INFINITESIMAL BLOCH REGULATOR

SINAN UNVER

Abstract. In this paper, we continue our project of defining and studying the infinitesimal
versions of the classical, real analytic, invariants of motives. Here, we construct an infinitesimal
analog of Bloch’s regulator. Let X/k be a scheme of finite type over a field k of characteristic 0.
Suppose that X < X is a closed subscheme, smooth over k, and defined by a square-zero sheaf
of ideals, which is locally free on X. We define two regulators: p1, from the infinitesimal part
of the motivic cohomology H3,(X,Q(2)) of X to ker(H°(X,Q% /dOx) — HY(X, QL /dOx);
and p2, from ker(p1) to H (X, D1(Ox)), where D1(Ox) is the Zariski sheaf associated to the
first André-Quillen homology. The main tool is a generalization of our additive dilogarithm
construction. Using Goodwillie’s theorem, we deduce that p2 is an isomorphism. We also rein-
terpret the above results in terms of the infinitesimal Deligne-Vologodsky crystalline complex
D (2), when X is smooth over the dual numbers of k.

1. INTRODUCTION

Let X/C be a smooth curve over the complex numbers. The regulator map from the mo-
tivic cohomology H3,(X,Q(2)) = KQ(X)S) to analytic Deligne cohomology H% (X4, Z(2)) ~
H'(X,,,C*) is fundamental both in the arithmetic [7] study of X, when it is defined over a
number field, and in the geometric study of X [3]. The construction associates to every pair f, g
of meromorphic functions on X, a line bundle with connection on X,,,, such that the monodromy
at each point is given by the tame symbol of f and g at that point [2]. Using the identification
HY(X!,,C*) = Hom(H;(X/,,Z),C*), where X/, is the open set where f and g are invertible,
this line bundle with connection corresponds to the homomorphism that sends the closed path
v to

eXP(%(/ log f - dlog(g) —1ogg(p)/dlog(f)))

in C* [7]. Here p is an arbitrary point on X/ and the construction is independent of the choice

of p. Since, by the Gersten resolution, KQ(X)S) = I'(X, K} (Ox)q), the above construction

gives the regulator from Ko(X )g ).

The aim of the present paper is to give a precise infinitesimal analog of this construction. In
order to do this, we first need to define the correct infinitesimal verison of the motivic cohomology
group and interpret it in terms of a Zariski sheaf. The global sections of the sheafification of K2/
gives only a quotient of the correct cohomology group. Instead, we need need to consider the
Bloch complex of weight two, one of whose cohomology groups is K2/, but also has another non-
trivial cohomology group. We define these motivic cohomology groups in weights 1 and 2 in §2.
The basic set-up is a scheme X/k, over a field k of characteristic 0, together with a square-zero
sheaf of ideals such that the corresponding closed scheme X is smooth over k. We justify this
definition by relating it to the infinitesimal part of the K-theory of X, when X is smooth over
ko := k[t]/(t?). This is done by comparing this construction to the Deligne-Vologodsky complex
in §7.

The infinitesimal complex we define is denoted by I' (2). The corresponding hypercohomology
group H?(X,T%(2)) is the analog of the group K» (X)g) in the classical case. This very explicit
and function theoretic complex allows us to construct the infinitesimal analog of the classical
function theoretic approach above as follows.
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Suppose that A is a local k-algebra together with a square-zero ideal I such that A := A/Tisa
smooth k-algebra. Then corresponding to each splitting 7 of the surjection A — A as k-algebras,
we construct, in §3, a regulator lis , from Bs(A) to D1(A), the André-Quillen homology of A.
We would like to think of the choice of a splitting as the analog of the choice of a path in the
classical analytic theory. We give two different but equivalent constructions, one computational,
the other one conceptual.

In order to globalize this construction, we need to compare different choices of liftings. We give
an example that this comparison is not possible unless we impose the additional hypothesis that
I is a free A-module. Before making this homotopy construction, we study the local structure
of I'%(2) in detail in §4. In §5, we make this construction for an arbitrary morphism of pairs
of rings with a nilpotent ideal. This generality will allow us to deduce the functoriality of the
constructions. Based on the above analogy, this section should be thought of as the study of what
happens when one chooses a different path of integration. In §5.2, we give an explicit formula
for this homotopy map.

Letting (24 /dOx)° := ker(Q /dOx — QL /dOx) denote the infinitesimal part of Q% /dOx
and FT$(2) an appropriate subcomplex of f} (2) defined in §2, we have the following main
theorem:

Theorem 1.0.1. Suppose that X/k is a scheme of finite type over a field k of characterictic
0. Suppose that X — X is a closed subscheme of X defined by a square-zero sheaf of ideals.
Suppose further that X is smooth over k and that the conormal sheaf of X in X is locally free.
Then we have the following regulators:

p1: HA(X,T%(2)) — HY(X, (% /dOx)°)
and
po t H3(X, FT%(2)) — HY(X, D, (Ox)),

such that ker(p1) = H*(X, FT'%(2)) and p2 is an isomorphism. These maps are functorial for
arbitrary morphisms of k-schemes.

This can be thought of as the infinitesimal version of the injectivity conjecture for the Bloch
regulator [3, Conjecture 1.1]. Here, we should emphasize that the construction of p; is immediate,
the content of the theorem is in the construction of ps and proving that it is an isomorphism. We
would like to emphasize that the map above is completely explicit just as in the classical case.

