely many singularities, by the
identity (3.2.2), the finiteness of the sum for p(p,) and for p(p,) are equivalent. Since we know
the finiteness of the sum for one lifting, namely for py,,, we therefore know it for all the liftings.
This proves the first statement.

In order to prove the second statement, we note that by summing (3.2.2) above over all ¢ € |C]:

p(pn) Z Try rese &, (w(Py, Py, &1 0 @)).
ce|C|
Since the sum of the residues of a 1-form on a curve is 0, we have p(p,) = p(py)- O

Definition 3.2.2. For p € x3k(Cy, P5)*, we define the value of the regulator p on p as

(3.2.3) p(p) = Z Trr(¢(rese(q.)) + rescw(f)n,q},’y;% o)),
ce|C|

where p,, is a lifting of p,, through a generic lifting A and an isomorphism « : .,Zl/(tz) = Ocy i
and g, is a local good choice of a lifting, through a local lifting 2 and an isomorphism 7. :

EE/(tz) = (’A)CQ,C. By the above Proposition 3.1.2 and Proposition 3.2.1 this sum is finite and is
independent of the choice of a generic lifting p,, and the choice of good local liftings {g.|c € C'}.

By the multi-linearity and the anti-symmetry of the functions appearing in the definition of
p, we see that p induces a map

p: A3k'(027 :@2)>< — k

The following corollary gives a more explicit expression for p(p). Choose a cover {U; }1<i<, of
C5 by open sets such that there are liftings U; of U; to smooth schemes over S whose ring of
regular functions lie in 4}, and functions p; on U; which are good liftings of p uU,, with respect to
a system of uniformizers which lift that on U;. If X is any subset of U;, let | X| denote the set of
closed points in X and we let rx (p;) denote the sum of the local contributions Try £(res,(p;)), for
x € | X|. Note that since p; is a good lifting of p on U;, these contributions are possibly non-zero
only for x € | X| N |p|. Similarly, if w is any rational 1-form on U;, we let wx denote the sum of
the residues erle Try, resyw.

Corollary 3.2.3. With notation as above, let U} := U, \ Uiti<j<rUj, for i <r. Then we have

(3.2.4) pp) =ro,(B)+ D (ru:(Bi) +wur (Brs Bis xvin,)).
1<i<r—1

e = Uilvinv,)ee
Proof. In order to compute p(p) we need to choose a generic lifting of p and a collection of good
local liftings at each closed point. We let p,, be the generic lifting. We choose the good local
Iftings g, as follows. If ¢ € |U,|, let G. = pu, .. Otherwise, there is a unique 1 <4 < r — 1 such
that ¢ € |U/| and we let g, := p; .. Then we have

p(p) = p(pr.y) Z Trieg, (Prm) Z Triep, . (Prm) + Z Z Triep, . (Pron)-

ce|C| Ce|U,| 1<i<r—1 ce|U/|

where xu,nu, denotes the isomorphism between (~T

The statement then follows after noting that Try €5, . (pry) = Trx (resc pr). O

3.3. Bloch group relation. In this section, we will construct a residue map from a weight 3
infinitesimal Bloch complex to a weight 2 infinitesimal Bloch complex and study the relation of p
to this map of complexes. The results of this section will be used in the proof of the infinitesimal
strong reciprocity conjecture.
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3.3.1. Infinitesimal Bloch group of a discrete valuation ring and the residue map. In this subsec-
tion we follow the notation in §3.1.1. We first define the Bloch group By (A3, m2).

Definition 3.3.1. Let 8°(AS,m) = {z|z, 1 — 2z € B(A3,m)}. We define the Bloch group
Bsy( A3, m2) to be the quotient of the free abelian group generated by the symbols {z}s, with
x € B°(A3, 1), modulo the relations generated by {z}s — {y}2 + {(y/2)}2 — {(1 —271)/(1 —
y ) e+ {(1—2)/(1 —y)}o, for 2,y € B°(AS, 72), with x —y € B(AS, m2). As usual this gives us
a complex By (A3, m2) 2 A2B(AS, m2), where §({z}2) i= (1 — 2) A z.

This induces part of a weight 3 complex: By(A3,m) ® B(AS, m2) 2, A3B( A3, m2), where A
sends {z}2 ® y to §(z) A y. We also have a residue map that gives a commutative diagram

By(A3,m2) @ B(A3, ™) —2—  A3B(A3, )

res| res |
Bs(A3/(m2)) — 0 A2 (A (),

as in [3]. The residue map on A3B(A3,ms) is defined exactly as in §2.4.5. The residue map on
By (A5, ma) ® B(AS, m2) is characterised by the following properties:

(i) res({z}o @y) =0, if z ¢ (A3)" := {ala,1 — a € (A3)*} and

(ii) res({x}2 @ y) = n{T}a, if z € (A3)” and y = 7hu, with u € (A3)*, and T is the reduction
of 2 modulo (m3).

3.3.2. Global version. Let us now assume that Cy/S5 is a smooth and proper curve, C' denote its
special fiber and &5 a system of uniformizers on Cy. For a finite extension k'/k and n > 1, we
write k], := k'[t]/(t"). Note that for every ¢ € |C], there is a choice of a uniformizer 7o . € Ps,
and this gives a quotient O¢, /(72 ), which is canonically isomorphic to k(c)s.

Definition 3.3.2. Let k(Co, 2,)° = {z|x, 1 — x € k(Cy, P3)*}. Then we define the Bloch
group By (k(Cs), P5) as the quotient of the free abelian group generated by the symbols {x}s,
with x € k(Ca, 2,)", modulo the relations generated by {2} —{y}2 +{(y/z)}2 —{(1—2~1) /(1 -
y e+ {(1—2)/(1—y)}s, for z,y € k(Ca, P5)°, with x —y € k(Ca, P5)*. This gives a complex

Bo(k(Ch), P3) 2 A2k(Cs), Po)*.

