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Appendix A: Properties
A.1. Properties on the value function

i) and ii) Direct consequence of the definitions of I, Do, Sa,s and S&4.

iii) We sum the two inequalities Ay Agv(x+7) >0 and A,Agv >0 to get Ayy,Agv(x) > 0.

A.2. Properties on the system state space
i) to v) Trivial
_____ a,(b) is equivalent to “for all x such that {x,x+a;,...,x+a;} CX, x+becA”. In

this assertion we replace x by x+ a; to obtain “for all x such that {x —a;,x+a, —a,;,...,x} C X,

X+beEAX. SoRa,, a(b)=R_a.a-a,..a_,-a0b—a).

Appendix B: Translation operator
With y=x+b and Vx,x+be X,

viy+a)+ec, ify+aeX
v(y)+ec. otherwise.

Tu(x)= {

B.1. Propagation of P and N (Cells [Il and 3)
We suppose that v is P (i.e. v >0), then we want find conditions to have 7 which propagates P
(i.e. Tv>0). Given equation (8, we need to consider two cases:
e ify+ace X, then Tv>0if ¢, >0
e ify+a¢gX, then Tv>0 if ¢, > 0. However this case is unreachable if X' is R_p(a).
So Tv>0if ¢, > 0| A(R_p(a)V]c, >0|). In the same way, Tv <0 if |¢, <O|A(R_p(a)V|c, <0)).

B.2. Propagation of I. (Cell (&)

ATv(x) = {

Aov(y+a)+e, ify+taeX
Acv(y) +e., otherwise

So T propagates I, if |e., > 0| A(|e.,. > 0] VR_p(a))

B.3. Propagation of S._. and S. . (Cells [7] and [9))

We make the assumption that A A v is positive (resp. negative), then we want find conditions to

have A AT positive (resp. negative).

AAwv(y+a) ifyt+ael

A A, =
To(x) {AEAev(y) otherwise

So T propagates S¢ ¢ or S, _. without condition.
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B.4. Propagation of Sy . (Cell 1)

We make the assumption that v is Sq. (i.e. AcAgqv > 0), then we want find conditions to have T

which propagates Sq . (i.e. AcAgTv >0).

viy+a)+ec, ify+aeX

AA =AA
aTv(x) d {v(y) +e, otherwise

The four possible cases are described in the following table

|y+an yt+ag¢ X
y+a+deX | Casel Case 3
y+a+d¢ X | Case?2 Case 4

e Case 1 =0
e Case 2 =A [v(y+d)+c —v(y+a)—c,
=AAq v(y+a)te., —¢,
— Positive if Sq_a A€, — €, >0
— Useless if X' is Rgatn(a+b+d)
e Case 3 =A.Ju(y+d+a)+c,—v(y)—c]
=AAg1av(y) — €, + €,
— Positive if Sqia /€, — €. > 0|
— Useless if X' is Rq.atbra(a+b)
e Case4 =0
So T propagates Sq . if

(Sd—ae/ €, — €cy > 0| VRgatn(@+b+d))A(SaracA €, — €. > 0| VRaatbra(a+b))

B.5. PM(7) and NM(T") (Cells 13] and [15])

To(x) —v(x)= {

Aaipv(x)+c, ify+aeX Casel
Apv(x)+¢,.  otherwise Case 2

So v is PM(T) if |Aaipv>—ci| A(|Apv>—c.| + R.p(a)) and v is NM(T) if
[1Aaibv < —cal A(JApv < —¢;[+R_p(a))

B.6. IM.(7) (Cell 7))

AAaipv(x)+€ ify+aedX
A€Q _ e—a-+t+b Ca
To(x) {AEAbv(x) + €, otherwise

So, v is IM.(T) if Scasn/ €, = 0] A(ScnA Je, = 0| VR(a+ b))
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|y+a€X y+ag¢Xx
y+a+deX | Casel Case 3
y+a+d¢ x| Case?2 Case 4

B.7. IMy(7) (Cell 19)
Agipv(x)+¢, ify+acX
Apv(x) + ¢, otherwise

AdQT’U(X) = Ad {

The four possible cases are described in the following table
o Case 1 = AgA. pv(Xx)

— Positive if Sq atb
) AqApu(x) — Agu(x+b) ¢ —c,
| Ag_aApu(x+a) — Agv(x) ¢ —cq
— Positive if [A,v < ¢, — o] A(Sb.aVSb.d—a)

e Case 2 =Apv(x+d)+c —Aprav(x) —cq

— Useless if X is Rgarn(a+b+d))

 JAqApu(x) + Au(x+b+d) —¢, +c,
| Agralpu(X) + Agu(x4+d) — ¢, +c,
— Positive if |[A,v > ¢, — o] A(Sb.aVSb.dta)

— Useless if X' is Rq atbra(a+b))
o Case 4 = AqApu(x)

— Positive if Sq

— Useless if X' is Rq(a+b+d)VR4(a+Db)
So, v is IMg(T) if

e Case 3 =Ap v(x+d)+c, — Apv(x) — ¢,

Sd.atb/A\(SapVRa(a+b+d)VRq(a+b))
/\(\Aav <c. — Ca‘ /\[Sd)b\/de_a]\/Rd,aer(a +b+ d))
/\(|Aav 2 Cr — Ca| /\[Sd,b\/sb,dJra]\/Rd,a+b+d(a + b))

Appendix C: Choice operator

[ min{u(y)+c,v(y+a)+c,}ify+aeX
Cu(x) = { u(y) +c, otherwise (9)

with y =x+Db and Vx, x+b € X. In this section we may use ¢y = c, — ¢;.

C.1. Propagation of P and N (Cells [2] and [4)
We suppose that v poisitve (resp. negative). From equation () the condition to have Cv positive

(resp. negative) is
|ca > 0| A ey > 0] A(|e, > 0] VR_p(a)) (resp. |c, <O0[Alc, <O|A(Je, <0 VR_p(a)))

C.2. Propagation of I, (Cell [@)
Acmin{o(y) + e, v(y +a) +co}
Alo(x) = ify+acXx
A.v(y) + ¢, otherwise

The four cases of Ac min{v(y)+ ¢, v(y +a)+c,} are described in the following table.
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| Aav(y) S —Cq Aav(y) 2 —Cq
AV (y) < —c Case 1 Case 3
A (y) > —cd Case 2 Case 4

o Case 1 =Aw(y+a)+e,

— Positive if |e., > 0|
o Case 2 =v'(y)+c' —v(y+a)—c,>A(y)+e,
€c, = 0|

e Case 3 =v'(y+a)+c, —v(y)—c>Av(y+a)+e.,

— Positive if

— Positive if |e., > 0]
o Case4 Q=An(y) +e,
w2 0)

Note that when A,v < —cyq — €l (resp. Av > —cy+€.,) the cases 2, 3, 4 (resp. 1, 2, 3) are

— Positive if

Useless.
So C propagates I, if
lec, > 0] A

vV !Aav < —cd—ej;i
vV !Aav >—cite,,

>
o = 0 R p(a)

Alée, > 0] /\< )
a >
Alee, = 0] Ve 20

C.3. Propagation of S, . and S_. (Cells [8 and [10)
We make the assumption that A A v is positive (resp. negative) then we want find conditions on

v, and € to have A A.C positive (resp. negative).