We leave the question of finding the infinitesimal version of the above analytic bundle with
connection to future work. This requires finding the right topology to define this object and is not
directly related to the contents of this paper. Unlike the classical case above, in the infinitesimal
case, we do not need to restrict ourselves to the case of curves. A heuristic argument, based on
the conjectural Bloch-Beilinson filtration, on why we can get away without this restriction is as
follows. In the classical case, for curves, the first graded quotient Ext9,(Q(0), H3,(X/Q,Q)(2))
is 0, whereas this may not be true for higher dimensions. On the other hand, in the infinitesimal
setting, this quotient is always 0 regardless of the dimension.

Finally, we would like to remark that this paper is part of a project of defining and studying
the infinitesimal versions of classical regulator constructions, which was started in [9].

Notation. Unless stated otherwise, all the schemes as well as the Kéahler differentials, crys-
talline cohomology, cyclic homology, Hochschild homology and André-Quillen homology are rel-
ative to Q. We will always use motivic cohomology with Q-coefficients. Therefore, we always
tensor all the groups in a Bloch complex with Q even though our notation might not reflect this.
For example, A24* := (A2A*)g. For an A-module I, S, I denotes the symmetric algebra of M
over A. We remove the subscript A in this notation, if it is fixed in the context. For a ring A,
A® denotes the set of all units a in A such that 1 — a is also a unit. For a functor F from the
category of pairs (R, I) of rings R and nilpotent ideals I to an abelian category, we let F°(R, )
denote the kernel of the map from F(R, I) to F'(R/I,0). We informally refer to this object as the
infinitesimal part of F. We have the corresponding notion for the category of artin local algebras
over a field, since their maximal ideals are nilpotent.
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2. THE INFINITESIMAL WEIGHT TWO MOTIVIC COHOMOLOGY

Fix a field k of characteristic 0. Suppose that X/k is an scheme of finite type over k, and
T C Ox, I?=0, a square-zero ideal, such that if X denotes the closed subscheme defined by Z
in X, then X is a smooth variety over k. These assumptions imply that the imbedding X — X
is Zariski locally split [4, Proposition 4.4]. In this section, we will define the candidate for the
weight two infinitesimal motivic cohomology of X.

2.1. Weight one infinitesimal motivic complex. First, we will start with the trivial case of
weight one. For a regular scheme Y, the weight one motivic complex I'y (1) is quasi-isomorphic
to Oy [—1]. We define the complex (1+Z)[—1] of Zariski sheaves on X, which is quasi-isomorphic
to the cone of the map O%[—1] — O%[—1] as the weight one infinitesimal motivic cohomology
complex I'4(1). We define a

Hiy (X,Q°(1)) := H (X, T%(1)).

2.2. Weight two infinitesimal motivic complex. For a ring A, let B2(A) denote the Q-space
generated by [z], with 2 € A", subject to the relations

[2] =[] + ly/2] = [(1 = 271)/(Q =y~ D]+ [(1 = 2)/(1 - )] =0,
for x, y € A* such that (1 —2)(1 —y)(1 —x/y) € A*. Let I'4(2) denote the Bloch complex:
Bs(A) 5 A2AX,

where d([a]) := (1 —a) Aa and Bz(A) is in degree 1. This complex was considered for local rings
in [8].

If I C Ais anilpotent ideal, we let A := A/I. Since the map from I" 4(2) to ' 4(2) is surjective,
its cone is quasi-isomorphic to

B(A) © (A7A%)°,

which we denote by I'%(2). Note that this complex in fact depends on I, but we suppress it
from the notation since I will always be clear from the context. If A is also a local ring, the
cokernel of §° is K3 (A)° ~ (QY/dA)°. The composition of the map from (A2A*)° to (2 /dA)°
is given by log dlog, which sends an element a A b, with a € 1+ I and b in AX to log(a)%. We
let F((A2A%)°) :=im(6°), and FT'%(2) the subcomplex of I'% (2) which agrees with it in degree
1 and is equal to F((A2A*)°) in degree 2. Sheafifying this, we obtain the sheaves of complexes
I'x(2), I'%(2) and FT'%(2) in the Zariski topology. We define

Hjy (X, Q°(2)) == H'(X, T'%(2)).
3. REGULATOR TO ANDRE-QUILLEN HOMOLOGY

3.1. André-Quillen homology. We refer to [6] as a general reference for this section. Let R
be any commutative ring with unity and A an R-algebra. Let P, be a free simplicial R-algebra
which is a resolution of A. Then the cotangent complex L.(A|R) of A over R is the complex,
in the derived category of complexes of A-modules, associated to the simplicial A-module whose
degree n object is given by L, (A|R) := Q}DH/R ®p, A. André-Quillen homology of A over R with
coefficients in an A-module M is then given as the homology of L.(A|R) ®4 M :

D.(AIR, M) := H.(L.(A|R) ®4 M).
We denote D, (A|R, A) by D.(A|R).

Suppose from now on that R = Q. We then denote D, (A|Q, M) by D.(A, M) and D,(A|Q)
by D.(A). If A is a quotient of a smooth algebra B with kernel J, then the transitivity long exact
sequence for Q — B — A gives

-+« = D1(B,A) = D1(A) — D1(A|B) = Do(B,A) — ---

We have Do(B, A) = QL ®p A, and since B/Q is smooth, D (B, A) = 0. In order to compute,

D1 (A|B), we use the presentation

0—-J—B—A—0.
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The naive cotangent complex of A relative to B is then given by

JJJ? = Qp 5 = 0.
Since the naive cotangent complex is the good truncation of the cotangent complex in degree 1,
it can be used to compute the first André-Quillen homology. Therefore, D1(A|B) = J/J?. Since

the map to Do(B,A) = Qf/J - QL is the natural map induced by the differentiation, by the
above exact sequence we obtain that

Di(A) = ker(J/J> % QL /T - Qb).