We have natural maps k(Cz, 22)* — B(Ocy.c;m2,c) and Ba(k(Ca), P2) — Ba(Ocy ¢, T2c)-
Combining these with the sum of the residue maps in §3.3.1, corresponding to A3 = Oc¢, ., over
all ¢ € |C| and identifing Oc, ./(m2,c) with k(c)2, we obtain a commutative diagram:

Ba(k(Ca, P5)) @ k(Ca, P5)* —2s A3k(Chy, P)

TGSJ{ ’I"SSJ(

Becic|Ba(k(c)2) —2 s Do A2k(0)5

We constructed an additive dilogarithm map £is : Ba(ke) — k, for any field k of characteristic
0 in [11]. Let us briefly recall this function. It is given by the explicit formula

a3

giQ({S + at}Z) — _282(1 — 3)2’

for s € k” := k*\ {1} and a € k, on the generators of By (ks). It has also the following description
using the notation of §2.4.5: taking B := k[[t]] as in §2.4.5, we have a map £ : A%k[[t]]* — k. The

composition Ba(k[[t]]) LN AZK[[1])* % k, then factors through the natural projection Bs(k[[t]]) —
Bg(kﬁg) to give f’ig : Bg(k‘g) — k.
Let iz . denote the additive dilogarithm from By(k(c)z2) to k(c), and fis o) denote the com-

i2,c Try(e . .
position @eeicBa(k(c)2) Blize, See|c)k(c) M k. Then we have the following relation of

this function with the regulator p.
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Proposition 3.3.3. The functions liy oo res and po A from Ba(k(Ca, P2)) @ k(Ca, P2)* to
k are equal.

Proof. We need to show that both of the functions agree on a general element {f}s ® g €
By (k(Cq, P2)) @ k(Ca, P)*. We have A({f}2®g) = (1—f)AfAg, and hence po A({f}2®g) =
p(p), with p = (1 — f, f,9). In order to compute p(p), we need to choose a generic lifting of p,,
and good local liftings of p.., for every c € |C]|.

Let A denote a lifting of Oc¢, ., together with an isomorphism « : fl|tz = Oc,,n; and let
BE be a lifting of O, ., together with isomorphisms 7. : Bvé’\tz = Ocy.e, for every ¢ € |C). In
order to choose a generic lifting of p,, choose liftings fn and g, of a™(f,) and a~!(g,) and let
Py = (1 — fn» fn,gn). For the local lifting at ¢, first choose a uniformizer 7. on B\é lifting the
given one my . on @CQ ¢- Since g. is m3 -good, let g. be any 7.-good lifting of g.. By assumption
both f. and 1 — f. are g -good. If ¢ ¢ div(f|C) U div((1 — f)|C), and if f, is any lifting of f.
then both f. and 1 — f, will be 7,- good. If f|C vanishes at ¢, choose a 7T.-good lifting f. of f.,
then since (1 — f)|¢c isnot 0 at ¢, 1 — fC becomes a 7.-good lifting of 1 — f.. In case, (1 — f)|c
vainshes at ¢, choose fc such that 1 — fc is a m.-good lifting of 1 — f., then also fC becomes a
7e~good lifting of f.. The other remaining case is when f|c and (1 — f)|¢ both have a pole at c.
In this case, if we let f. as any 7.-good lifting of f, then 1 — f, is a 7.-good lifting of 1 — f,. In
each of these cases, we let ¢, := (1 — fc, fc, Jc) as the good local lifting of p..

By definition, p(p) = ZCE|C\ Tryeg, (ﬁn) = Zce\C\(Trkg(reS de) + Trkrescw(ﬁnvqm:}/;% o))
First we deal with the second summand. Note that

TeSc W(f)m e, ’NY;}, o 040) =TeSc W(O‘C(ﬁn)v Yeun ((jc), id):

with ac(p,) = (1 (fn) ac(fn) ae(Gp)) and Yen(de) = (1 — ’70,77(]?0)"zc,n(fC)v'?cm(gc))- BX the
construction of f,, gn,fc and g., we see that (a.(py), Ve (dc)) € A3B(Kcy,e, (t2)), where Ke, .
is the localization of (90270 at the generic point of its special fiber. By the above expressions, we
have:

(O‘C(f)n) ’ch( c) = A({(ac(fn) ’ch(fC))}2 @ (ae(g )a:}/c,n(gc»):

with {(ae(fy), Yo (fe)}2@ (@e(Fn)s Ten(Ge)) € Ba(Key e, (1)) @B(Kc, e, (7). The relative Bloch
group relation for w, namely Corollary 2.4.6, then implies that w(ac(py),Ye,n(de), id) = 0. Hence

= Z Trl(res qe).

ce|C|

Let us first look at the expression res g. = res (1 — fc) A fc A ge. Since A({fc}Q ®Ge) = (1— fc) A
fe A ge, the commutative diagram in §3.3.1, implies that

resg.=94o Tes({fc}Z ® ge) € A2(002,C/(7~TC))X = A2k(c)§<,

where the last equality is written using the canonical isomorphism between the k-algebras
Oc,.c/(7c) and k(c)2. Applying ¢ to the above expression we obtain,

L(resq.) =Lodo res({fc}g ® ge)-

On the other hand, fo§ = fiy, and fiy depends on its argument only modulo (¢2), as was described
in the paragraph before this proposition. Therefore,

Uresqe) = lizgcores({fel2 ® ge),
since f, and g, are liftings of f. and g.. Summing over all ¢ € |C| and taking traces, we obtain

poA({f}2®g) = p(p) = lizc|ores({f}2 © g).
This finishes the proof. (|



INFINITESIMAL CHOW DILOGARITHM 19

3.4. Strong reciprocity conjecture. In this section, we assume that k is algebraically closed.
The following theorem of Suslin is proven in much more generality in [10].

