SURGERY DIAGRAMS FOR HORIZONTAL CONTACT STRUCTURES
BURAK OZBAGCI

ABSTRACT. We describe Legendrian surgery diagrams for some hoateaohtact structures on
non-positive plumbing trees of oriented circle bundles@pheres with negative Euler numbers. As
an application we determine Milnor fillable contact struetion some Milnor fillabl@-manifolds.

1. INTRODUCTION

Suppose that for an oriented lidkin a closed and oriente&#manifoldY” the complement™\ B
fibers over the circle as: Y \ B — S! such thatr—1(0) = % is the interior of a compact surface
with 0%y = B, for all @ € S'. Then(B, r) is called amopen book decompositior just anopen
booK of Y. For eachy € S, the surface’, is called apage while B is called thebinding of the
open book. The monodromy of the fibratianis defined as the diffeomorphism of a fixed page
which is given by the first return map of a flow that is transedsthe pages and meridional near
the binding. The isotopy class (relative to the boundarythef diffeomorphism is independent
of the chosen flow and we will refer to that as tim@nodromyof the open book decompaosition.
An open book( B, 7) on a3-manifold Y is said to beésomorphicto an open booKB’, 7’) on a
3-manifoldY”, if there is a diffeomorphisnf : (Y, B) — (Y’, B’) such thatr’ o f =7 onY \ B.

An open book on a plumbing of oriented circle bundles oveesphaccording to a tree is called
horizontalif its binding is a collection of some fibers in the circle bilex] its pages (excluding
the binding) are positively transverse to the fibers of theleibundles and the orientation induced
on the binding by the pages coincides with the orientatiotheffibers induced by the fibration.
Similarly, a contact structure on such a plumbing is caledzontalif the contact planes (which
are oriented by the differential of the contact form) areifpeedy transverse to the fibers of the
bundles involved in the plumbing. We will call a plumbingdmeon-positivef for every vertex of
the tree the sum of the degree of the vertex and the Euler rnuofitee bundle corresponding to
that vertex is non-positive. Note that a non-positive plurghs called a “plumbing with no bad
vertex” in [11]. We will also assume that the Euler number afirale bundle in a non-positive
plumbing tree is less than or equal+Q.

In [2], Etgu and the author constructed horizontal plar@serobooks on non-positive plumbing
trees of oriented circle bundles over spheres. (See alst @aper [6]). Our construction of the
open books were very explicit as we clearly described thdibgs, the pages and vector fields
whose flows induced the monodromy maps of the open books. $teshbwed that the contact
structures compatible with these open books are horizastavell. Note that for the existence
of compatible contact structures we had to rely on a resultairston and Winkelnkemper [14].
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Combining with a supplementary result of Etnyrelin [4] wealbéd a somewhat satisfactory de-
scription of these horizontal contact structures. Our goahis paper is to produce yet another
(perhaps more explicit) description of these contact stines, up to isomorphism, by finding Leg-
endrian surgery diagrams for them. These diagrams can loktossvaluate some invariants of
these contact structures.

In [13], Schonenberger also gives a construction of (naessarily horizontal) planar open
books compatible with some Stein fillable contact structune non-positive plumbing trees. He
starts with the usual surgery diagram of a given plumbingimes® and then modifies this diagram
by some simple handle slides to put the surgery link in a oeftam so that the components of the
new surgery link can be viewed as embedded curves in digtages of some open book§i. By
Legendrian realizing these curves on the pages and applggendrian surgery, Schonenberger
obtains Stein fillable contact structures along with thenopeoks compatible with these contact
structures. The advantage of his method is that one canifigléimé contact structures by their
surgery diagrams. It does not, however, seem possiblel twhalh one of these contact structures
(for a fixed plumbing tree) is horizontal applying his methddur strategy here is to compare
the open books obtained by these two different approachdstezmine the Legendrian surgery
diagrams for the horizontal contact structures givenlirof2hon-positive plumbing trees.

A contact3-manifold is said to béilnor fillable if it is isomorphic to the contact boundary of
an isolated complex surface singularity. It is a well-knowesult of Grauert[19] that an oriented
3-manifold has a Milnor fillable contact structure if and oyt can be obtained by plumbing
oriented circle bundles over surfaces according to a graghnegative definite intersection ma-
trix. On the other hand, a recent discovery of Caubel, Nahaetd Popescu-Pampu (ct.] [1]) is
that any3-manifold admits at most one Milnor fillable contact struetuup to isomorphism. As
an application of our constructions we will be able to detaemthis unique Milnor fillable contact
structure for some Milnor fillabl8-manifolds.