3.2. Branch of the dilogarithm. Let A be an k-algebra, with a square-zero ideal I such that
A := A/I is smooth over k. Suppose further that 7 : A — A is a splitting of the canonical
projection A — A. The main theorem of this section will be the construction of the regulator
map in this context.

Theorem 3.2.1. Associated to the splitting T, there is a requlator map
g’t'Q)T : BQ(A) — D1 (A),
from the Bloch group to the first André-Quillen homology of A.

We will give two different constructions of £is ». The first one is in terms of explicit formulas.
The second one is more conceptual.

3.2.1. First construction. We will first construct fiz » using various choices and then show that
the construction is independent of these choices. Using the splitting 7 we regard A as an A-
algebra. Express A as a quotient B — A of a smooth A-algebra B. Let B be the completion of
B along the kernel of this map, J be the kernel of the projection B — A, and I be the inverse
image of I in B. We denote the structure map A — B by . Since, by assumption, I? = 0, we
have 12 C J.
We define a map

lis (B, 7) : QA"] = ker(J/J? — Q} /JQ} = Q7 JQ/JQB/JQ)

by sending [a] to

1 (@-a®
“@ao
where @ := 7(a ) with g is the image of a under the map A — A, and a is any lifting of a € A to
an element in B. Note that the value of fiy ,(B,7) at [a] is 0, if a € 7(4).

First, we show that the value of fis - (B,7) on [a] does not depend on the choice of the lifting
@ in B and that it lands in the above subspace of .J/.J2.

Proposition 3.2.2. For a € A°, liy.(B,7)([a]) is a well-defined element of ker(J/J? —
1 /701

Q5 /JQ B)'
Proof: Using the splittings 7 and 7, we will assume without loss of generality that A = A I
and B=A® J.

First, let us show that the definition is independent of the choice of the lifting a. If @’ is another
lifting, then @’ = a + «, for some a € J. We need to show that

@ —a)—(a-a)° =0

in B/j2 Letting b:=a—ael, this is equivalent to showing that
(b+a)®—0°=0

in B/j2 Since w € J, b € I and 12 C J, the above expression is in (f2j+ jz) C J2. This proves
the independence Yvith respect to the cl}oice of the lAiftir}g a.
Since a —a € I and I C J, ¢is (B A)({a) € I3/J? C J/J?. Therefore, the image of this

element under d lies in d(13) C 12 Qg 52 C JQ By This finishes the proof of the proposition. [
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We will abuse the notation and denote fiy (B, 7)([a]) by lia,(B,7)(a). Next we prove that

lis - (B, T) satisfies the five-term functional equation of the dilogarithm and hence descends to
give a map from By(A).

Proposition 3.2.3. The above function liy (B, ) factors through the projection Q[A®?] — By (A)
to induce a map

Ba(A) = ker(J/J? — QL /JQL).

Proof. Again, without loss of generality, we assume that A and B are split as above. For z :=
a+acA=Ad I withac A” and o € 1, lip r maps x to

1 as

2a2(a—1)2%’
where & is any lifting of o to an element of JCB=A®J. If y := b+ [ is a similar element,
we need to show that fi5 ; maps

1 11—z

11—y

Y 1—x
o~ + (2]~ [T

[+ 15—

of 9(% — 2, we see that iz » maps £ to

a x

1 (af —ba)?
2 (ab(a — b))?’
Similarly, i:z: = i:g: + %:Z: (I“::fﬁ — f’:;fl) and using the lifting %:Z: (1“:;111 — lb:;,gl),
0

we see that this is mapped t

1 (b(b—1)a —a(a—1)p)°
2 (ab(a — 1)(b—1)(a — b))?’

Finally, }:—’; = i_fb + 1%‘;(% — %), and using the lifting %(1&) — 1%), we see that lip ,

]
Ju

maps t—z to
1 ((b-1)d — (a—1))°
2((@=1(b—=1)(a=b)*

The functional equation is then a consequence of the following identity:

at B n (af —ba)*  (b(b—1)a —a(a 1)) L (b-Da—(a— ne° _,
(ala—=1)* (b(b—1)* (abla—1))* (abla—1)(b—1)(a=b)* ((a—1)(b—-1(a—b)>

]

Finally, we need to show how to get a map to André-Quillen homology. Note that J/J? = J/.J?
and QL /JQL = Q}B/JAQ}B Therefore, we have
ker(J/J? = Qp/JQ) = ker(J/J* — QL /JQL).

Since B is a smooth A-algebra and A is smooth over Q, B is smooth over Q. By the discussion
in §3.1, we therefore have ker(.J/J? — QL /JQL) = D;(A). We thus obtain the map from Ba(A)
to D1(A) we were looking for. We need to show that this map is independent of the choice of
the presentation B — A, where B/A is smooth. If B’ — A is another such map by considering
B ®4 B' — A, we may assume without loss of generality that there is a commutative triangle

B/

L\

B —— A.