Theorem. (Suslin Reciprocity) Let C/k be a smooth and projective curve over k, then the sum
of the residue maps

TESc Z
EMHR(O) 2% @0 KM (k) —=— KM (k)

s 0.

There are Bloch complexes of weight n defined by Goncharov which conjecturally compute
motivic cohomology of weight n. Let K be a field then

I(K,n): By(K) = B, 1(K)®@ K* — --- Bo(K) @ A" 2K* — A"K*.

The cohomological complex I'(n, K) is concentrated in degrees [1, n], with B,,(K) in degree 1 and
conjecturally H*(I'(n, K)q) ~ H},(K,Q(n)). Here H),(K,Q(n)) denotes motivic cohomology of
weight n. By Voevodsky’s description in terms of algebraic cycles and the Bloch-Grothendieck-
Riemann-Roch theorem, H',(K,Q(n)) ~ Kgn_i(K)g). This is known when i = n, since then
H"([(n, K)) ~ K} (K)o ~ K,(K)g.

In what follows only the Bloch group By will be relevant. There are several different definitions
of these groups and it is not known that these definitions are equivalent. Note that the definition
of By(A) that we have been using is the free abelian group generated by {a}., with a € A® :=
{ala, 1 — a € A*}, modulo the 5-term functional equation of the dilogarithm.

We have a residue map res. : I'(k(C), 3) — T'(k,2), for every ¢ € |C|. Summing them over all
¢ € |C], we obtain the commutative diagram

B3 (k(C)) — Ba(k(C)) @ k(C)* —2= A3k(C)*

\LT(BSC” i’r‘e(ﬂc

Bo(k) ——2 = AKX,

By the Suslin reciprocity theorem In(resc|) C Im(8) in A%k,
Conjecture. (Strong reciprocity conjecture) The residue map resic| : T'(k(C),3) — T'(k,2), is

homotopic to 0. More precisely, there is a map h, with h(k* A A2k(C)*) = 0, which gives a
commutative diagram:

By(k(C)) —= Ba((C)) @ K(C)* —== AK(C)*

h
Tes|c| e Tes|c|
2

By(k) —— 22— A2k,

We need some preliminary results before proving the infinitesimal version of the strong reci-
procity conjecture.

Proposition 3.4.1. The sum of the local residue maps res|c| : A2k(Cq, P2)* — k' is 0.

Proof. This last statement can be reduced to two statements since k5 ~ k* @ k. Fix f A g €
A%Kk(Cq, P5)*. That the map A%k(Cq, P3)* — kX is zero follows from applying the clas-
sical Weil reciprocity to C' and the functions f|c and g|c. On the other hand, denote the
map A2k(Cs, P5)* — k by resjc)- It is the sum of resZ, for ¢ € |C|. Here resS(f A g) ==
Test%res;rc (dlog fc A dlog g.), where 7. is a uniformizer lifting 75 . and fc and g. are 7w.-good
local liftings of f. and g.. By the anti-commutativity of the residues we see that

o 1 3 ~
resjc) = — EZIC rescrest(gdlog fe Ndlogge).
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On the other hand, we see that rest(%dlog fc A dlog g.) defines a rational 1-form w on C' inde-
pendent of ¢. The statement then follows from the fact that the sum of the residues of w on C
being 0. ([

The following is an infinitesimal version of the Suslin reciprocity theorem.

res‘c‘

Proposition 3.4.2. The composition A3k(Cy, P9)* —— (A%ky)° — K31 (ko) is 0.

Proof. There is an isomorphism K2 (ky)° ~ Q}C/Q, given by sending {a1,as} to res;+dlog(ar) A
dlog(az). For any ¢ € |C|, the composition

(Cg,gzg)x s (A2]{32) _>Qllc/Q

is given by sending f A g A h to res;(resz, (3 dlog(f.) A dlog(ge) A dlog(h.))), where 7, is any

unifomizer on a lifting of (902 ¢, which lifts w5 . and fc, ge and h. are any 7.-good local liftings
of f, g and h. Therefore, to prove the statement we need to show that the sum

(34.1) Z resy(resz, (= dlog(fc) A dlog(ge) A dlog(h Z rese(We)

celC| celC|
is 0, where @, := rest( dlog(f.) A dlog(ge) A dlog(he)). On the other hand, w, clearly depends
only on fc, ge and h. modulo 2 and hence @, is the restriction of an (absolute) rational 2-form

w on C. Since the last expression in (3.4.1) is the sum of all the residues of the 2-form w on the
curve C| it is equal to 0. ]

Proposition 3.4.3. The map p: A3k(Ca, P2)* — k, when restricted to k5 N A?k(Ca, P2)%, is
0.

Proof. Let v € k5 and g, h € k(Cq, %3)*. In order to compute p(r A g A h), we need to choose
local and generic liftings of r, g, and h. Let us choose a lifting 7 € k[[¢]] of r. Then we choose the
generic lifting and the good local liftings all to be equal to 7. We also choose a generic lifting and
good local liftings of g and h arbitrarily, satisfying the hypotheses in the definition (3.2.3) of p.
Let us put 7 = roe™ 472+ with ro € kX and 1, 7o, € k.

First we simplify the expression 3~ ¢ ¢ €(resc(qc)), where G. = (7, g, h.). Note that res.(G.) =
—7 Arese(ge A he). For a € k[[t]], let a[t"] denote the coefficient of ¢ in . Then we have,

U(rese(G)) = —U(F Arese(Ge A he)) = —7g - 10g° (rese(Ge A he))[t] + 1 - log® (rese(ge A he))[t2].