Acknowledgement We would like to thank Andras Stipsicz for his valuable coents on the first
draft of this paper. We would also like to thank Tolga Etgiiielpful conversations.

2. OPEN BOOK DECOMPOSITIONS AND CONTACT STRUCTURES

An open book can also be described as follows. First coniidemapping torus

Yp =10, 1] x X/(1,2) ~ (0, ¢(x))

whereX is a compact oriented surface withboundary components angis an element of the
mapping class groupy, of 3. Sinceg is the identity map oB%, the boundary,; of the mapping
torusy, can be canonically identified withcopies of7>. Now we glue in- copies ofD? x S*
to cap offX, so thatdD? is identified withS* = [0,1]/(0 ~ 1) and theS! factor in D? x S' is
identified with a boundary component@f. Thus we get a closettmanifoldY = ¥, U, D? x S*
equipped with an open book decomposition whose bindingasutiion of the core circles of
D? x S*'s that we glue to¥, to obtainY". In conclusion, an element € I's. determines &-
manifold together with an “abstract” open book decompositin it. Notice that by conjugating
the monodromyp of an open book on a-manifoldY by an element ii’y, we get an isomorphic
open book on @&-manifoldY” which is diffeomorphic td".
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Suppose that an open book decomposition with page specified byy € I's. Attach a (2-
dimensional)l-handle to the surfacE connecting two points oAX to obtain a new surfacg’.
Let v be a closed curve it intersecting the co-core of the newhandle at one point. Define a
new open book decomposition with = ¢ o ¢, € I'sy, wheret, denotes the right-handed Dehn
twist alongy. The resulting open book decomposition is callgubaitive stabilizatiorof the one
defined byg. Notice that although the resulting monodromy depends erchiosen curve, the
3-manifold specified by, ¢') is diffeomorphic to the-manifold specified by, ¢).

Our interest in finding open books @rmanifolds arises from their connection to contact struc-
tures, which we will recall here very briefly. We will assunmedughout this paper that a contact
structure = ker « is coorientable (i.eq is a globall-form) and positive (i.e.qu A da > 0).

Definition 2.1. An open book decompositi¢#, 7) of a 3-manifoldY and a contact structuré
onY are calledcompatibleif £ can be represented by a contact fosnsuch thato(B) > 0 and
da > 0 on every page.

Thurston and Winkelnkempeir [l14] showed that every open laolokits a compatible contact struc-
ture and conversely Girouxl[7] proved that every contaatanifold admits a compatible open
book. We refer the reader tal[4] anid [12] for more on the cqoeslence between open books and
contact structures.

K
-
negative stabilization ok’ positive stabilization of<
FIGURE 1.

Let K be a Legendrian knot in the standard conf@tf(inside the standard conta&t) given
by its front projection. We define the positive and negatiabiization of K as follows: First
we orient the knot” and then if we replace a strand of the knot by an up (down, yesysp by
adding a zigzag as in Figuké 1 we call the resulting Legenddawot the negative (positive, resp.)
stabilization of K. Notice that stabilization is a well defined operation, iledoes not depend at
what point the stabilization is done.

Lemma 2.2. ([3]) Let K be a Legendrian knot in a page of an open bobkn S? compatible with
its standard tight contact structure. Then the stabiliaatdf A" lies in a page of another open book
in S* obtained by stabilizingb.

In fact, the stabilization of< is obtained by sliding. over the 1-handle (which is attached to
the page to stabilizeb). Notice that there is a positive and a negative stabibzredif the oriented
Legendrian knof defined by adding a down or an up cusp, and this choice comesyo adding
aleft (i.e., to the left-hand side of the oriented cu¥@ or aright (i.e., to the right-hand side of
the oriented curvéy) 1-handle to the surface respectively as shown in Figlure 2.
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FIGURE 2. Stabilization of a page to include the stabilization ¢ ttegendrian
knot K

3. SURGERY DIAGRAMS FOR HORIZONTAL CONTACT STRUCTURES

3.1. Circle bundles with negative Euler numbers. LetY,, denote the oriented circle bundle over
S? with Euler numbek(Y,) = n < —1. Then the page of the horizontal open badk, onY,,
explicitly constructed in[2] is a planar surface wjtfj boundary components and the monodromy
is a product ofn| right-handed Dehn twists, each of which is along a curvelfghta a boundary
component. Now consider the contact structgrecompatible with the planar horizontal open
bookob,,. In [2] it was shown thaf,, is horizontal as well.