Using the functoriality of the construction above, we achieve the proof of the independence.
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3.2.2. Second construction. In this subsection, we give a more conceptual construction of the
above regulator. As above, we start with a presentation B — A of A as a quotient of a smooth
A-algebra B with kernel J.

Letd: B — QlB denote the absolute differential and d : B — Q}? /A the differential relative to

A. Note that since B is considered as an A-algebra via the structure map 7, the map d depends
on 7 even though we suppress this in the notation.
We start with defining a map

—3-log2 Adlog 1

-
A*B* B/A

which we will integrate on the image of § in a suitable sense. The map log? : B* — B is defined
by log3(a) := log((5y) and dlog : B* - Q%/A by dlog(a) := %a). Then log3 Adlog is the map
sending a A b to log2 (a)dlog(b) — log2 (b)dlog(a).

We will also need the following basic lemma which implies the uniqueness of the anti-derivative

if we restrict to the infinitesimal part.

Lemma 3.2.4. The map B° % Q%/A 1s injective.

Proof. We may assume without loss of generality that the spectra of A and B are connected.
With this assumption, A and B are an integral domains. Fix a point = of A, and let A, and B;
be the completions of A and B at z. The map B — B; is then an injection. By the smoothness
assumptions, A, ~ K|[z1, -+ ,2p]] and Bz ~ K[[#1, - ,n, Y1, ,Ym]]. This implies that the
kernel of the map d : B; — QlBi,/A, is A;, and hence the map is injective on B; Combined with
the above injectivity of the compTgtion map finishes the proof of the lemma. |

The regulator we are looking for is the map from Bs(A) to ker(d) that is induced from the
diagram below.

)

Q[B] By (B) A2B*
\ A
\ /7 —3.10g2 Adlo
i \\ / \L 3-log2 Adlog
/ .
Q[A"] — By(A) / // jo 4 . leé/A
N \ \ / /
N \\ \ /-
N \ /
AN AN ¥ / o d R
LN k@S I (@ D)
N \\\ / 2
> O\ /
¥ o . o
ker(d)¢ J)J? (Qy/J)°

We explain this in detail below. The map 4 sends [a + @], with a € A and & € I, to (a — 1)(1 +
) Aa(l+ 2) € A2B*. The image of this element under log$ Adlog is
1 &%da
—————— + 0(&%)da.
2 (a—1)2a? +0(a%)da
There is a unique element
Lo +0@*) e
—_—— a
2 (a(a — 1))

whose image under d is exactly

—3. (log% Adlog)(3({a + &)).
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This element maps to —%ﬁ € j/jQ, which lies in ker(d) since a2 € I? C J. This defines
a map

Bsy(B) — ker(d).
By the definition of the Bloch group, the diagram

Q[B’] — By(B)

o

Q[A"] ——= By(A)

is co-cartesian. Therefore, in order to prove that the map from By (B) to ker(d) factors through
the projection BQ(B) — Bs(A), it is necessary and sufficient to prove that its composition with
Q[B’] — By (B) factors through the projection Q[B’] — Q[A’]. By the formula for the map above,
this boils down to showing that if « € T and & and § are two different liftings to I, then the
reductions of @ and (3 in J/J2 are the same. This follows from 33 —a3 = (ﬁ )(52+ﬁa—|—a ) €
J-1?cJ?

In order to show that the map is independent of the presentation, and thus defines a map to
D1 (A), we can argue exactly as in the last paragraph of §3.2.1.

4. MAP FROM CYCLIC HOMOLOGY TO THE BLOCH GROUP

4.1. Comparison of cyclic homology and André-Quillen homology. Suppose that A is
as in the previous section. We will, in fact, assume that A = A @ I, using the given splitting 7.
First we recall that cyclic homology can be computed in terms of André-Quillen homology.

Lemma 4.1.1. With A= A® I as above with A smooth over k, we have
HCS(A)M = Dy (A).

Proof. Since Connes’ long exact sequence degenerates for graded algebras, we have the exact
sequence [6, Theorem 4.1.13]

0— HC®_,(A) — HHS(A) — HC2(A) — 0.

Using the fact that this exact sequence is compatible with A-decomposition [6, Theorem 4.6.9]
and the fact that HC?(A)(©) = 0, we deduce the isomorphism HHS(A)(M) = HCS(A)D). Finally,
by [6, Proposition 4.5.13], this part of Hochschild homology coincides with the André-Quillen

homology:
HH(A)Y ~ DS(A).

By the smoothness assumption D;(A4) = 0 and we have the statement. ]

4.2. Map from cyclic homology to the Bloch group. In order to prove the injectivity of
the regulator, we will have to first recall the natural map from cyclic homology to the Bloch

group.

4.2.1. Review of the map from cyclic homology. By [8] we have a map,
HCI(A)Y — B3(A).

Composing with fi5, the branch of the dilogarithm corresponding to the above splitting of A,
we obtain a map HCS(A)M) — Dy (A). First we would like to give an example which shows that
this map is not always an isomorphism. In fact, in later sections this example will serve as a
counterexample to various other statements such as the generalization of the homotopy map.
Because of this example, we will have to add the assumption that I is a free A-module in order
to prove the injectivity of the regulator.
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Example 4.2.1. By the formula for lis, for a € A, o € A and A € Q, we have liz(a + Aa) =
A3lig(a + a). Therefore, if t : A — A denotes the ring homomorphism defined by ) (a + «) :=
a+ Aa, and t, . is the induced map on Ba(A), then lis(tx «(q)) = A\3lia(q), for any q € Ba(A).