We can rewrite log®(res(je A he))[t] in terms of residues as:
- 1 - 1 -
log®(resc(ge A he))[t] = restgdlog(resc(gc Ahe)) = restg(resc(dlog(gc) A dlog(h.))).
By the anti-commutativity of the residues, the last expression can be replaced with

—resc(rest(%d log(ge) A dlog(he))).

Similar to the arguments in the preceding propositions, rest(%dlog(gc) A dlog(ﬁc)) defines a
rational 1-form on C, independent of ¢, and hence the sum of its residues on the curve C is equal
to 0. Therefore,

(3.4.2) D U(rese(de)) =1 Y log®(resc(ge A he))[t?].
celC] c€lC]
Let a be a generic lifting map « fl/(t2) = Oc, i and 7, the local lifting maps 7. :
Be/(t?) = (’)Cz ¢, as in the definition (3.2.3). Let us denote a generic lifting of (r,g,h) by
D = (T, Gn, h n). Note that we denoted the local liftings by §. := (7, ge, h ¢). Let p: A — Abea

splitting and 1 : A[[ = A, the corresponding isomorphism.
Then, by the definition of w, we have

(3.4.3) rescw (P, Ges ’70_% oap) = TGSC(Q(E_I(%%@_I(YCA( c))),
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where X, is any lifting of the isomorphism 7, % o a.. We will simplify the last expression. Let us
put G := @71(15,]) and § := wil(ygl((jc)). Using the notation in (2.3.1), we have ¢ := (g1, §2, U3),
G := (41, Y2, 93), with g1 = 1 = 7. Since Q is a 1-form relative to k, the terms involving dlog(ro)
in the expression of Q) will vanish. Also since §; = 91, we see also that the terms involving 7o
vanish. Therefore, {2 contains only the terms that have the factor r; in them. More precisely,

Q(q, §) = r1(dlog(coz)(Gas — drag) — dlog(cvs)(Gaz — Ga2)).
Taking residues we have
(3.4.4) res. Q(q,q) = r1 - resc(dlog(aps)des — dlog(aps)des) — 71 - log® (rese(ge A ﬁc))[tz],

where we replaced the term res.(dlog(agz)das — dlog(aos)daz) with log®(res.(ge A izc))[t2] using
the fact that g, is a good lifting.
By the definition (3.2.3) of p, we have

p(rAgAh)= Z (€(rese(Ge)) + rescw(Py, Ge, 7o 0 ac)).
ce|C|
Using (3.4.2), (3.4.3), and (3.4.4), we can rewrite this as
T1 Z Tesc(d log(aog)dgg — dlog(aog)dgg).
ce|C|
However, dlog(agz)das—dlog(ags)das is a rational 1-form on C, and hence the sum of its residues

is equal to 0. This finishes the proof. |

In order to prove the infinitesimal version of the strong reciprocity conjecture, we then put
together the results we have proved so far about p in this paper and about the Bloch group
BQ(kQ) in [11].

Theorem 3.4.4. (Infinitesimal strong reciprocity conjecture) The infinitesimal part of the residue
map

T€S|C| : F(k(CQ, yg), 3) — F(k, 2)0
is homotopic to 0. More precisely, there is a map h : A3k(Co, P3)* — Ba(k2)° which makes the
diagram

By (k(Ca, P5)) @ k(Ca, P3)* —2> A3K(Co, Po)*

lTGSC h l’l‘eSC|

By(ka)° = (A%k5)°
commute and has the property that h(ky N A%k(Ca, 2)%) = 0.

Proof. By the theorem in [11], By(ko)° =~ ker(6°) @ Im(6°), and ker(6°) = k, such that the
composition with the projection Ba(k2)® — ker(6°), is the same as the additive dilogarithm i :
By(k2)° — k. Suppose that we have such an h as in the statement of the theorem. Let us denote
the first component of h by h; and the second component by ho. Then hy : A3k(Co, P5)* —
ker(6°) and hy : A3k(Co, P5)* — Im(6°). By the commutativity of the lower triangle we
must have that ha = res|c|. In order to be able to choose hy := res|c|, we need to know that
Im(res|c)) € Im(6°). Since the cokernel of 6° is K27 (k)°, this is equivalent to Proposition 3.4.2.

We know that by Proposition 3.3.3, liz |¢| ores = po A. Clearly, from the definitions, we also
have liy || ores = lig ores|c|. Therefore, we have liz oresjc| = po A°. By the commutativity of
the upper triangle, we see then that we must have £iz o (hy 0 A) = liz ores|c) = po A. Therefore,
we choose hy := &'2_1 o p, with &'2_1 : k — ker(6)°. These choices of hy and hs give us an h that
makes the diagram commutative.

In order to show that h(ky AA?k(Cy, P2)*) = 0, we need to show that hy (ks AA?k(Cy, Po)*) =
0, and ho (ks A A2k(Cy, P5)*) = 0. The first statement follows from p(ky A A%k(Ca, P5)*) = 0,
proved in Proposition 3.4.3. For the second statement we need to show that resic(ky A
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A2k(Cy, P5)*) = 0. If r € kS then res.(r A f Ag) = —r Ares.(f A g). Therefore, it suffices
to prove that res|c : A2k(Cy, P3)* — ki is 0. This is precisely Proposition 3.4.1. |

3.5. Comparison with the additive dilogarithm. In this section, we no longer assume that
k is algebraically closed. We will show that when the infinitesimal regulator p in this paper is
restricted to the case of P§ := PP}, and the rational functions are restricted to those of degree
1, then we obtain the additive dilogarithm iy of [11]. We first compute the regulator p for the
triple of rational functions on P4 that is related to the Totaro cycle.