Lemma 3.1. The contact structures, is given, up to isomorphism, by the Legendrian surgery
diagram depicted in Figurgl 3.

Proof. We will show that the open book compatible with the contattcttire depicted in Figuid 3

is isomorphic twb,,.
@/@ -
@ 3 |n| — 1 zigzags

FIGURE 3. A page of a planar open book on the left compatible with thretact
structure given by the Legendrian surgery diagram on th#.rithe monodromy is
given by the product of right-handed Dehn twists along thek#r curves.

Consider the core circl€’ of the open booloby; in S? given by the positive Hopf linkd.
The page obby is an annulus and its monodromy is a right-handed Dehn twasigeC'. First
we Legendrian realiz€' on a page obby. Then we use Lemma2.2, to stabiliceso that the
stabilized knot will still be embedded on a page of anoth@mopook inS®. Note that there are
two distinct ways of stabilizing an open book correspondmgvo distinct ways of stabilizing a
Legendrian knot in the standard cont&ét We apply this trick to stabilizeby, (|n| —1)-times, by
successively attachinghandles while keeping the genus of the page to be zero. Hexhoose
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to stabilizeoby always on the same side of the core circle. Then we glidger all the attachet+
handles, Legendrian realize the resulting knot on the patfeestabilized open book and perform
Legendrian surgery on this knot to get an open book compatitih the contact structure induced
by the Legendrian surgery diagram in Figlife 3. We obsenvetligaresulting compatible open
book is isomorphic teb,, since its page is a sphere with holes and its monodromy is a product
of one right-handed Dehn twist along each boundary comgonen

O

Note that by reversing the orientations of the pages (andéhdre orientation of the binding)
of ob,, we get another planar open book, onY,,. The open bookb,, is in fact isomorphic to
ob,, sinceob,, andob,, have identical pages and the same monodromy map measuitetheit
respective orientations. To see thdat, is also horizontal we simply reverse the orientation of
the fiber (to agree with the orientation of the binding) aslaslthe orientation of basg¢” of the
circle bundley,,, so that we do not change the orientationy@f In addition we observe that the
contact structur€,, compatible withob,, can be obtained frorg, by changing the orientations of
the contact planes sined, is obtained frombb,, by changing the orientations of the pages. This
immediately implies that; (£,,) = —c;(&,). We conclude that the contact structure induced by the
mirror image of the Legendrian surgery diagram in Fidgurei3asnorphic tcs,,. Finally note that
¢, is isomorphic but not homotopic 19,

3.2. Non-positive plumbing trees of circle bundles.In [2], an explicit planar horizontal open
book obr on a given non-positive plumbing trééof oriented circle bundles over spheres was
constructed. Moreover it was shown that the compatibleamtrstructurer is horizontal as well.

In fact as in the previous section by changing the oriematf the pages of this horizontal open
book and the orientations of the corresponding contactgslave get another horizontal contact
structureéy.. In the following, we will find Legendrian surgery diagranar fthese horizontal
contact structures. We will first consider the easier casensfspaces and then give a construction
for the general case.

3.2.1. Lens spacesThe lens spacé.(p, q) for p > ¢ > 1 is defined by a(—g)—surgery on an

unknot in .S3. EquivalentlyL(p, q) can be obtained by a linear plumbihgof oriented circle
bundles over spheres with Euler numbeisn,, ..., n, (see Figuréle) wherév,, no, ..., ng) is
the continued fraction expansion for£) with n; < -2, foralli =1,--- k.

Proposition 3.2. The horizontal contact structuig- is given, up to isomorphism, by the Legen-
drian surgery diagram depicted in Figuiié 4.

Proof. We apply the recipe in2] to construct a horizontal open baakon L(p, ¢), with respect
to its plumbing description. First we consider the horizabmpen bookob,, (see Figurdl3) we
constructed on a circle bundle with a negative Euler numb@&hen we glue the open books,,,
corresponding to the circle bundles represented in theiptumbing presentation af(p, q).
The key point is that when we glue two boundary components batindary parallel right-handed
Dehn twists we end up with only one right-handed Dehn twigh@rconnecting neck, as illustrated
abstractly in Figur&€l5. The monodromy of the open bobk in Figure[® is given by the product
of right-handed Dehn twists along the thicker curves.
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NG |
Ini| — 1zigzags  |n2| — 1 zigzags Ing| — 1 zigzags
FIGURE 4.
]nl\ — 2 holes ]ng\ — 2 holes ]nk] — 2 holes
|n1| — 2 holes  |na| — 2 holes |ng| — 2 holes

FIGURE 5. We illustrate how to plumb open books on circle bundlesdbthe
horizontal open bookbr in L(p, q).