Let A = Q[z], and A := A[t]/(«t,t?) denote the square-zero infinitesimal thickening of A.
Letting B := A[t] and J := («t,t?), we have a presentation 0 — J — B — A — 0, which can be
used to compute Dq(A) as

Dy (A) = ker(J/J* — QL /J).

The element xt? in ker(J/J? — QL/J) = D1(A) is non-zero and corresponds to a multiple of
t®z®tin HCZ(A)M. In particular, this element in cyclic homology is nonzero. Let g be its
image in Bs(A). Note that ¢ .(q) = A\?q. Comparing with the above formula, we obtain that
N3lis(q) = Nlis(q). Therefore, fiz(q) = 0 and fiy is not injective on HCS(A)™).

4.2.2. Injectivity of the regulator on cyclic homology. Suppose further in this section that I is
a free A-module. Note that since I?2 = 0, this is equivalent to assuming that the conormal
module associated to the projection A — A be a free A-module. Using a splitting, without loss
of generality, we are in the above situation A = A @ I, with I a free A-module.

Let S°(I) denote the symmetric algebra of I, I the augmentation ideal and J := I?. Since
S°(I) is smooth over A and the sequence 0 — J — S*(I) = A — 0 is a presentation of A, D;(A)
is given by

ker(J/J? = Q. 1y /J) = 1P /T* <= S3(I).

Therefore, we have an isomorphism HCS(A)M) ~ S3(T).

On the other hand, there is another natural map defined as follows. Let o be the 3-cycle
(123), and C3 := (o) the subgroup of S3 generated by o. C3 naturally acts on I®3, with the
rule that o sends a @ b® ¢ to c ® a ® b. Let I®3/(1 — o) denote the group of co-invariants with
respect to this action. The natural map I®%/(1 — o) — HCS(A)M) factors via the projection
I®3/(1 — o) — I®43/(1 — 7). Therefore, we obtain a map

1943 /(1 — o) — HC5(A)W,
Composing with the map
S3(I) — I®43 /(1 — o)
which sends a®b® c to 3(a®b® c+a® c®b), we obtain a map
S3(I) — HC5 (AW,

This map, being a non-zero constant multiple of the above map, is an isomorphism.
Let us now look at the composition

S3(I) = HCS(A)Y — By(A) — Di(A) ~ S3(I).
Proposition 4.2.2. The above composition S3(I) — S3(I) is multiplication by 3.

Proof. The arguments in this proof are analogous to those of [8, §4]. We need to compute the
image of the element a ® b ® ¢ in I1®3 under the above composition. This element is mapped to
the 3-cycle Bape := aeiz A beas A cegy in the homology of gls(A). In Ci(gl;(A)), we have

d(e13 N aeya Abegy A cesr) = —Babe + Yabe — ae12 A begy A cess,

where Yqpe 1= aea A beay A cepp. We claim that the image of the term aejs A beay A cess is equal
to 0. Since

d(€12 Naeir N b€21 A\ 0633) = —aejg N\ b621 A cessz + aeqy A b611 AN C€33 — A€ A b622 A C€ss,

it suffices to show that the images of aej1 A bey1 A cesz and aeqq A begs A cess are 0. In order to
see this, note that these elements can be lifted to cycles aeq; A I;eu A cesz and aeqq A 6622 A cess
in C,(gl3(S°(1))), which immediately implies that their images in S3(I) are 0 as in the proof of
[8, Lemma 4.2.1]. Therefore, the image of Bup. coincides with that of yupe.
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Note that vape is a 3-cycle in C,(gly(A). In order to compute its image, we start with a lifting
of this element to an element in C,(gly(S"(1))). Let Fape := ez A bear A éeqy be such a lifting.
Its boundary is equal to

(4.2.1) d(:}’/abc) = di)eu N ceqq — 65622 A ceq1 + aceia A 5621 — aeig N 6&621.

By the choice of the vectors v; = (1,1), v2 = (0,1) and v3 = (1,0), we deduce as in [8, Lemma
4.2.4] that the image of abei1 A éeqp in AQS (I)* is equal to 0. Note that after obtaining the
image of d(Fapbe) in A28 (1 (I)*, we apply —3log® Adlog to get an element in QL

S(1)/A°
In order to compute the image of Yape in S3(I) = I3/I*, we need to find the element in S°(1)
which maps to the image of this element in Q $(1)/A and then reduce it modulo I*.

First let us study the images of terms of the type aei1 A Bess, with o € I and XS I2. This is
mapped to the element

3(log® Adlog)(exp(a) A exp(B)) + I*d(I) = 3(adf — Bder) + I°d(I),
in QL /I3d(I), by the same computation in [8, Lemma 4.2.6].

(/A
With the same « and 3, aeja A Bea; is mapped to

—3(log® Adlog)(exp(—a) A exp(—B)) + I*d(I) = —3(adB — Bda) + I*d(I)
1 73 T . .
in QS (I)/A/I d(I), by the same computation as in [8, Lemma 4.2.7].
Applying the above formulas to the expression (4.2.1) of d(Yabc), we deduce that the image of
d(Fape) in QS 0 /A/I?’Q(I) is —3 times

—¢-d(ab) + ab - d(é) + aé - d(b) — b - d(ac) — a - d(bé) + be - d(a) + I*d(I) = —d(abé) + I*d(I).