A A min{v(y)+cp,v(y+a)+c,}
A A Cu(x) = ify+acXk
A A v(y), otherwise

We focus on A A min{v(y)+c,v(y+a)+c,}. We use v’ (x) (resp. ¢, ¢,”") to denote v(x+ 2€)
(resp. ¢y + 2¢.,, Ca +2¢.,).
A A min{v(y) + ¢y, v(y +a) + ¢, } = min{v”(y) + ¢,",v"(y +a) +¢,”}

—2min{v'(y) +¢',0'(y +a) + ¢/}
+min{v(y) + ¢, v(y +a) +cq}

The 8 possible cases are given in the following table.
e Cases 1 and 8 are positive or negative without condition.
e Case2 =0v"(y+a)+c,” 20 (y+a)+c))+ov(y)+ca =AAu(y+a)—Ayu(y) —cq
— Negative without condition
— Useless if 8, A |€c, > 0!
o Case 3 =v"(y+a)+c,” 20 (y)+c/)+tv(y+a)+c, =AAv(y+a)+2A,0(y) +ca+ 2.,

— Positive without condition
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Aa’U” (y) S _cd// Aa’l}” (y) Z _cd”
AV (y) < —c4
A(y) < —cq Case 1 Case b
A (y) < —cef
Ao(y) > —cy Case 2 Case 6
AV (y) > —cd
A(y) < —cq4 Case 3 Case 7
A (y) > —cd
Ao(y) > —cy Case 4 Case 8

— Useless if S, (A |€., > 0! VS A€, < 0!
o Case 4 =v"(y+a)+c¢,” =20 (y)+a')+v(y)+c =AD" (y) + AcAcv(y) + ¢4+ 2¢.,

— Negative without condition
— Useless if S, (A |ec, > 0!
o Case 5 =v"(y)+¢" —2(v'(y+a)+c) +tuly+a)+c. =AA(y +a) — Aav"(y) —ca— 2,

— Negative without condition
— Useless if S¥A |e., <0
o Case 6 =v"(y)+c/ =20 (y+a)+c/)+v(y)+c =AAu(y) — 28,0 (y+a) —cqg — 2¢,

— Positive without condition
— Useless if Sa A e, > 0| VS A e, < 0|
o Case 7T =0"(y)+ " —2(v(y)+a’)+v(y+a)+c, =AA(y) + Aav(y) +ca

— Negative without condition

— Useless if S22/ |e., < 0|

So C propagates S . if

Sa,eASLEA

ecd:()‘\/‘Aavg—cd—ejd‘\/‘AaUZ—cd%—ec_d

and propagate S¥°, if

Sa.c/ €y SO|V[Agv < —cq— €

Vv ‘Aav > —cqte,,

€c, = 0| VLA

C.4. Propagation of Sy, (Cell 12)
We make the assumption that v is Sq . then we want find conditions on v, and € to have C which

propagates Sq ..

Acmin{v(y) +cp,v(y+a)+c,} if y+aek

AgALCu(x) =Ag { An(y)+er, otherwise

The 4 possible cases are given in the following table.
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|y+a€X y+ag¢Xx
y+a+deX | Case A Case C
y+a+d¢ X | Case B CaseD

C.4.1. Case A.

Case A = A Agmin{v(y) + ¢, v(y +a) + ¢, }
= min{v'(y +d) + ¢/, v'(y+a+d)+c/} —min{v'(y) + o/, v'(y +a) + ¢/}
—min{v(y +d) +c,(,v(y+a+d)+c.} +min{o(y) + ¢/, v(y +a) + ¢, }

The 16 possible cases of case A are described in Table

Table 5  Possible cases for Case A = AcAgmin{v(y) + ¢, v(y +a) +ca}.

Case A AV (y+d) < —c, AV (y+d) < —ci, Auv'(y+d) > —c/, A (y+d) > —c,
A (y)<—cd  A(y)>—cd  A(y)<—cd  A(y)>—cd
Au(y+d)<—cqy
Aav(y) < e Case 1 Cosers Cose? cose 9
< —
Aav(y +d) < —cq Case 2 Case 6 Case 10 Case 14
Aav(y) 2> —Cq
>
Ao(y +d) > —cq Case 3 Case 7 Case 11 Case 15
Au(y) <—cq
>
Aav(y +d) > —cq Case 4 Case 8 Case 12 Case 16
Aav(y) > —Cq

e Case 1 =A Aqu(y+a)>0
e Case 2 =Agv'(y+a) — Agiav(y) — ca=AqiaV’ (y) — Aqiav(y) — ca — Agv'(y)
€y > O‘ /\Sd+a,e

€cy 2 0|

— Positive if
— Useless if S,.qVSa A

o Case3=—Ag ,v(y+a)+Aqv (y+a)+cs=—Aqu(y+a)+Au(y+d)+Aqv'(y+a)+c, >0
Aqu(y +a) — Aqu(y)
Aqv'(y +a) = Agu(y) + Aav'(y) — Aav(y +d)

>0 if ec;>0

e Cased =Aqv'(y+a)—Aqu(y)>

=Aq1a?'(y) — Adtav(y)

— Positive if Sq 2VSdta,e/
— Useless if S, (A |e., > 0|

o Case b =Ag;aV'(y) —Agqu(y +a) +ci/=Aqv' (y+a) — Aqu(y +a) +ci/ + Axv'(y) >0

ey >0)

o Case 6 = Ag oV (y) — Agyav(y) +ci —cq
€cy > 0|

— Positive if Sqya A
— Useless if 84,2

e Case 7=Agq;a0(y) — Ag_av(y+a)+cqg+cg
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— Useless if 84, V8L A

€ey < 0| VSq,aV8a e

€ey 20|
e Case 8 = —Aqu(y) + Aqtat’ (y) + ci'= —Ad1at(y) + Adrat’(y) + Agv(y +d) + ¢/

— Positive if

€y > O‘ /\Sd+a,e

— Useless if S4.aVSa.cA

€ey 20|
e Case 9 =Ayg v (y+a)—Agu(y+a)—ci/=Aq 0 (y+a)—Ag_v(y+a)— Av(y) —cd

— Positive if Sq_a A

€cy <0

— Useless if 8%, V84’ A

€cy <0
e Case 10 =Ag_ v (y+a)— Agqrav(y) +cd +cq

— Useless if S§°,VSLA

€y < 0| V84.aV8aN

€cy 2 0|
e Case 11 = —Ag v(y+a)+Aq v (y+a)+cg—cd

— Positive if Sgq_a A

€cy <0
— Useless if 8§’
o Case 12 = —Aqu(y) + Aq_a?V' (y +a) — ¢4’

=—Aqu(y) — AV (y) + Agqv'(y) — ¢4 >0
Aqu(y) — Aqu(y +a)

A —A +a)+ A (y+d)— A,
Case 13 = Aqv'(y) — Aqu(y +a)> av'(y) av(y +a) Rty 2 o)

>0 if €y <0

- Ad-i—avl(y) - Ad-l—av(y)

— Positive if 84°,VSq_a.c/

ey <0

— Useless if 82 A

ey <0
o Case 14 = Agv'(y) — Aayav(y) + ca= Agqv'(y) — Aqv(y) — Aav(y +d) —cqy >0
e Case 15 = Agv'(y) — Aq_av(y +a) + c4= Aq_a?'(y) — Aq_av(y) + Auv’'(y) + ¢4

— Positive if

6cd S O‘ /\Sd—a,e

— Useless if 8%, VSu.A

€, < 0‘

e Case 16 = —Agqv(y) + Agv'(y) >0

Note that if Ayv < —cy— ejd or Ayv>—cqg+ €., there is no condition because only cases 1 and
16 can be reach.