Now from [13] (see alsd]5]) we recall how to “roll up” a lineplumbing treel’. Let I" be the
linear plumbing tree with vertices,,, .. .,Y,, where eacly,, is plumbed only ta,, , andY,,, ,,
fori =2,...,k— 1, as shown on the left-hand side of Figlite 6. The standarcdagucgagram for
' is a chain of unknot#/i, ..., U, with eachU; simply linkingU;,_; andU;,,i = 2,...,k — 1
such that/; has framingn;. We think of this chain as horizontal with components ladxéfirom
left to right. LetU; = U,. Slide U, overU; to get a new link withl/; replaced by an unkndt},
that now linksU;, n; + 1 times. Now slide/; overU;,. Continue in this way untiUy, is slid over
U,_,. The new linkL is called the “rolled up” surgery diagram as depicted on ipjetrhand side
of Figure[®. Note that @-handle slide corresponds to a change of basis in the seamdlbgy
of the 4-manifold bounded by tha-manifold at hand. We observe a few simple features of this

construction:

e For fixedi, U} links U] the same number of times for agiy> i . If we denote this linking
number byl;, then we havé, = n; + ... +n; + 2i — 1.

e Sincem; 1 —m; = n;41 + 2, we haven; =2(i — 1) + 2§.:1nj. Note that the framings:; on
theU/’s are non-increasing and decrease only whea —2.

e The meridiary; for U; simply linksU; U ... U Uj;.

e L sits in an unknotted solid torus neighborhood of
Note that we can realizé as a Legendrian link in the standard cont&¢tsuch that'; is the
Legendrian push off df’/_, with |n; 42| stabilizations. Using this observation we can flnd an open



FIGURE 6. Linear diagram foi(p, ¢) on the left, rolled up version on the right.
The number inside a box indicates the number of full-twistd should be applied
to the strands entering into that box.

book inS? such that/; U ... U U, are embedded in distinct pages of this open book as follows:
First find an open book i8? as in Sectiof3]1 for which the innermost kiidtin L is embedded

on a page. Then stabilize this open book appropriately 4dthis also embedded on a page. We
will get the desired open book by continuing this way. Notat tthere are two different ways of
stabilizing our open book at every step of this constructinr our purposes in this section we will
always choose to stabilize in the same direction. Consdlyughen we Legendrian realize these
knots on distinct pages of our open bookd# they will all be stabilized in the same direction in
S3. By performing Legendrian surgeries on them, we get a plapan book orT.(p, ¢) compatible
with the resulting contact structure shown in Figilre 7.

— 2 holes
|na| — 2 holes I

Ing| — 1 ho

" Jmy,| — 1 zigzags

" |ma| — 1 zigzags

Im1| — 1 zigzags

FIGURE 7. A page of a planar open book on the left compatible with thretact
structure on the right. The monodromy is given by the proadatight-handed
Dehn twists along the thicker curves.

It is not too hard to see that the open book in Fidure 7 is ispimorto the horizontal open book
obr shown in Figurd®. Hence we conclude that the contact streictuFigurel¥ is isomorphic
to the horizontal contact structugge. Next we claim that the surgery diagrams in Figlre 4 and
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in FigurelT induce isomorphic contact structures. Let utiethese contact structures wund

&', respectively. To prove our claim we first note that thesgmdims inducealiffeomorphicStein
fillings (X, J) and(X", J') of the contac8-manifolds(0.X, ) and(0X’,¢’), wheredX = 0X' =
L(p,q). Now considellU;'s andU/’s as second homology classes in these Stein fillings. Then we
can identifyU/ asU; + ... + U;, by our construction. It is well-known (cf.][8]) that

< a(X,J),U; >=rot(U;) and< ¢ (X', J'), Ul >= rot(U))

where rotation numberst(U;) androt(U]) are computed using the diagrams in Figure 4 and in
FigurelT, respectively, with appropriate orientationgoliows that we have

< Cl(X/, J/),UZ' >=< Cl(X, J), U, >

for 1 <i < k. Thus the classification of tight contact structures on kgeces (cf.[[10]) implies
that¢ is isomorphic tat’.