Lemma 3.5.1. Fora € kg, the triple of rational functions (1 —x,x,1— %) on the projective line
P3 over ko, with the parameter x, are good with respect to a system of uniformizers P and the
requlator value on the triple (1 —z) Az A (1 — 2) € A3k(P3, P5)* is given by

a .
p(A=2) Az A (1 =) = tiz({a}a),
where {a}y is the element corresponding to a € k* in the Bloch group Ba(kz).

Proof. The first statement follows by choosing the uniformizers x, x — 1, x — a, and 1/z at the
points 0, 1, a, and oo. For the second statement, note that A({z}2®(1-%2)) = (1-z)AzA(1-2)
and by Proposition 3.3.3, p(A({z}2 ® (1 — 2))) = lig p1|(res({z}2 @ (1 — 2))) = liz({a}2). O

For B = k,, or A, we let P, = Proj(B[zo,--- ,2n]). For 0 < i < n, let H; denote the
hyperplane defined by z; = 0. Let z{ (P%) denote the free abelian group generated by codimension
g linear subspaces of P, which are in general position with respect to the intersections N;crH;,
for all I C {0,1,--- ,n}. We do not assume that the linear subspaces under consideration come
from linear subspaces of P} by pull-back. In other words, they are not necessarily constant on
B.For 0 <i<n,letd;:z}(P%) — z/(P% ') denote the map induced by sending L to L N H;.
The map 9 := Y <<, (—1)"9; then defines a complex 2/ (P%). We denote P}, by Pj.

Definition 3.5.2. Restricting our p to linear objects we obtain a map
pi: 2 (P3) = k,

as follows. Given a line Ly in P§, in general position with respect to the intersections of the
coordinate hyperplanes as above, then for a system of uniformizers &5 on Ly, 2 A z—i A z—i €

zZo
A3Kk(La, P5)* and we define p;(Lo) = p(ZE N2 A2
We can give a more explicit description of the function p; above. We first define j; : 27(P%) — k
as follows. Suppose that L is a line in 27(P%), then there is a system of uniformizers &4 on L
such that - A 22 A 22 € A3k(L, Z4)*. Let L denote the reduction of L modulo (¢). Then the

value of ; on L is defined by

(3.51) (L) := Z Trk(ﬁ(rescﬁ ANZA ﬁ)) = Z E(rescz—1 A2 A 2—3),
20 20 20 20 20 20
c€|L| c€lLIN|H|
where |H| := Ug<i<3|H;|. The last equality follows because the singularities of the above triple of

functions lie only on |L| N|H| and that the intersections L N H;, being the intersections of linear
subspaces, are A-rational and hence the values of the function ¢ in the summands are already in
k and there is no need to take trace.

Proposition 3.5.3. The natural reduction mod (t*) map from z2(P3) to 22 (IP3) is surjective and
the map p; factors through this map to give py.

Proof. Given a line in Lo in P3, which is in general position with respect to the intersections of
the coordinate hyperplanes. Let L be a linear subspace in P3, which reduces to L modulo (2).
Then L € 27 (P3). This proves the first statement. For the second statement we need to compute
pi(L) = p(Z£ A2 A Z). But L together with the triple of rational functions ZIANZANZ o L
gives a good global lifting. Therefore when computing p on Lo, we can use Corollary 3.2.3 with

1 = 1. This proves that p;(L2) = p;(L) as desired. O
Proposition 3.5.4. The requlator p;, : 22 (P3) — k factors through the quotient 2% (P3)/9(z3 (P3)).
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Proof. By the previous proposition and the fact that the map 27(P%) — 22(P3) is a surjection,
it suffices to show that p; factors through 27(P%)/9(z2(P4)). By the definition (3.5.1) of f;, we
see that

AD=((EAD) Y d(EaD)| Y reEa)

20 LNHs 20 Zo' |LNH2 20 20

)2,

LNH; Z1

For a scheme X /A, let X(A) denote the set of A-valued points of X. Note that we can express
p1 in terms of the map

[ = Up<i<aHi(A) \ Uo<icj<a(Hi N Hj)(A) = k
defined by f([ag, - ,0, -+ ,as]) := 032 N 22), as follows. First, we extend f linearly to a map
from the free abelian group Z[#] on .. Then we note that d(L) € Z[#] and

pu(L) =~ (L))
The statement that 5;(9(P)) = 0, then follows from 9% = 0. O

Let C’m(]P’]lg) denote the free abelian group generated by an m-tuple of distinct points in
PL(B), and C,,(PL) be the co-invariants of this group with respect to the natural action of
PGL(2,B). Let d; : C’m(PlB) — é’m_l(P}g), be the map that sends (co, - ,¢i, - ,Cm—1) to
(cor s Ciyo yeme1), and d := Y gcsern_1(—1)%d;. This defines a complex (Cy(Pk),d), which
descends to a complex (Cy(PL),d).

There is a commutative diagram

o
7 (Pp) —— 2 (Pp)

f5l f4l
Cs(PYy) —2— Cu(PL)

with surjective vertical maps fy and f5. The map f4 is given by sendlng L to the 4-tuple of points
( (L N Hy), (L N Hy), (L N Hy), (L N Hy)) on PL, where v : L= PL is any isomorphism of
L with PL. Since we are taking coinvariants with respect to the action of the projective general
linear group, this is independent of 7. Similarly, f5 is defined by sending P to (v(L N Hy),v(LN
Hy),~(LN Hy), ~(L N Hy),v(L N Hy)), where L is any line in P in general position with respect
to the lines {P N H;}o<i<q in P and v : L =5 PL is any isomorphism of L with PL. The above
commutative diagram induces the following surJectlve map

(3.5.2) g+ 21 (P3)/0(2 (P3)) — Ca(P3)/d(Cs(Py)).

Proposition 3.5.5. The linear requlator map p; : 2}(P3)/0(27(P3)) — k, factors through the
surjection g in (3.5.2) and induces a map p. : C4(P3)/d(C5(PL)) — k.