So Case A is positive if
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‘Aav < —cqg— ej;i Vv ‘Aav > —cate,, |V
(|€c, = 0] ASdta,eVSaaVSachle, >0|)  (Case 2)
A(Sda,aVSdta,e/ |€c; > 0| VSaeA e, >0|)  (Case 4)
N(Sata,e [€c, = 0| VS4.a) (Case 6)
A(845,V84,aVSLEN |€c, < 0| VSa e |6, > 0]) (Case 7)
A(l€cy; > 0[ ASata,eVSa,aVSae e, >0])  (Case 8)
A(J€e, < 0‘ ASd—a,cVSYLVSEN |€c, < 0') (Case 9)
A(84,V84,a VSN |€c, < 0| VSa A |ec, = 0]) (Case 10)
A(Sd—ae/ |€c, <O|VSYE,) (Case 11)
A(SY,VSd_ae/ |ec, O|VSLA e, <0|) (Case 13)
A(l€c; 0| ASqa,e VYL VSN |e., <0])  (Case 15)

With simplifications this condition reduces to

‘Aav < —cg— eé;! V ‘Aav > —cqte,,
\/Sd,a/\sdfa,e/\ Ecd S 0| \/Sgl_?a/\sd+a75/\ Ecd 2 0|

\/Sd—l—a,e/\sd—a,e/\(Sg?e\/sa,e)/\ Ecd - O‘

C.4.2. Case B.

Case B = A [Cvu(x+d) — Cv(x)]
=0 (y+d)—v(y+d)+e., —min{v'(y)+ ¢/, v (y +a) +ci'} + min{v(y) +cp,v(y +a) + ¢, }

Case B | A (y) < —ciy AV (y) > —cd
Av(y) < —cy Case 1 Case 3
Av(y) > —cy Case 2 Case 4

o Case ]l =A Ay v(y+a)—e., +e.,
— Positive if S4_a A€, — €, >0
e Case2 =Ayq v (y+a)—Aqu(y) —ci/ +cp+€.,=AAqu(y) — A0’ (y) —cd + ¢+ €.,
€c, — €y = O‘
— Useless if S, (A |e., > 0|
e Case 3=AqV'(y)—c/ —Ag av(y+a)+c,+e,=AAg o0(y)+ A0 (y)+ca—a/ +e,
— Positive if Sq_a (A |€., — €., > 0|
— Useless if S22/ |e., < 0|
o Case 4 = A Aqv(x) — €., +¢,
€cp — €y = O‘

Note that when Ayv < —cq—€f (resp. Ayv > —cq+ e;d) the cases 2, 3, 4 (resp. 1, 2, 3) are

Cd

— Positive if

— Positive if

Useless. So case B is

e Positive if
Sd—a,e/\ ’607« — €, 2 0‘ A €cp — Ecb 2 0|
VI]Auw < —cg— ej;i‘ ASe.d—al\|€c, — €0y >0
Vv ‘Aav > —cqte, | A€, — € 2 O‘

e Useless if X' is Rqain(a+b+d)
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C.4.3. Case C.
Case C = A Cv(x+d) —Cv(x)]
= AE[C’U(X‘F d) - U(y)] — €,
=min{v(y+d)+¢/, v (y+d+a)+c./}
—min{v(y +d) + ¢, v(y+d+a)+c,}
—V'(y) +o(y) — €,

Case C | AV (y+d)<—¢, A/ (y+d) > =
Ao(y+d)<—c Case 1 Case 3
Ao(y+d)>—c Case 2 Case 4

e Case 1 = A Aga0(y)+€, — €.
— Positive if S¢ qya/\|€c, — €c,. > 0|

o Case 2 =Ag;a0(y) —Agqu(y) +cd' —cp — €0, = AAgav(y) + Agv(y +d) + ¢/ — ¢, — e,
— Positive if S¢ qya/|€c, — €c,. > 0|
— Useless if S¢ oA |€., > 0|

e Case 3 Aqv'(y) — Aquat(y) —ca+ &' —€.,= AAgu(y) — Agv(y+d) —co + &' — €.,

€y — €cp = 0‘

ey <0

— Positive if

— Useless if S¥%A

T

o Case 4 =AAqv(y)+e, — €
€y — €cp = 0‘

Note that when A,v < —cq—€f (resp.Aqv > —cq+ € ,) the cases 2, 3, and 4 (resp. 1, 2, and 3)

— Positive if

are Useless. So case C is

e Positive if

Se,d-i—a/\ ’60(1 - ecr 2 O’ A 6% - ecr 2 O‘
VI[Auv < —cq— € | AScaral €, —€c, >0
Vv ‘Aav > —cqte, | N|€, — € 2 O‘

e Useless if Rg atbra(a+b)

C.4.4. Case D.
Case D=A,[Cv(x+d)—Cv(x)] = AcAqu(x) >0

C.4.5. Conclusion. The operator C propagates Sq . if,

+
‘Aav < —cqg—€

Vv ‘Aav > —cq+e€r

Cd

V84,aASd—a,e/ |€ey < 0| VSELASata e |€c, >0
VSdta,eNSa—ae (8L VSa )A€, = 0|
Sa—ae/ €, —€c, =0 A e, — €, > 0| Se.a+al |€c, —€c, =0 A |ec, — €0, > 0|
V ‘Aav < —cy— ejd ASec.da—al\ €, —€q, > 0| vV |Aav < —cy— ejd ASec.dtal\|€c, — €c, > 0|

V|Aav > —cote. | Ale, —€c, 20| V]Aaw > —cate, | Ale, — € >0

VRdatb(@a+b+d) VRd.atbia(a+b)
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We can simplify this results because if |[A, < —c¢y| the state x + a + b is always chosen in the
minimization, so the operator is equivalent to 7 (plus the cost c,), and if |A, < —c¢4| the state
X+ a-+ b is never chosen in the minimization, so the operator is equivalent to 7 or C with a = 0.