Similarly, by putting all the zigzags on the left-hand sid€&igurd4 we get a Legendrian surgery
diagram which induces a contact structure isomorphig-toNote thaté is isomorphic but not
homotopic totr. O

3.2.2. General case We would like to explain the main idea in this section befoeeget into the
details. Given a non-positive plumbing tree of circle bisdbver spheres. We first modify (cf.
[13]) the usual surgery description of this plumbing treénabe previous section to end up with a
rolled up version of the original diagram such that each comept of the new link is embedded in
a page of some open book §t. To find this open book ir$® we need to appropriately stabilize
oby several times paying attention to the fact that there arggsible ways of stabilizing at each
time. Note that this choice will determine how to stabilizeesgendrian push-off of a Legendrian
knot K in S3 by adding either a right or a left zigzag (cf. Lemal2.2) whenslide K over the
attachedl-handle. Moreover this will also determine the monodromives of the open book.
The key observation is that the monodromy of the horizormehdbookobr constructed in[2] for
a non-positive plumbing treE is given by a product of right-handed Dehn twists alaligjoint
curves. Thus we will apply the same strategy as in the prevsmetion so that our choices in
the stabilizations are dictated by this “disjointness” dition. Below we give the details of this
discussion.

Consider a (connected) tréewhich has one degree three vertex and all the other vertaes h
degree less than or equal to two. Thus we can decompode two linear tree$’; andI’'y, where
the first sphere bundle &%, is plumbed into théth sphere bundle df, as shown in Figurgl 8.

Let L, = Uj U...U U, be the rolled up surgery diagram bf = U; U ... U U,. Note that a

neighborhood of the meridign for U; is wrapped once arourid, U; ,, . . ., U;.. Now we identify
V1 with p; and roll upl'y to obtainL, = V) U ... U V], whereV] = V;. Here sinceV; is
identified with;, V' is wrapped once arourid’, U/, ,, ..., U; as shown in FigurEl9. We will call

the resulting surgery link = L; U L, as the rolled up diagram af.

Now we claim that we can realize = L, U L, as a Legendrian link using the Legendrian
realizations ofL; and L, we discussed in the previous section. By the constructierettvill be
a zigzag in the stabilization df; (and in its subsequent Legendrian push-offs,, ..., U, with
additional zigzags) so that we may linK (and hence all of,) into U}, U}, ,, ..., U, using this
zigzag as shown in Figufe0.
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Hence we can Legendrian realiZe and L, as in the previous section to get a Legendrian
realization of L. On the other hand, once we have the rolled up diagraim thien we can find
an open book ir5® which includes the surgery curves inon its pages as follows: Consider the
open book corresponding 10, constructed as in Section3.P.1. Let us call the annuli cubgu
the large concentric circles in Figuré 7 laselsof this open book. Observe that tlitd sphere
bundle ofl’; corresponds to thiah level in the open book correspondingltp Sincel; is linked
once toU;, U, ..., U, we can take one of the annulus (a neighborhood of one of thetymas)
in this level as the starting annulus while building up thempook which includes the surgery
curves inL,. We stabilize this annulus in thieh leveltowards the inside directiofas many times
as necessary) so that we can embed the curviég @tarting withV;) into the resulting open book.
Note that we need to stabilize towards the inside direciokeep the curves i, disjoint from
the curves inL,. We illustrate this in FigureZ11. On the left a knigtis stabilized once negatively
and then the core circl€ of the 1-handle we use for this stabilization is stabilizadepositively.
The two resulting stabilized knots are clearly disjoint. tBe right a knotK is stabilized once
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negatively and then the core ciraéof the 1-handle we use for this stabilization is also stabdi
negatively once. The two resulting stabilized knots arartyenot disjoint.

once negatively stabilizefl
7 A

% N . i . .
core’circleC’ once positively stabilized’ once negatively stabilize@

FIGURE 11.

Since we have all the surgery curvesiirembedded in the pages of an open bobkin S3
(compatible with its standard tight contact structure) mesvclaim that the open book obtained by
performing Legendrian surgery dnis isomorphic toobr. Recall that we obtain the open book
obr by gluing some pieces (see Figlile 5) which can be viewed dsngobut plugging in these
pieces when converted into planar diagrams. In order togpoaw claim we simply observe that
the result of all the necessary stabilizations of one of thecpures in théth level of the open book
of I'; towards the inside direction (to embed all the curveB9fis equivalent to “plugging in” the
planar open book df, into that puncture.