Proof. In oder to prove the statement we need to prove that if L and L’ are in 7 2(P3) with
the property that fi(L) = f4(i’) then p;(La) = pi(Lh), where Ly := L|t2 and L2 = L'|p2.
The assumption f4([~/) = f4(L') implies that there is an isomorphism « : L = L’ such that
a(f) NH;) = L' N H;, for all 0 < i < 3. By the definition of p;, we need to prove that

(3.5.3) p(L jAéjQZM—A—A—~

20 20 20 20 20 20

where our notation is for emphasizing that on the left hand side inside the parenthesis we consider
triples of rational functions on Lg whereas on the right hand side it is on L’

By the functoriality of p we have p(Z A 2 A 22 |L2) =pla(ZA2ZAE Lz))' On the other
hand, for each 1 < < 3, a*(£|;,) has the same zeroes and poles as Z|;. This implies that
there exist \; € A* such that o*(Z Ai j—o 7, forall 1 < ¢ < 3. Combining with the above,
this implies that

L’):

21 Z2 23 21 29 23
— AN—AN—|z, )= AM— Ado—= AX3—)|: ).
PN N le) =P AR A ;)
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By Proposition 3.4.3, we see that the right hand side is equal to p((z—; A z—i A z—i) ’iz)' This implies

z

(3.5.3) and hence finishes the proof of the proposition. |

By Remark 3.8.2 in [11], there is a map from Ba(ks) to Cy4(P3)/d(C5(P})) which sends {a}s
to (0,a,1,00) and this map is an isomorphism, when the source and the target are tensored
with Q. Let us continue to denote the map from By(k2) — k, which corresponds to p. via this
isomorphism, by the same symbol. Then the following theorem proves that p restricted to the
case of the projective line and linear fractional transformations is essentially the same as the
additive dilogarithm of [11].

Theorem 3.5.6. The map p. : Ba(ks) — k which is induced by restriction of the regulator p to
the projective line, is given by
pe({a}z) = —liz({a}2),
aj

2a2(1—ag)? "

where lig({ag + ait}s) =

Proof. By the definition of p. on Ba(ks), the left hand side of of the expression is p.(0, a, 1, c0).
On the other hand, again by the definition of p. we can express it as the regulator of a triple of
functions of P} :

a 1 1 a )
pe(0,0,1,00) = p((1 = YA (1= ) A=) = —p((1 —2) Aw A (1= 2)) = ~Liz({ala),
where the last equality follows from the Totaro cycle computation in Lemma 3.5.1. (]

4. INFINITESIMAL REGULATOR ON ALGEBRAIC CYCLES

In this section, we will construct a regulator map for cycles over .S, which has the properties
that it vanishes on boundaries and assumes the same value if the cycles are equivalent modulo
(t?), for an appropriately defined equivalence relation.

4.1. Bloch’s cubical higher Chow groups. We first recall Bloch’s definition [1] of cubical
higher Chow groups in the case of a smooth k-scheme X/k. Let Oj, := P} \ {1} and O} the
n-fold product of O, with itself over k, with the coordinate functions yi,--- ,y,. For a smooth
k-scheme X, we let 0% := X X 0. A codimension 1 face of L% is a divisor F}* of the form
yi = a, for 1 < i < mn, and a € {0,00}. A face of 0% is either the whole scheme 0% or an
arbitrary intersection of codimension 1 faces.

Let 27(X, n) be the free abelian group on the set of codimension ¢, integral, closed subschemes
Z C [O% which are admissable, i.e. which intersect each face properly on O%. For each codi-
mension one face F¥, and irreducible Z € z9(X,n), we let 0%(Z) be the cycle associated to the
scheme Z N F?. We let 9 := > | (—=1)"(05° — d?) on z7(X,n). One checks immediately that
0? = 0. We therefore obtain a complex (29(X,-), ).

Let 29(X,n)degn denote the subgroup of degenerate cycles, i.e. sums of those obtained by
pulling back via one of the standard projections p; : 0% — D’;{l, for 0 < ¢ < n, which omits the
i-th coordinate on 0% and 29(X,-) := 29(X,-)/29(X, -)degn the corresponding non-degenerate
complex. The complex (29(X,-),d) is called the higher Chow complex of X and its homology
CHY(X,n) := H,(29(X, ")) is the higher Chow group of X. It is a theorem of Voevodsky that
the higher Chow groups CH?(X,n) compute the motivic cohomology Hi;[_"(X ,Z(q)), for smooth
varieties X/k.

4.2. Cycles over S. In the following, we need to work with cycles over S which have finite
reduction in a certain sense. We define these groups as follows. Let Ty := PL, T, the n-fold
product of O with itself over k, and Og := O, x; S. We define a subcomplex 23(8,) € 2(S, ),
as the subgroup generated by integral, closed subschemes Z C % which are admissible in the
above sense and have finite reduction, i.e. Z intersects each s x F properly on ﬁg, for every face
F of OJ}. Modding out by degenerate cycles, we have a complex z;(S, ).

We want to emphasize that the more familiar notion of s-admissability is not enough for our
purposes. This condition would require that the cycle Z C [J% intersect each S x F' and s X F'
properly on (0%, for every face F of (7. For example, the cycle (1+¢,¢) in 2%(S, 2) is s-admissable,
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but does not have finite reduction because its closure contains the point (1,0) over the special
fiber. Our regulator will not be defined on this cycle.