So we can consider that |A, < —c¢y| =|Aa > —c4| = false. Then the relation reduces to

Sd,a/\Sa-ae/ [€c, < 0| VS aASata e/ [ec, > 0]
VSdia,eNSa-aeA(SEVSa ) e, =0|
A <Sda_,€/\ |€c, — €c = 0| N €, — €, > 0| ) A Sed+al |€cq — €c, = 0| A€, — €0, > 0‘ )
\/Rdyaer(a +b+ d) \/Rd_,aerer(a + b)

C.5. PM(T) and NM(T") (Cells [14 and [16])
_ min{Apv(x) + ¢y, Aaipv(x) + ¢} if x+a+beX
Cu(x) —v(x) = { Apv(x) + ¢y otherwise

So v is PM(C) if
(|Apv > —cp| V|Asv < —ca )A(JAaipv = —co| V |Asv > —cq| )A(JApv > —c,.| VR_p(a))
and v is NM(C) if
(|Apv < =] AJALv < —c4lV [ Db < —o AJAv > —c4] ) A(|Apv < —¢,| VR_p(a))
C.6. IM(T) (Cell [18)

Acmin{A, pv(X) +Co, Apv(x) + ¢} ify+aceX
AQ =
Slev(x) {AeAbU(X) + €., otherwise

The 4 possible cases for A, min{A,,,v(x)+ ¢,, Apv(x) + ¢} are given in the following table.
| AV (y) £ —ca Agv'(y) > —ca

Case 1 Case 3
Case 2 Case 4

e Case 1 =A A, Lv(X)+e,
— Positive if S¢ pia/ |, > 0|

o Case 2 = A, V' (x)+c, — Apv(x) + ¢
— Useless if S »

o Case 3 = Apv'(x) + ¢ — Aaip¥(X) — o > Acv(x+b) — Av(x) + ¢,
— Positive if S¢pA |e, > 0]
— Useless if %9,

o Case 4 = A Apv(x) +¢,

€cp = O‘

— Positive if S¢ A
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Note that when A v < —¢y (resp.A v > —c¢,) the cases 2, 3, and 4 (resp. 1, 2, and 3) are Useless.
So A v is positive if
SepAScal |ea, = 0| A

e, > 0]

SenA e, >0

V1A < —cql ASamiah en 2 0] | A < il 2 !)
V[Aav > —c4| ASepA €, >0

C.7. IMq(T) (Cell 20)
AgQev(x) = Agq(Co(x) — v(x))

The 4 possible cases are given in the following table.

|y+a€X y+ag¢Xx
y+a+deX | Case A Case C
y+a+dg¢X | Case B  CaseD

C.7.1. Case A.

AgQev(x) =min{v(y +d) + ¢, v(y +d+a)+c.} —v(x+d)
—min{v(y) + ¢y, v(y +a) + ¢} +v(x)

The 4 possible cases are given in the following table.
| Aav(y) < —ca Aav(y) > —cq

y+d)<—c4 Case 1 Case 3
y+d)>—c4 Case 2 Case 4

A,v
A,v

—~

o Case 1 =Aqu(y+a)—Aqu(x) =Aqv(x+b+a)— Aqu(x)
— Positive if Sq pta
e Case 2 = Aqu(y) — Aqu(x) — Anv(y) —cg > Agu(x+b) — Aqu(x)
— Positive if Sq
— Useless if 84,
e Case 3 =Aqu(y) — Agqv(x) + Av(y +d) +cg < Aqu(x+b) — Aqu(x)
— Useless if S4.a
o Case 4 = Aqu(x+b) — Agqu(x)
— Positive if Sq
Note that when A v < —¢y (resp.A,v > —c¢y) the cases 2, 3, and 4 (resp. 1, 2, and 3) are Useless.
So Case A is

e Positive if Sd,b/\Sdﬁa\/ |Aa’U S —Cd| /\Sd,bJra\/ |AaU Z —Cd| /\Sd,b
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C.7.2. Case B. Case B=v(y+d)+c¢, —v(x+d)—Cu(x)+v(x)

AgApv(x) — Agv(y) + ¢ — co > ApAgqv(x) + ¢, + ¢
Ag_Apv(x+a)— Ayu(x) ¢, —c,

— Positive if (Sd7b/\ le, + ¢, > 0| VSp a—a/ |Aav < ¢, — ¢4 )

— Useless if Ajv> —¢y

o If Aju(y) > —c4 then Case B = ApAqu(x) + ¢, — ¢
— Positive if SqpAlc, — ¢, > 0|
— Useless if Ayv < —¢y

So Case B is

e Positive if

o If Ayu(y) < —cy then Case B =

SabA|cr+ ¢ > 0] VSp a_al |[Aav < ¢ — o V[AaU > —ca| A(SanA e — > 0|V [Anv < —cy))

e Useless if X' is Rqarn(a+b+d)

C.7.3. Case C. Case C =Cv(x+d)—v(x+d)—v(y) —c +v(x)
AgApv(x) + Ayu(y+d) —c,. +c,
AgiaApv(x) + Agv(x+d) — ¢, +c,
— Positive if |[Ayv > ¢, — o] A(Sb.aVSb.dta)

— Useless if Ayv> —¢y
o If Aju(y+d) > —cy then Case C = Ap,Aqu(x) — ¢, + ¢
— Positive if SqpA|cy, — ¢, > 0|
— Useless if Ayv < —¢y
So Case C is
e Positive if (|Ayv > ¢, — o] A(Sb.aVSb.dta)V |[Aa¥ > —ca| )A(SapA ey — ¢ > 0]V [Auv < —c4)
o Useless if X' is Rqaibra(a+Db)
C.7.4. Case D. Case D = AjA,u(x)

o If Ayu(y+d) < —c¢,; then Case C =

e Positive if Sq
e Useless if X' is Rq(a+b))VRa(a+b+d))
C.7.5. Conclusion. A4Qcv >0 if,

Sa,6/\8d,a
V |Aa’U < —Cd| /\Sd,bJra /\(Sd7b\/Rd(a+b+d)VRd(a+b))
\V4 \Aav 2 —Cd‘ /\Sd,b

deb/\|CT+Cb 20| Sbﬁd/\|Aa’U2CT—Ca|
VSh.d—a/ |Aav < ¢, — 4 VSp.dral |Aat > ¢, — c4l)
A V|Av > —¢y A V|Av > —¢y
/\(Sd,b/\ |CT —Cp Z O| V |Aa’U S —Cd|) /\(Sd,b/\ |Cb — Cp Z 0| V |AaU S —Cd|)
VRdatb(a+b+d) VRd atbra(a+b)

With |Auv < —cy| = |Aav > —c¢y| = false this expression reduces to

(‘CT 2 O’ N ’Cb = 0‘ \/Rd,a-i-b (a + b + d))/\Sd7b/\Sd7a/\Rd,a+b+d (a + b)
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Appendix D: Admission control

Mo =HA4puOgv+ 51" MOv+ pov,
H(x) = hx,

. . a=-—e;,b=0,
Opv(x) = To(x) with {Ca ¢, 20,
a=e;,b=0,

O,0(x) = Cv(x) with {

Cpy=2C;,Cq =, =0.

The state space is S; =Z™.

From (@) we know that M propagates S, o, and I, .

D.1. Proof of Theorem [II

D.1.1. Monotonicity. We look for the condition on v and € to have M that propagates I..

From Proposition 2l we obtain that M propagates I if the following condition is satisfied, knowing

that v is I, Se,.e,, and I,

|Ac(hz) > 0]

|Oy propagates I| |O; propagates I|

le, <O|A v is P

0| A |Qo,v <0 ! lex, <O|A|Qp,v <0| ‘o
A len < 0oV = Ai_ i 0,V > A Ve, >0[Alvis N|
A [ VIew >0 A 10,0 > 0] || "= A [V, > 014|200 > 0] Ve, =0)

Ve, =0|

V ‘6)\1. = 0‘

From Table Ml we obtain the following relations.

o |Ac(ha)>0[= e, > 0]

|Oo propagates I.|=true (see cell [l).