By reducing the anti-derivative of this element modulo I*, we conclude that the image of Ygp. in
I3/I* is 3abé. This finishes the proof of the proposition. |

Corollary 4.2.3. Suppose that A is a local k-algebra with a square-zero ideal I such that I is
free over A = A/I and A/k is smooth. If T : A — A is a splitting of the canonical projection,
then the composition

lig +

HCS(A)M — B3(A4) =I5 Dy (A)

is an isomorphism.

Proof. Using the splitting 7, we reduce to the case when A = A @ I, with I a free A-module.
The statement is then a consequence of the above proposition. ([l

5. HOMOTOPY MAP

In this section, we would like to compare the different branches of the dilogarithm correspond-
ing to different splittings. First, we give an example that this is not possible for all square-zero
extensions.

Example 5.0.1. Assume the same notation as in Example 4.2.1. Let 7 be the splitting of A
corresponding to the direct sum decomposition A = A @ I, where I = (t), and o0 : A — A the
splitting such that o(z) = z+t. Let ¢ be the image of the element t@x®t € HCS(A)™M) in BS(A).
We have seen in Example 4.2.1 that iz -(¢) = 0. In order to compute #iz »(g), by an elementary
transport of structure, we see that fia ,(q) = fi2 -(¢'), where ¢’ is the image of t ® (z —t) @t €
HCS(A)D in BS(A). If ¢” is the image of t @ t @ t € HCS(A)M) in BS(A), then ¢ = ¢ — ¢".
By Proposition 4.2.2, we have lia -(q') = lia - (q) — lia - (¢") = —liz,(¢") = =3t3 € (£3)/(t*). In
particular, since the last element is non-zero, ¢is -(q) # fiz »(q). Note that that ¢ € ker(d), but
the different branches of the dilogarithm do not necessarily have the same value on ¢q. We will
see below that this cannot happen if I is a free A-module as in §4.2.2.
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Let A;, for ¢ = 1, 2, be k-algebras, with square-zero ideals I;, as in §4.2.2. Suppose that
f: A1 — As is a k-algebra homomorphism and that

A — A
and
T2 1 Ay — Aa,
are splittings of k-algebras. We do not require that f be compatible with the 7;’s. Namely, if

f 1A — A, denotes the map induced by f, then f o7 is not necessarily equal to 72 o f.
We would like to define a map

hy(11,72) : F((A*AY)°) = Di(42),
with the property that, for every o € BS(A;), we have
(5.0.1) lizry (f (@) = fullizr, (@) = hyp(T1,72)(6(0)).

This proved in Propostion 5.1.3 below. This map is a measure of the defect between f o7 and
720 f. In the sense that, hy(7,72) is 0 if fo7; =m0 f. An explicit formula for this map is given
in Proposition 5.2.1.

5.1. Construction of h¢(7, o). In this section, we will construct the above mentioned homotopy.
Let B; denote the symmetric algebra S:‘li (I;) of the free A,-module I; and B; its completion along
the augmentation ideal. Let 7; : A, — Bl denote the structure map. There is a natural surjection
B; — A;, with kernel ji, which is the square of the augmentation ideal I

Lemma 5.1.1. There is a map f : Bl — BQ which makes the diagram:

Bl *f>B2

e

Ay —— As
commute. We do not require that f be compatible with 7;, in the sense above.

Proof. Since we do not require compatibility with the 7;’s, we will assume, without loss of gen-
erality, that A; = A, @ I; are split. In this setting, f need not map A; C A, into A, C As. Since
A, /k is smooth we can lift the map A, — Ay = By/I2, using successive thickenings, to a map
A = Bs. We can extend this to a map B; — Bs by sending o € I to f(a) € I C Bs. This
factors through the completion to give a map as in the statement of the lemma. O

The map f is not unique. We will first define a map
hj(F1,72) « F(A*(B1/J7)*)°) = Bs /3.
Let F((A2B))°) := ker((A2B)° — (le /dB1)°). Note that since B; is not an artin ring,
F((A2B})°) need not coincide with the image of §°.
We have the following diagram:

F(/(A2Bf)°) F((A*(B1/J3)*)°)

- ilog?_l Adlog

-

Ao +7 4 ol
By By/A,
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Therefore, given & € F((A?(By/J?)*)°), we can define
d~"(log?, Adlog)(a) € B} /J7.
We have a similar diagram for By and 7, and since f(a) € F((A2(By/J2)*)°),
47" (log2, Adlog) (f(@)) € B /J3.
Finally, we let h (71, 72)(&) to be —3 times the element
d~"(log2, Adlog) (f(@)) — f(d™" (logg, Adlog)(@) € B3/ J3.

The following diagram

B3(B1/J}) —— F((A*(B1/J?)*)°)

| e

B3(Ay) ———= F((A2A})°) B3/ J3

I
Liz, ro0 ,Fff*oé\izj1 th
Y

D1 (Az)
then defines h¢(m, 72). Let us first show the commutativity of the outer pentagon.

Lemma 5.1.2. The two maps from B3(B1/J?) to B3/ J2 in the above diagram are the same.

Proof. The definition of h f(%l, 7o) O

The following proposition then finishes the construction of hy(my,72) :
Proposition 5.1.3. The map
lig r, 0 fr — fuoliayr, : B5(A1) — Di(As)
factors via §° : BS(A1) — F((A2A])°) to give hy (i, T2).