4.3. Definition of the regulator. An irreducible cycle p in g?(& 2) is given by a closed point
pn of 02 whose closure p in 525 does not meet ({0,00} x Og) U (Og x {0,00}). Let p denote the
normalisation of p and {s1,---,s,,} the closed fiber of p. We have surjections Op s, — k(s;).
Since k(s;)/k is finite étale there is a unique splitting o s, : k(si) — Op s,. We define logg .. :

Og,si — Oﬁ,sw by ”
log: . (y) = log(—————).
o) =108 )

Let
(131) 1(p) = 32 To(respa, (g5 (10850, () - dlog(yn) — Togs . (32) - dlos(n))) ).

1<i<m
The following lemma shows that the value of [ on the graph of a function assumes a familiar
form.

Lemma 4.3.1. Suppose that f1(t), f2(t) € E[[t]]*. Then p := (f1(t), f2(t)) is an irreducible
0-cycle in g?(S,Q) and

I(p) = log®(f1)[t] - log® (f2)[t*] — log® (f2)[t] - log® (f1)[t*].
Proof. Note that with the above notation p =P = p, and m = 1 with s; = (f1(0), f2(0)). Let us
write log®(f1) = a1t + at? + - - and log®(fa) = byt + bat® +--- . We have log? ., (1) = log®(f3),
and dlog(y;) = dlog®(fi). The expression (4.3.1) then takes the form

1
rest;a((alt +agt? + - )(by + 2bgt + -+ ) — (byt + bot* 4+ - -+ ) (a1 + 2agt + - - -))dt.

This expression is equal to a1bs — asby, which is exactly the expression in the statement of the
lemma. ([l

Definition 4.3.2. We will define a regulator p; : g?p(S, 3) — k as the composition [ o 9, where
1:23(8,2) — k is the map defined in (4.3.1).

4.4. Properties of the regulator. In this subsection, we prove that the regulator has the
expected properties.

4.4.1. Vanishing on the boundaries. By the construction of the regulator, it is easy to see that
it is 0 on the boundaries.

Proposition 4.4.1. The composition py 09 : z3(S,4) — k is 0.
Proof. This follows from the fact that p =100 and that 009 = 0. ]

4.4.2. Anti-symmetry. Let G,, be the semi-direct product of S,, with (Z/2)™, with S,, acting on
(Z/2)™ by permuting the factors. Let x : G,, — Z/2 ~ {—1,1} be the homomorphism which
restricts to identity on each Z/2 factor and to the sign character on S,,. There is a natural action
of G,, on 29(S,n), where S,, permutes the coordinates in 0% and Z/2 in the i-th coordinate
in (Z/2)" acts by switching 0 and oo in the i-th coordinate in O0%. Then the regulator has the
following anti-symmetry property.

Proposition 4.4.2. For o € G5 and Z € 2120(5,3), pr(o(2)) = x(o)ps(Z).

Proof. Note that by the description (4.3.1), 1 : 2}2«(5, 2) — k is anti-symmetric with respect to the
action of Ga. If o; € (Z/2)? is the element which is non-trivial only in the i-th coordinate then
(00 =07°)0i(Z) = —(0) = 07°)(Z). For j # i, (0] — 05°)0i(Z)) = U(a;(0)((9] —95°)(Z))), where
aj: (Z/2)® — (Z/2)? is the homomorphism which omits the i-th term. Then the anti-symmetry
of [ gives the desired equality for o;. To complete the proof we need to show anti-symmetry for
o € S5, and hence only for o = (12) or (23), since they generate S3. This is then seen by a direct
computation. O
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4.4.3. Modulus property. Suppose that Z; for i = 1,2 are two irreducible cycles in g?c(S, 3). We
say that Z; and Zs are equivalent modulo ¢™ if the following condition (M) holds:

(i) Zi/S are smooth with (Z;)s U (U;,4]09Z;|) a strict normal crossings divisor on Z;.

and more importantly

(i) Z1|tm = Za|gm.

The main result of this section is the following:

Theorem 4.4.3. If Z; € g?c(S, 3), for i = 1,2, satisfy the condition (M) then they have the
same infinitesimal regulator value:

pi(Z1) = ps(Z2).
Proof. By assumption (i) in (Mz), we see that the divisors F' define a system of uniformizers
Ps(i) on Z; such that the triple of functions (y1 A y2 A y3)|z, are Pg(i)-good. Therefore,
if P5(i) denote the reduction mod (¢2) of this system of uniformizers to Z;| then (y1 A y2 A
yg)|z,‘t2 € N3k(Z;|e2, Po(i))* and (y1 Ay2A\y3)|z, can be used as a global good lifting to compute
p((y1 A ya A y3)|7i‘t2) using Corollary 3.2.3 with r = 1. More precisely,

(4.4.1) p((yr Ay2 ANys)lz, L) = > Trplress o (n Ayz Ays)lz,)s
ZE‘(Zi)sl

where {7.(i)|z € |(Z;)s|} is the system of uniformizers Pg(i).

The only contribution to the sum in (4.4.1) comes from when z € (97Z;)s. The sum of the
contributions coming from z € (9§%;), is (07 Z;) by Lemma 4.3.1. Summing over all the faces
we see that p((y1 A y2 A ys) Zm) = 1o 0(Z;) = py(Z;). Since by the condition (ii) in (M2),
Z1|2 = Zs|s2, the left hand sides of the last expression is the same for i = 1 and i = 2 and
therefore the right hand sides are the same. This gives the desired equality. O

Remark 4.4.4. By the same argument, one can prove a somewhat stronger statement than the
above. Namely, that we do not need to assume that Z;/S are smooth with the the given divisors,
being normal crossings divisors on them. But we assume that this holds after a common imbedded
resolution of singularities for Z; in 535 and these new smooth cycles are congruent modulo ¢2. Qur
main aim in doing this would be to define the correct higher Chow groups over ko, by defining
the cycle complex to be cycles over S, and setting two cycles to be the same if they have the
same reduction modulo #? after an appropriate resolution of singularities. We will pursue this
approach in future work, the Milnor case of which is done in [9].