1Qo,v < 0| =|A_e, v < 0| =true (see cell [[T).

Qo,v > 0| =|A_s,v>0| = false (see cell [[J).

|O; propagates I| = |e., > 0| because R(e;) =true (see cell [@).
Q0,0 < 0] =|Ae,v < 0| = false (see cell [IG]).

Q0,0 > 0] =|Ae,v > 0] =true (see cell [I4]).

|v is P| = true because costs are positive (see cells [[l and [2I).

|v is N| = false because costs are not negative (see cells B and []).

So equation ([I0) can be reduced to

l
len = 0] Al 0| Ale, 0] A(lee, 201 Alex, > 0]) (11)

i=1

Conclusion, the optimal value function is increasing in the arrival rates \;, the rejection costs ¢;,

the holding cost h and decreasing in the service rate p and the discount rate 7.
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D.1.2. Convexity/Concavity. First we look for the condition on v and € to have M that prop-
agates S. .. However |O; propagates S, | = false, so M does not propagate S, (see Proposition
and cell [0 in Table @).

Now we look for the condition on v and € to have M that propagates S, _.. From Proposition [3]
we obtain that M propagates S, _ if the following condition is satisfied, knowing that v is S, _,

Seje; and I, .

IA A, (ha) < 0|

|Oo propagates S¢ _| |O; propagates S _|
le, > 0| A v is I
/\ ’6H>0‘/\’A€Q@0U§O’ /\2_1 ‘6)‘1’ >0‘/\’A€Qoi1)§0’ /\ \/|€n<0|/\|v is I_|
/\ \/|€#<O|/\|A€Q@O’U20| n /\ \/|€>\i<0|/\|A€QOiU20| \/‘6 :O’
Ve, =0| Ver, =0] !
(12)
From Table Ml we obtain the following relations.
o |A A (hz) <0|=true.
e |0, propagates S _.| =true (see cell 0.
o [A_Qop,v>0=8ce, (see cell D).
o [AQpv>0]=S_ce (see cell IT).
e |O; propagates S, _c| = Se, A€, <O[VSE Ale., > 0] (see cell IT).
o [A_Qop,v>0]=8_ce Ale, <0 (see cell IT)).
o [AQp,v>0[=8ce ANle, > 0| (see cell [T).
o |vis I| if (see equation ) |e, > 0| Ale, <O|Ale, <O /\i:1 lec, > 0[Alex, >0 .
o [vis T_d| if (sce cquation TT) Je, < 0] Ale, > 0] A ley > 0 AL_, ler, 0| Ale, <0 .
So equation (I2) reduces to
Se; e e, <0[VSY Ale., > 0]
le, > 0| NS¢, Yy, ‘ ere
’ ! lex, > 0| AS_c e, Alee; <O B
Vi OIS oo JA= A (Ve <olnsignle, > ol || Al =0 (13)
Y=

V |€)\Z. = O|

In the following section (see equation [[5]) we will see that M propagates S, ¢, if
len > 0| Ale., > 0| Alex, >0 Ale, <0|Ale, <0,
so equation (I3) reduces to
lec; =0|Alex, =0| Ale, =0[Ale, =0] .

Conclusion, the optimal value function is concave in the holding cost h.
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D.1.3. Monotonicity of the optimal policy. We look for the condition on v and € to have
M that propagates S¢,. From Proposition [l we obtain that M propagates S, o, if the following

condition is satisfied, knowing that v is S e, , Se,,e,, and I,.

|Ae, Ac(hz) >0
|0y propagates Se, | |O; propagates S, | e, <O|Alvis To.|
n e
A le,, <O[A]Ae, Qoyv <0 /\11_71 |€x; <O[A]Ae, Qo,v <O A Ve, >0|Alvis I_lell
A | Vle, > 0] A A, Qo v >0 A [ Ven, > 0[A A, Qo,v = 0] Ve, =0|
(14)

From Table Ml we obtain the following relations.

* [Ae Ac(hz) = 0] = |en = 0]

e |0, propagates Se, | = true (see cell [[1]).

o A Qo,v<0|=8_¢; e, N|A_e,v < 0| =true (see cell IT).
o [A, Qo v >0 =8¢, e, N+ = false (see cell [[9).

e |O; propagates Se, | = Se, 0, |€; > 0| (see cell I2).

o A Qo,v>0=8_¢ ¢ = false (see cell 20).

o [Ag, Qo,v>0]=Sg, o =true (see cell 20).

o |vis I, | =true (Stidham [1985).

e |vis I_, |= false (Stidha 1985]).
So equation (I4) can be reduced, and M propages S o, if

len, > 0| Ale., > 0| Alex, >0 Ale, <O|A e, <0]. (15)
Given that the optimal thresholds ¢; decrease if
| M propagates Sc | Ale., <0,

the optimal thresholds ¢; are decreasing in the arrival rate \;, the holding cost h, and increasing

in the service rate i and the discount rate 7.
D.2. Proof of Theorem

D.2.1. Effect of A\ and p : Piecewise convexity. Let [y, 1,] (resp. [\, \,]) be a set such that
for all p € [uy, pu] (resp. A; € [\, Ay]) the optimal thresholds S; do not change. For all p € [, ]
(resp. \; € [\, \,]) the MDP formulation can be rewritten.

Let €, (resp. €y,) be positive such that p+ €, € [, pt.] (resp. A+ €y, € (A, Au])-

e For all state space X and for all direction a, 7 propagates S, . without conditions.

e IM (O,) is positive if v is S, _ which is true because €, is positive. (resp. IMc(O;~0) is positive
if v is S¢ o which is true because €, is positive.)

So v*(x) is convex in p € [y, pty) resp. A; € [\, A,]) if the optimal thresholds S} do not change
on the set [uy, ] (resp. [Ar, Au]).
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D.2.2. Effect of h and ¢; : concavity and piecewise linearity. With ¢, >0 and ¢,, <0, v
is Sc and operators C (with a=e) and 7 (with a = —e) propagate S, _.. So v is concave in €,

and e..

We consider a set of parameters [h;, h,| (resp. [¢;, ¢,]) such that the optimal thresholds S do not
change on this set. As previously the MDP formulation can be rewritten on this set with translation
operator only.

With €, >0 (resp. €., > 0) such that h+ ¢, € [hy, h,] (resp. ¢; + €., € [c,¢,]), then T propagates
st and 8. without conditions VX" and Va.

Given that v 8%, and S, imply that v is linear in €, the optimal value function v*(x) is linear
in h € [hy, h,] (resp. ¢; € [c;, ¢, ]) if the optimal thresholds S} do not change on the set [h;, h,] (resp.