Summarizing this argument what we proved so far is that thgeehdrian surgery diagram for
the horizontal contact structuge can be obtained by Legendrian realizibgand L, such that the
direction we stabilize knots i, is opposite to the direction we stabilize knotslin By taking
orientations into account as in Figurd 10, however, we zedhat we need to put all the zigzags
on the same sidef all the Legendrian knots that appear in the diagram. Thaecausé/! has
down-cusps so thdt,! should have up-cusps. We would like to illustrate the iddzsva in the
following example.

Example 3.3. Consider the non-positive plumbing tree and its rolled wgoydam in FigurdIR. On
the right-hand side in FigureZ12 we depict the Legendriargsty diagram fotr. In Figure[13 we
depictobr.

Remark 3.4. We may indeed roll up the trdein Exampld=313 in a different way (see Figlré 14).
Nevertheless, we end up with a surgery diagram whose indtam&adct structure is isomorphic to
the one induced from the surgery diagram given in Fidgute Ii;esthe respective corresponding
compatible open books are isomorphic.

So far we analyzed our problem locally, where there is onlg wertex of branching in the
plumbing tree. It turns out, however, the argument can bédyegsneralized to arbitrary non-
positive plumbing trees. By the non-positivity assumptemery time there is a branching at a
vertex there are enough punctures to plug in the open boaksspmnding to the linear branches
coming out of that vertex. This argument leads to the foltaytheorem.

Theorem 3.5. To obtain a Legendrian surgery diagram for the horizontahtawt structurelr on
a non-positive plumbing trele of circle bundles over spheres we need to put the rolled ugrdia
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FIGURE 12.

Q0
Q0

FIGURE 13. On the left: the open book for the linear plumbing of besdbith
Euler numberg—2, —6, —2); in the middle: the open book for the linear plumbing
of bundles with Euler numbers-4, —3). The horizontal open book on the right-
hand side is obtained by the indicated “plugging in” openati

of I into Legendrian position (as described above) so that al zfgzags are on the right-hand
side for all the knots in the diagram.

4. MILNOR FILLABLE CONTACT STRUCTURES

Let (X, z) be an isolated complex-analytic singularity. Given a leaabedding of X, z) in
(CV,0), then a small spherg?V~! c C¥ centered at the origin intersectstransversely, and the
complex hyperplane distributiohon Y = X N S2¥~! induced by the complex structure dn
is a contact structure. For sufficiently small raditte contact manifoldY’, £) is independent of
the embedding andup to isomorphism and this isomorphism type is calleddbwatact boundary
of (X, z). A contact manifoldY’, ¢’) is said to beMilnor fillable and the gern{ X, x) is called a
Milnor filling of (Y, &) if (Y’,¢’) is isomorphic to the contact bound&dy, &) of (X, z).
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FIGURE 14.

It is a well-known result of Grauert[9] that an oriented 3-Aifidld has a Milnor fillable contact
structure if and only if it can be obtained by plumbing oremhtircle bundles over surfaces ac-
cording to a weighted graph with negative definite inteliseatnatrix. On the other hand, a recent
discovery (cf. [1]) is that any 3—manifold admits at most dtignor fillable contact structure, up
to isomorphism. Note that any Milnor fillable contact sturetis horizontal (cf.[[2], Remark 14).
The following proposition was proved inl[2].

Proposition 4.1. Let Y be a3-manifold obtained by a plumbing of circle bundles over spbe
according to a tred’. Suppose that the inequality

holds for every vertex df, wheree; denotes the Euler number adddenotes the degree of thith
vertex. Therr is Milnor fillable and the planar horizontal open bookr is compatible with the
unique Milnor fillable contact structure ox-.

Corollary 4.2. A Legendrian surgery diagram for the unique Milnor fillablentact structure on
Yr (whereI satisfies the inequality in Propositidn #.1) can be expiicitetermined using the
algorithm presented in TheordmB.5.

Proof. The horizontal contact structuég compatible withobr is isomorphic to the unique Mil-
nor fillable contact structure o¥i- by Propositiorf411 andr can be explicitly determined using
TheorenZ3b since the inequality+ 2d; < 0 trivially implies non-positivity forl".

0

Example 4.3. The Legendrian surgery diagram in Figurel 12 represents thigue Milnor fillable
contact structure, up to isomorphism, on the given nontp@splumbing tree. Note that by revers-
ing the way we stabilized the knots in Figlird 12 we end up witisamorphic but non-isotopic
Milnor fillable contact structure.
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