4.4.4. Vanishing on the products. Suppose that Z is an irreducible cycle in gfc(S, 3) which satisfies
condition (i) in §4.4.3.

Proposition 4.4.5. If there is 1 < i < 3 such that y; restricted to Zy := Z|;2 is in k:2X then
ps(Z) =0.

Proof. Without loss of generality assume that ¢ = 1, and y; restricted to Z|2 is @ € k5. By
exactly as in the proof of Theorem 4.4.3 we see that

ps(Z) = p((yr Ay2 Nys)lz,) = pla A (y2 Ays)|z,)-
On the other hand, the right hand side is 0 by Proposition 3.4.3. ]

4.4.5. Comparison with Park’s requlator. In this section, we will compare our construction to
Park’s construction in [8]. We first recall Park’s construction in the cases that relate to our
discussion. Let Oy, := A} x; O% and §,, := A} x4, O, with ¢ being the coordinate on A}. The
codimension one face F?, for 1 < i <mn, and a € {0, oo} is given by y; = a. For a cycle Z C ¢,
its face 9%(Z) is defined as the cycle associated to Z N Ff. As usual 9 := Y, ... (8? — 9°).
We will consider two different versions of the additive Chow groups: one with the strong sup
modulus condition, denoted by the subscript “ss,” and the other with the sup modulus condition,
denoted by the subscript “s.” In [8], only the one with the sup modulus condition is considered.
The groups ¢, s(On;2) (resp. ¢pss(On;2)) are defined inductively:
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(a) €0,5(On;2) = co,55(On;2) is defined to be the free abelian group on the set of closed points
on On \ (Us o FE U {t = 0}).

(b) ¢p,s(On; 2) (resp. cp ss(On;2)) is defined to be the free abelian group on the set of irreducible
p-dimensional closed subvarieties W of {,, which satisfy the following properties:

(i) W intersects all the faces properly.

(it) For 1 <i<mnanda € {0, co}, (W) € cp_1,s(On-1;2) (resp. (W) € cp—1,55(On-1;2)).

Let f: W — O, be the normalisation of the closure of W in ¢,,.

Then for the sup modulus condition:

(iii)s The divisor supy<;<,,(f*{y; = 1}) — 2 f*{t = 0} is an effective divisor on W. Here for
a finite set of Weil divisors {D;}1<;<, on a normal variety X, sup,;<, D; is the divisor D such
that for any prime divisor E on X, order of D along E is the maximum of the orders of D; along
E.

For the strong sup modulus condition:

(i4i)ss There exists ani € {1,--- ,n} such that f*{y; =1} —2. f*{¢t = 0} is an effective divisor
on W.

Dividing cp,s(0n;2) (resp. ¢pss(On;2)) by the subgroup of degenerate cycles one obtains the
groups Z, s(On;2) (resp. 2, 55(On;2)). Letting ¢ = n+ 1 — p, one denotes the same groups by

Z9(0On;2) (resp. ZL(0n;2)).

Remark 4.4.6. If one would like to define a cycle complex over ko computing its motivic coho-
mology, one might try to do so by considering qu, (S,n)/Z%(On;2), where - = s or ss. However,
we are doubtful that this would give the correct answer. In some sense, this approach only would
only make cycles which are close to infinity equal to zero, whereas we think that two cycles which
are close to each other in the sense of Remark 4.4.4 should be made the same in this quotient
group. An opposite reason for our doubt in this definition with the sup modulus condition is
that such a definition would imply that the regulator should be 0 on Z%({,,;2). However, the
example below shows that this is not the case.

Ezxample. Consider the cycle Z € zfc(S, 3) given by the parametric equations

:Ey:t y1:1—133 Yo = 1+2y2 ys = 1+2y

’ ’ 1+y2’ l+y

For simplicity, assume that k is algebraically closed. We would like to compute p(Z). Let us
look at the contributions from each of the faces. Since 92°Z = (1,1) and I(1,1) = 0, this term
does not contribute to the regulator. For i = 2,3, and a = 0, 0o, 9?Z = (1 — at?, ), for some
a € k. Since (1 — at?,-) = 0, these terms do not contribute to the regulator either. Therefore,

pr(Z) =UNZ) = Y oy (2L L2000y — 3,

This cycle given by the same formula above satisfies the sup modulus condition with modulus
2 and hence gives an element in Z € Z2({3;2)), but does not satisfy the strong sup modulus
condition with modulus 2 hence Z ¢ Z2(03;2)). In terms of our viewpoint, it is not surprising
that the above cycle does not have 0 regulator value, since there is not a single function y; which
is constant on all of Z|s2 : on one component y; is constant, on the component yo is constant.

Note that that there is a natural map ¢ : 2{(0n;2) — 2$(5,n), where ¢ maps a cycle Z in

A} x, O to its completion +(Z) along 0 in A}. However, in principle z?(S, n) contains much
more cycles since they need not satisfy any modulus condition.
Park defines a map R : Z2(Q2;2) — k. We have the following relation between R and .

Lemma 4.4.7. We have the equality | o . = R of the functions from Z2((2;2) to k.
Proof. Direct computation of both sides. O

Since we defined py as the composition { o @ and since d o ¢ = ¢ o 9, we have the equality of
the following functions on Z2({3;2) :
(4.4.2) prot=Ro0.

The above example shows that ps o ¢ is not necessarily 0 on Z2(03;2). On the other hand, if Z
is a cycle satisfying the strong modulus condition, in other words Z is in Z2(Q3;2), such that
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1(Z) is smooth then py o ¢ vanishes on Z [8, Theorem 3.1]. This can also be seen by applying
Proposition 4.4.5 to «(Z) since if Z satisfies the modulus condition (4ii)ss then y; restricted to
1(Z)]s2 is equal to 1.
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