[ev; cu])-

Appendix E: Tandem queue, proof of Theorem 3]

The optimality equations for the tandem queue problem are

Mo = H+M101U+M2020+)\03U + pov,
H(x) = hix; + homax{z,,0} + bmax{—x,,0},
= b =
O1v(x) = Cv(x) with a=en 0,
c,=c. =0,

a=e;,—e;,b=0,
c,=c,=c.=0,

. . a=—ey,b=0,
Ozv(x) = To(x) with { e —cpm e =0,

Fromll&_a,igh@ndw (I_lB_QA) we know that M propagates Se, e,; Se,; 61 —eys aNd Se,y 69—, -

E.1. Monotonicity

Oyv(x) = Cv(x) with

We look for the condition on v and € to have M that propagates I.. From Proposition 2lwe obtain
that M propagates I if the following condition is satisfied, knowing that v is I, Se; ey, Se; e;—e9:

and Se, e)—e -

‘Ae(hlxl + hgl';r + b(—$2)+) > O‘ s
i |O; propagates I.| |O, propagates I.|

Al (<0200 <0\ [ p | [l <0720, <0)
A Vien >0ln 100,02 01| | A [Vier, > 01 A100,0 2 0)
\/‘eﬂl =0| \/‘EM =0 (16)
|O; propagates I|

le, <O|Av is P

A ex <O A [Qo,v <0 N[ V]e, >0[Alvis N|
A | Vlex>0[A Q0,0 > 0] Ve, =0
Vey = 0| e, =0

From Table @ we obtain the following relations.
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o |Ac(hay + howd +b(—w5) ") > 0 = e, > 0[Alen, > 0[ Aley >0,

|O1 propagates I.| = true (see cell [).

|Qo,v < 0| =true (see cell [I6]).

|Qo,v> 0] =|Ae,v>0| = false (see cell [[4).

|O, propagates I.| = true (see cell [).

|Qo,v < 0| = true (see cell [IG]).

Q0,0 > 0] =|Ae,_e,v > 0| false when hy < hy (see cell [I4]).

|O5 propagates I.| = true (see cell ).
Q0,0 <0|=|A_e,v <0| = false (see cell [[T]).
Qo,v > 0| =|A_e,v > 0| = false (see cell [[J).

|v is P| =true because all costs are positive.

|v is N| = false because all costs are positive.

So equation (@) can be reduced, and M propagates I if
len, > O Alen, >0[Ale, > 0| Aley, <O[A e, <O[Alex=0|Ale, <O0. (17)

Conclusion, the optimal value function is increasing in the costs h; and b, and decreasing in the

service rate u; and the discount rate 7.

E.2. Convexity/concavity

First we look for the condition on v and € to have M that propagates S... However
|O; propagates S | = false, so M does not propagate S.. (see Proposition B and cell in
Table @).

Now we look for the condition on v and € to have M that propagates S, _.. From Proposition [3]
we obtain that M propagates S, _. if the following condition is satisfied, knowing that v is S _,

Se1-,e2’ Se1-,e1*e2’ and Sez-,e2*e1'

|AA (7 + hozd +b(—12)7) <0
i |O; propagates S _| |O, propagates S _|
A €, > 0| A Ao, v <0 A €1, > 0| A |AQp,v <0
A [ Ve, <O|A]ALp,v>0] A | Ve, <O|A|ALp,v > 0|
Ve, =0| Veu, =0 (18)
|O5 propagates S, _|

le; > 0| A v is I

0/ A |ALo,0 < 0] :
A lex > flov < A Vie, <O|Alvis I_|
AV ]er < 0] A Ao 0 > 0] " Ve, =0|
\/|€)\:0|

From Table Ml we obtain the following relations.
. ‘AeAe(hlxl +hoxd +b(—x9) ") < O‘ = true,
e |O; propagates S. .| =S, VS _ (see cell T,

€eq,€
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o [AQp,v<0]=S_c, (see cell8),

o [AQo,v>0[=8ce, (see cell I,

e |0, propagates S. _.| = serel,evsgg_elle (see cell [I0O)),
o [A Q0,0 <0|=S_ce, o (see celllT),

o |Ao,v>0[ =8¢, 0, (seecell[l),

e |O; propagates S _c| =S_, VS*, . (see cell[),

o [AQp,v<0]=S_¢_, (see cell IT),

o [AQp,v>0]=S, o, (see cell [T),

|v is I.| (see equation[IT). €5, > 0| Alen, > 0| Ale, > 0| A€y, <O|A €, <O[Alex=0[Ale, <O0].
o |vis I_|if (see equation[T) |e,, < O|A|en, <O|A e, <O[Ale,, >0|Aley, >0|Alex=0|Ale, >0].
In the following section (see equation [I5]) we will see that M propagates Sce,, Scey,—e; » and
Se,ey if
len, = 0| Alen, > 0| Ale, > 0| Aley, =0 Aleu, =0 Alex <O0].
So M propagates S, _ if

l€n, = O Alen, > 0| Alep > O[ Ay, = O0[ Aleu, =O0[Alex=0].

Conclusion, the optimal value function is concave in the costs hy and b.

E.3. Monotonicity of the optimal policy

We look for the condition on v and € to have M that propagates S, ¢, and S¢ ¢, e, - From Proposition
we obtain that M propagates S q if the conditions (I9) and (20) are satisfied, knowing that v

1S Se,ela SE,e27917 Sel,eza Sel,elfeza and Seg,egfel-

|Ae1 Ae(hlxl + hng + b(—flfg)Jr) < O‘

|O1 propagates S, | |O, propagates Sc e, |
A |€#1 >0|/\|Ae1QO1U§0| A |6#2 >0|/\|Ae1Q(’)2U§O|
/\ vkm <0‘/\’Ae19011)20’ /\ vkm <O’A‘AG1QO2UEO’
L \/|€#1 :0| \/|€#2:0| (19)

|O5 propagates S e, | )
le, > 0| A v is I, |

‘5/\>0‘/\’Ae1903”§0‘ Ve, <O|Alvis I
MA(Vies<oiniae ooz o | [ A1) |—0 a
Ves = 0| e, =0

From Table ] we obtain the following relations.

° ‘AeAel(hlxl + hoxy +b(—x4) ") < 0| = |en, > 0| Alen, > 0| Ale, >0,
e |O; propagates S¢ o, | = true,

o |A,, Qop,v<0|= false,

o [Ag, Qo ,v>0|=true,
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e |O, propagates S, | = true,
|Ae, Qo,v < 0| =true,
|Ae, Qo,v > 0| = false,

|O5 propagates S, ¢, | = true,
|Ae, Qo,v < 0| =true,
|Ae, Qo,v > 0| = false,

v is I, | = false,

lvis I_e, |= false.

‘Aeg—el Ae(hlxl + hgl';_ -+ b(—flfg)Jr) S O‘

i |O1 propagates Sc e, e, | |O, propagates Sc e, e, |

/\ |€#1 >0|/\|Ae2761901v§0| /\ |6#2 >0|/\|Ae27619021)§0|

/\ v‘em <O’/\‘Ae2—91901v20’ /\ vkm <O’/\‘A92_e19021120‘
\/|€#1 :0| \/|€#2 :O|

|O5 propagates Sc e,—e, |

le, >0[Avis Te,_e, |

lex >0|/\|Ae27e19031’§0| Ve, <O0|Alvis I
/\ /\ \/‘6)\<0‘/\’Ae2_919031120’ /\ | n \/|‘ |_0‘ e17e2|
Ves = 0] K

From Table Ml we obtain the following relations.

o |AAe, e, (i + hoxg +b(—2)") <O =[en, <O[Alen, >0[Ale, > 0],

|01 propagates Se o, e, | = true,
|Ae,—e, 0, v < 0| =true,
|Ae,—e, Q20,0 > 0| = false,

|0, propagates Sc e, | = true,
|Aey—e, Qo,v < 0] = false,

|Aey—e, Qo,v > 0] = true,

|05 propagates Se o, e, | = true,
|Aey—e; 0,0 < 0] = true,
|Aey—e; Q0,0 > 0] = false,

|V 8 Ie,_e, | = false,
o [vis I, o |= false.