Proof. We need to show that elements in the kernel of §° are mapped to 0 by the above map.
We will assume, without loss of generality, that A; are local rings. Then the map HCS(A;)™) —
BS(A;) surjects onto ker(6°) [8]. Therefore, the statement reduces to the commutativity of the
following diagram:

HCS(A)) —— HCS(Ay)W

\Lfiz,fl J{fizq—z

Dl(Al) — Dl(AQ)

When the source and target of /i ,, are identified with S3(I;), through natural morphisms, this
map corresponds to multiplication by 3, by Proposition 4.2.2. This proves the commutativity of
the diagram and finishes the proof of the lemma. O

5.2. Explicit computation of h;(m, 7). We continue to use the notation of the previous
section. Using the splittings, without loss of generality, we assume that A; = A, & I; and
B; = 5°(I,). Recall that f : By — By is a lifting of f. If a € By is a homogenous element of
degree n, then we let fi(a) be defined by f = Y 0<i fi(a), with fi(a) homogenous of degree n +i.
If f is compatible with the splittings, we can choose f so that it is a morphism of graded algebras
and hence fl = 0, for 0 < i. However, we do not assume that f is compatible with these splittings.
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5.2.1. Description of hf(’f'l,’f'g). We continue with the notation above and explicitly compute
h (71, 72) on certain specific elements in F(A?A{)°.

(i) Suppose that we are given (1 4+ a) A (1 + aa) € F(A2A])°, with o € I; and a € A4;. In
order to compute its image under h (71,72). We first need to lift it to an element in F(A2B;)°.
Because of our choice of the rings BZ7 acl; C 11 and a € 4, C B1 The element

1
Fi=eY Ne — ie‘w‘rz ANa

is a lifting of the above element and has the property that its image under the map logdlog is
equal to

1 d 1 1 -
a-d(aa) — 5@0(25 = §a2da + aada = §d(ao¢2) =0€ (Q};l/d(Bl))o.

Therefore we need to apply h f(i'l, 79) to 4. We first compute
(log2, Adlog)(3) = ad(aa) — aad(a) = 0.
since both log? (a) and d(a) are 0.
Therefore, (71, 72)(7) = —3d"~ (log2, Adlog)(f(7)) € Ja/J3 = I3/I4. The value of the map
(log$, Adlog) o f on the element —Ee‘w‘z A a is equal to the sum of
d f a f a) ., a
W) 20D gy a2))) = 5 (o)
fola) fo(a)

and an element in I3d(I,).
Similarly, the value of the same map on the term e“ A e

(fo(@) + fi(a))d(fo (aa)+f1( @) = (fola )+f( ))d(f( )+ fi(@)
=fo(e)d(f1(a)fo(a)) = fr(a) fo(@)d(fo(@)) = fola)?d(fi(a))

and an element in I3d(I,).
Combining these two statements we deduce that

i, 2)(3) = — fol0)fi )
(ii) Suppose that we start with the element

s
(14 5= Ab—(1+

5 (folao?)

o is equal to the sum of

g) A(b—1) € F(A2AY)°,

with 8 € I; and b € Ag C A;. Analogous to the above case, the element
0 := e/ OV A — PP A (b—1) € F(A2B))°
lifts the above element. Since (log?, Adlog)(8) = 0, we have
hi(71,72)(8) = —3d ™" (log3, Adlog)(f(9)) € Jo/J3 = I3 /13,

By an explicit computation, we see that (log?, Adlog)(f £(8)) is the sum of

L_A®?2de(B) | fo(AH®)d®)
2 (fo(d)(folb) =1))% ~ ( 2

and an element in I3d(I;). This implies that

0(0)(fo(b) — 1))

h(1,72)(0) = _g : ( ;
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5.2.2. Description of hg(1,72). Using the notation above, let us denote fl by 6. We define a
map

hy: (A2A7)° — 1313
as follows. A .
For a, f € I C I, note that f(«), f(B) € Iy C I, and we define

ha((L+ ) A(L+B)) == f(@)d(B) — () f(5).
ForaGAzQBlandaellgfl,welet

hi((14a) A1i(a)) == —0(a)

where we view f(a) € Ay C Bs. The additivity in the second component follows from the Leibniz
formula 6(ab) = i(a)é(b) + é(a)i(b) in By/13, for a, b€ A,.

The following proposition then gives the explicit expression for (7, 72) we are looking for.

Proposition 5.2.1. The map hy(11,72) coincides with the restriction of —3h; to F(A2A{)°. In
particular, hy does not depend on the liftings f, 71, and 72 on F(A2A)°.

Proof. By the definition of (71, 72), we only need to show that h (71, 72) coincides with —3h;
on F(A2A{)°. By the formulas for h(71,72) in §5.2.1 above, we see that these two functions
agree on elements of the form (1 4+ o) A (1 4+ ac) and (1 + bfﬁl) ANb—(1+ %) Ab—1).In

order to finish the proof, we only need to prove that these elements generate F(A%A])°. Since
F(A?A])° = im(6°) and
a o ! a
° —fa)=(a-DA1+=)—arn(l+—)+1+—)A(1+=
Pfa+ak )= (a- DA+ —an 1+ "0+ 1+ 201+ 2),

these elements indeed generate F(A%A])°. O

6. REGULATOR MAP AND THE PROOF OF THE THEOREM

In this section, we continue to assume that X is smooth over k£ and that the conormal sheaf of
the imbedding X < X is locally free on X. Let {U; };cs be an open affine cover of X. Suppose that
7; are local splittings of U; < Uj. Let {a;; }i jer be local sections of B3 on U;; and {b; };c1 be local
sections of F(A?0%)° on U; such that d(a;;) = b; U,;» and ajg Ui T aij