So equations (I9) and (20) reduce to

len, = 0| Alen, > 0| Aley > 0| Aley, =0 Aleu, =0[Alex <O0].

Conclusion, the optimal switching curves s;(x;) are increasing in the demand rate A, the backlog

costs b, and decreasing in the holding cost hs.

Appendix F: Detailed tables
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Trp
Taci Tp )
(Zrar=—ei—e;)
P true true true true
N true true true true
I, true true true true
Se.e true true true true
Se,—e true true true true
Se; e true true true Sej’e
Se.te; e true Se. e Se. ¢ Se. ¢
i J J° J° J>
Se].,e true true true true
Se:.e/\sfe,-,e
Sej—e; e true Se;,e 7 / true
(=false in most cases)
S_e; e true true true S_ej’e
Sfe —e;,€ true Sfe,-.e Sfe,- € Sfe:,e
7 g J° J° J°
S_ej,e true true true true
Se _e. e true S_c. e Sc. /\S_¢. ¢ true
i Jr 3> J>
Qov>0 I, De, De, Iej_ei
QO/U < 0 Dei Iei Iei Dejfei
AeQOU > 0 Se,ei Se,—ei Se,—ei Se,ej—ei
Aei QO/U 2 0 Sei,ei Sei,fei /\Dez Sei,fei /\Dei/\sej,fei Sei,ejfei/\lej —e;
Aeﬁ-ej QOU 2 O Sei—Q—ej,ei Seﬁ—ej,—ei /\Dei Sei-ﬁ-ej,—ei /\Dei Sei+ej,ej—ei/\:[ej—ei
Ae. Qov >0 Se. e Se. _e Se. —e;\De. NS¢ _e. Se. e e
J 7% vl 1 (Xl 7 1 70 1 VRN 1
Aej —eiQOv 2 O Sej—ei,ei Sej —ei,—ei/\Iei false Sej—ei,ej—ei /\Dej—ei
A,eiQ(’)/U 2 0 Sfei.,ei Sei,ei/\Iei Sei,ei/\sfej,fei/\lei Sfei.,ejfei /\DleeZ
A—ei—ej QOU 2 O S—ei—ej,ei Sei—Q—ej,ei/\Iei Sei-ﬁ-ej,ei /\Iei S—ei—ej,ej—ei /\Dej—ei
Ao Qov>0 S_ e e S e —e Se.e:\S_e. —o. Ne, S e e o
J 7% vl 1 1% VR 7 1 VRN 1
Aei—ejQOv 2 O Sei—ej,ei Sei—ej,—ei /\Dez false Sei—ej,ej—ei/\]:ej—ei

Table 6 Detailed results for Arrival, Departure, Parallel Departure, and Tandem server operators
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Toaw and Tpa) Tep(i
P |c >0] |c>0|
N le <0| le<0|
I lec >0 lec >0
Se.e Se,,eNSEY Al =0 SE’ (ASe; e/ Jec =0
Se,—e Se, e/ |€c > 0| VSEY A lec <O SE Alec > 0| VSe, e lec <O
Se; e Se;.ei\ |€c <O|VSe;,—e; Alec > 0| Ve = 0] Se,ei\|ec > 0]V |ec =0
Se; +e;.0,/\Se; e/ |ec <0 Sel e, —e;
Se;+ej.e VS&l s, i AS26; te;,e/A € > 0 V826, te;.e/A(Se;.e VSl A lec = 0|
V826, te;,e/ASe; e A(SEY VSe, )A€ = 0] NSe,e;Alec > 0|
Se;,e;NSe;—e;,e/N|€c <0 Sej,—e; NSe,+e;,eN|eec <0
Seje VSE! o, ASe;teie/ e > 0] VSE o, ASe; ey e/ ec > 0|
VS, te;.e/ASe; e, e A(SEL cVSe, e)Alec =0 VSe, e;.e/ASe;te;.e/\(Se;.eVSEL A |€c =0
Se, —esei\Se; 20,6/ |€c <O SEl eii—e;/\Sej—26;.e
Sej—e:, V8E o, 0i\Se; e lee > 0 VSe, —2¢,,e/\(Se;.e VSEL A lec = 0]
VSe, c/ASe; —2¢;,e A(SEL e VSe, ) A e =0 ASe; N0 > e
S_e;e Se;,—e; N |€e <0 VSe;,e;Al€c > 0|V e =0| Se;,ei N € <O|V e =0|

Sfeifej,ei /\Sf2eifej,e/\ |EC S O|
\/Sqibeifej,ei /\Sfej,e/\ |€c > O|

V8o, NS¢, e, cA(Se}.c VSe, ) A lec = 0|

Se73+ej,e7;
VS 90, —e;eN(8%%, VS _e,.e)A|ec = 0]
/\Sfej,e/\ |€c S O|

S—e;,eiNS—e;—e;,e/ €c <O

Seje;NS—e;te; e/ lec <O
V8el o AS—e;—e; e/ |ec > 0

S—cje V8%, eiAS—e;teie/ € 2 0| "
VS_e;—e;,e/NS—e;+e;,e/\(Se;,eVSe, ¢)
VS_e;+e;eAS—e;—e; e A(Ser e VSe; o)A fec =0 ’ ’ "
Ale. =0|
Se;—e;.0;AS—c;.e/ec <O Sel ) —e;Nee >0
Sei—eje VS&! e, 0, \S26;—e; e/ |€c > 0 VS2e,—e;.eAN(8*%, VS_e,.e)Alec =0
V826, —e;.cAS—c;,eA(Sar ¢ VSe,.c) A€ = 0| ASe,—e; A lec >0
Qov >0 |Ae,v > —c| [A_e,v>—¢|
Qov <0 true true
AeQov >0 Se,e; A€ >0 Se,—e; A |€c > 0]
Ae,Qov >0 Se;.e; Sei—e; N|A_e,v > —¢|
Ae#ejﬂovzo Seitej.e; Sei+ej7,ei/\|A,eiv2 —c|
Ae; Qov >0 Se; e Se;,—e;
Aej—e;Q20v >0 Se;—e;e; Se;—ei—e; N |[A—e,v < —(]
A_e,Qov>0 S—eies Sei e
A_e;—e;Q0v >0 S_ei—ej,e; S_e;—ej,—e;
Afejﬂov >0 Sfej,ei S,ej,,ei

AeifeonvEO

Table 7

Sei*ej,ei,

Sei*ej»*ei,/\ |A*eiv 2 _C|

Detailed results for Controlled Arrival, Batch Arrival, and Controlled Departure operators
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Ter,) Tcar (a=e;+e;j)
P e >0 le> 0
N le<0| le <0
I. lec > 0] lec >0

Se.c Se; e, NSel e, A ec =0 Se,te;.cASerte; e/ |€c =0
Se,—c Sej—ese/\ € ZOWSZ;Lei,eMGc <0 Se;tej,e/|ec 20|\/ng+@]\,6/\|6C <0|
Se;,e;+e;/\Sej,e/\ lec < 0]
Se; e 84’ e, —eiNSo;,cASee; Alec > 0| VSE) e, 4e; AS2e;+e5,e/ [ec > 0
VS2e, +e;.e/\Se; eA(Se to, e VSe,+e;.e) A lec =0
ngJrej,ejfei Se;tejeite; A lec <O
Seite;,e VSe, e (S8l e, e VSe;—e;e)Alec =0 VS e, e;+e; NSeite; e/ € > 0|
ASe,e; A€ > 0] VSe,te;.e NS 4o, cVSe, te;.e) Al = 0]
Sej,e;—e;\Se;,eN|ee <O Se;,eite;NS—e; e/ |ec <O
Se; e V8L o —e,\S2¢;—e; e/ € > 0| V8L o, +e; NSe;t2¢,e/ € > 0
V8ae; —o;e/\Se;,eN(Sa)—e;.cVSe; —epe) Alee =0 VSe,t20;,e/S—e;,cA(Seive; e VSe;to;e) A |ec =0)
Sej—e;,ei+e; \S—e;,e/\ | <O
Sej—eie Sej—eise;—ei/\|ec <OV [ec = 0] VS, 4o, NSej e/ lec > 0]
VSe;,eNS—c; e A(Selse;.eVSe;tes,e) A lec =0
S—eie;—e;\S—e; e
S_eie

Sfei,eiJrej /\Sf2ei7ej,e/\ |€c < 0|
\/S72ei+e]‘ ,e/\(sgffei,e\/sej 7ei,e)/\ |€c = Ol

V8%, e;+e; NSej e €c > 0|
/\S,e].,e/\|<—:c <0

\/Sej75/\8*291’*6]‘75/\(Sgg+e]‘ ,e\/sei+ej,e)/\ |€c = 0|

S—ei—ej,e

S—ei—ej,ej—ei /\S—ej,

Sfeifej,eiJrej /\Sfeifej,e/\ |€c < 0|
\/S*eiae/\(SZf—ei,evsej 7ei~,€)/\ |EC = Ol \/Sei+ej,ei+ej/\ |EC > Ol
AS—_e;,eNee <0

VS o, 0, cA(SE 1o, e Ve, tej,e)A € =0
S—ej,e;—e;\S—2e;te;,e/ |€c <O

S—cj.eite; \S—2¢;—e;e/N|€c <O
S—ec;e VSYY e/ —e;AS—c; e/ e >0 V8% e;+e;ASe; e/ e >0
VS_e;,eAS—2¢; e, N(Sel e, e VSe;—ee) Alec =0 Ve, eAS_26;—e;,e NSl 1e; . VSe,tes,e) A e =0
Sei—ej,ei+e;AS—e;,e/|ec <0
Sei—ej.c Sel_c;e;—e;Nee > 0|V [ee =0 VS o eite; NSep e/ lec > 0|
VSe,,eNS—c;,eA(Slse, e VSe;tes.e) A lec =0
Qov>0 |Aej,ei1)2 —c| |Aei+ej1)2 —c|
Qov <0 true true
AcQov >0 Se,e;—e;Nlee > 0| Se,eite; /N |ec > 0]
A, Qov >0 Sei,ej,ei/\’Aej,ein—c’

Aei+ejQO'U Z 0

Sei,eﬁrej

Ae]. Qov>0

SeiJrej.,ej—ei/\ |Aej—ei'U > _C|

Sei+ej e;tej
Sej,ejfei

AejfeiQO'U >0

Sej e;tej
Se. —

Afeiﬂov >0

j—ei,ej—e; Se, —

j—€;,e;te;
S—e; €5 —€;

Afei,ej Qov >0

S*eivei"’ej

Afe]. Qov>0

Sfei —ej,ej—e;

Aei,eonvzo

Sfeifej,eiﬁ»ej
Sfej,ejfei

S*ej e;tej

Table 8

Seifej,ej —e; N\ !Aej —e; U > —c

Se; —ej,e;te;

Detailed results for Controlled Tandem and Controled Arrival as Fork operators
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Tr(i,j)

P |/ >0|Alc" > 0]
N | <0|A e <0]
I el > 0| Alec > 0]
Se.e Se, —e,e/\Se) —ei.e€ei = €
Se,—e Sej—eieN€es > €| VS o A leei < e
Seie;—e; NS2e;—e;,eN|€ei — €. < 0]
Se, e \/SZf’Tej,ei/\Sej,e/\ lewi — €. >0
Ve, cAS2e; ;< N(Se)—e;,c Ve, —ei ) Al — i =0)
Seitej,e;—e; NSe;eN|€pi — €qi <O
Seite,e vsgfﬁj,ej,ei/\sewe/\ l€wi — €ui >0
VSe,e/Se;,eN(SE)_e; e VSe;—e; e )A€ — €ci =0
Sej,e;—e;NSe;,eN€ei — €0i L0
Se; e V8L, o —ei\S2¢;—e; e/ |€ci — €ci 20

V826, —e;,e/\Se; e A(SE)_e, VS, —e;,e)A €ci — €ci =0

Se, —e;,€

J

Sejfei,ejfei/\ |€cj — Cei < O|

ub
\/Sejfei,ej —e; /\Sejfei,e/\ |6cj — €ci > Ol

\/Sejfei,e/\ |€cj — €.i = 0|

S—cie

Sfei,ej —e; /\S,ej,e/\ |€cj — €ci < Ol
V8™, o;—e,\Se;—20;,e/\ |€ci — €01 > 0

VSe,—2e;,eNS—e;,eNSer—e; e VSe;—es,e )\ |€ci — € =0
S—ci—ej,e;—e;NS—e;,e/ € —€ci <O
S—ci—ej,e VS, e, e;—e;\S—ey e € — €i > 0|
VS_e;,eAS—c;,eA(SE)_c, e VSe;—e;c) Al — €. =0
S—cj,e;—e;NS—2e;+e;,e/N € —€i <O
S_cje VSY% e;—eiAS—e; e/ € — €qi > 0]
VS_e; eAS—2¢;te;,eA(Sel_e, cVSe;—e;e)Al€ei — €ci =0
Sei—e;e;—e; \Se;—ej,eN|€ci — € <O
Se;—ej.e VSE e;e;—eiN€ei —€ci 20
\Y !ecj,ci = 0!
Qov>0 |Aeiv2—ci|/\|Aejvz—cj|
Qov <0 ’Aeivg—cﬂ\/!Aejvg—cj’
AcQov >0 Se,ei/\Se,ejfei/\!E{-zo’/\’Gi20!
Ae,Q0v>0 Se;,e;\Se;,e;—e;
Ae;+e;20v >0 Se;i+ej,e;\Se;+ej,ej—e;
Ae; Qov >0 Se;eiN\Sej,e;—e;

AejfeiQO'U >0

Sej —e;,e; /\Sejfei,ejfei

Afeiﬂov >0

S*emei/\sfemej*ei

Afei,ej Qov >0

Sfeifej,ei /\Sfeifej,ejfei

Afe].QoU >0

S—ej,ei /\S—ej,ej —e;

Aei,eonvzo

Table 9

Sei—ej,ei /\Sei—ej,ej —e;

Detailed results for Routing operator