Consider the element

Ui]’ _bl Uf,jk — QL U,;jk = 0'
Yij := lia,r, (aij) + h(Ti, 7;)(b;) € Dy (Usj).
Since on Uyjk, ajr — ik + ai; = 0, and h(7;, ;) — h(7, ) = h(7j,7;) , we have the following
equalities, v, — vik + Vij =
li 7 (ajk) — lio,r, (air) + liz,r, (ai;) + h(7j, T) (b) — B(7i, ) (b)) + (73, 75) (bs)
=liz 7, (aji) — iz r, (ajk) + h(7j, 7:)(br) + h(7:,7;)(b;)
=h(7i,7;)(6(ajk)) + h(7;,7:)(bk) + h(7i, ) (b;) = h(Ti, 7;) (b — bs) + h(7;,7:)(br) + h(Ti, 75) (b))
=0.
Therefore {7;;}i jer defines a cocycle. If {7]};cr is another set of splittings and {;;}ijer the
corresponding cocycle, then we have ’yz’»j — Yy =
liz 7 (aiz) + W, 7j) (b5) — liz,r, (aiz) — h(7i,75)(b;)
=h(ri,7])(0(ais)) + h(r],7})(b;) — h(7i,75)(b;)
=h(7i,7})(bj — bi) + h(7],7;)(b;j) — h(7i, 7;)(b;)

:h(Tj, Tj/-)(bj) — h(Ti7T{)(bi)7
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which is the co-boundary of the element {h(7;,7/)(b;)}icr. In order to finish the regulator con-
struction we need to show that the boundaries go to boundaries. Therefore if {a;}icr is a
collection of sections of B, over U;, the map sends the boundary of this element to

iz 7. (a; — ai) + h(7i,7;)(0(a;)) = liar, (a;) — liz r, (a;) + liz 7, (a;) — iz 7, (a;)

on Uj;, which is the boundary of {lis -, (a;)}icr-
This defines the map

po : H3(X, FT%(2)) — HY(X, D1(Ox)),
we were looking for. The map p;, immediately follows from the surjective map of complexes
% (2) = K3 (Ox)gl-2,

together with the identification K3'(Ox)g = (2% /dOx)°.

Proof of Theorem 1.0.1. Since the map of complexes ker(6°)[—1] — FT'%(2) is a quasi-
isomorphism, we have an isomorphism H!(X, ker(§°)) = H2?(X, FT'%(2)). By Corollary 4.2.3,
for any choice 7 of a local splitting of U < U, there is an isomorphism

(6.0.1) lin < ker(8°) |y — D1(Ox)|u-

If 7 is a different splitting fis ,+ = lis ; on ker(6°) by (5.0.1). Therefore, the local isomorphism
(6.0.1) is independent of the choice of the splitting and gives a global isomorphism ker(6°) —
D1(Ox). This proves that po is an isomorphism.

Suppose that we have a map f : Xo — X3 of k-schemes. The functoriality of p; with respect
to f is clear, whereas that of po can be deduced easily by using the homotopy maps h¢(71.72),
for choices of, not necessarily compatible, splittings on X; and Xs. O

7. CRYSTALLINE DELIGNE-VOLOGODSKY COMPLEX

There is another, somewhat more transcendental, complex of Zariski sheaves which is expected
to compute the motivic cohomology of the infinitesimal part of the motivic cohomology of X.
This is the crystalline version of the Deligne complex as defined by Vologodsky [10]. In this
section, we assume that X/ko is smooth.

Let Jx denote the subsheaf of the crystalline structure sheaf Ox which associates to an
infinitesimal thickening U < T of an open subset U of X, the kernel of the map O(T) — O(U).
Let 7 denote the natural map from the crystalline site to the Zariski site over X. For 1 < 4, let

D% (i) := Cone(Rr(Ox /Tx) — Rr(Ox/Tx))[-2]
denote the complex defined by Vologodsky [10, §7]. The cohomology groups
HZ,,o (X, Qp(4))° = H*(X, D (1))

crys

of this complex are the crystalline analog of the Deligne cohomology groups. Using Good-
willie’s theorem [5], Vologodsky proves that the Chern character gives an abstract isomorphism
K5, (X)g) =~ B (X, D (1)),

Note that D% (1) = O%[—1], the sheaf O% in degree 1. We will only be concerned with this
complex when ¢ = 2. When there is a imbedding of X into a smooth scheme P such that the
sheaf of ideals of X in P is J then D% (2) is quasi-isomorphic to the complex

O%/J* = (Q3)°/J -

concentrated in degrees 1 and 2, where Qg’ is the kernel of the map Q% — Q’X, and P is the
completion of P along X.

Let H*(D% (7)) denote the Zariski sheaves obtained by taking the cohomology sheaves of
the complex D% (i). By choosing local splittings, one sees that H!(D%(2)) = D:1(Ox) and
H?(D%(2)) = (2% /dOx)°. Therefore, Vologodsky’s theorem also gives maps from KQ(X)((Q?)
similar to the one that we constructed above. We do not currently know how to compare these
maps, but will consider this problem in a future work.
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