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EXPLICIT HORIZONTAL OPEN BOOKS ON SOME PLUMBINGS
TOLGA ETGU AND BURAK OZBAGCI

ABSTRACT. We describe explicit open books on arbitrary plumbings ridrded circle
bundles over closed oriented surfaces. We show that, fomapositive plumbing, the
open book we construct is horizontal and the correspondingpatible contact structure
is also horizontal and Stein fillable. In particular, we dése horizontal open books on
some Seifert fibered 3—manifolds. As another applicationdescribe horizontal open
books isomorphic to Milnor open books for some complex sigfgingularities. Moreover
we give examples of tight contact 3—manifolds supported laygr open books. As a
consequence the Weinstein conjecture holds for thesedigtiact structures [ACH].

1. INTRODUCTION

In this article using 3—dimensional simple surgery techagwe first construct explicit
open books on oriented circle bundles over closed orieniddces. Then we construct
open books on plumbings of circle bundles according to algtapappropriately gluing
the open books we constructed for the circle bundles inddlvéhe plumbing. (We will use
the word graph for a connected graph with at least two vesfjokn open book on a circle
bundle or more generally on a plumbing of circle bundles ieddnorizontalif its binding
is a collection of some fibers and its pages are transverse tiibers. Here we require that
the orientation induced on the binding by the pages coiscidéh the orientation of the
fibers induced by the fibration.

We will call a plumbing grapmon-positivef the sum of the degree of the vertex and the
Euler number of the bundle corresponding to that vertex s pasitive for every vertex of
the graph. We prove that the open book we construct on a diuridle with negative Euler
number or on a non-positive plumbing of circle bundles igzwntal. It turns out that the
contact structure compatible with this open book is &lsozontal i.e. the contact planes
(possibly after an isotopy of the contact structure) anesvarse to the fibers. Furthermore
we show that the monodromy of this horizontal open book iggivy a product of right-
handed Dehn twists along disjoint curves. Consequentlya biyeorem of Giroux(Gi],
our horizontal open book is compatible with a Stein fillabbatact structure. Recall that
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Eliashberg and GromoV/ [EG] proved that every fillable consaicture is tight. As a first
application of our construction we describe explicit horital open books on some Seifert
fibered 3—manifolds.

A contact 3—manifoldY, ¢) is said to beMilnor fillable if it is contactomorphic to the
contact boundary of an isolated complex surface singyléit =). The germ(X, z) is
called aMilnor filling of (Y, £). An analytic functionf : (X, z) — (C, 0) with an isolated
singularity atr defines an open book decompositionYofwhich is called aviiinor open
book It was shown in[[CNP] that any Milnor open book of a Milnorditile contact 3—
manifold (Y, £) is horizontal and compatible with the contact structurge would like to
point out that a Milnor fillable contact structure is Steitetile and hence tight.

A Milnor fillable contact 3—manifold is obtained as a plumipiof some circle bundles
over surfaces which is topologically completely deterndibg the minimal good resolution
of the singularity. As a second application we describeiedgpen books isomorphic to
Milnor open books for some complex surface singularities.

On the other hand, iri_IGa], using 4-dimensional symplecticdte attachments, Gay
gives a construction of open books on plumbings of circledbes It turns out that the
open book we construct on a given plumbing is isomorphic tg'$S@pen book, showing
in particular that the open book in his construction can bdeferizontal for non-positive
plumbings. If a plumbing graph is not non-positive, thenréhare binding components
in our open book which are oriented opposite to the fiber taieon, and hence the open
book fails to be horizontal.

Finally we give examples of planar open books whose comigatibntact structures
are Stein fillable and hence tight. As a consequence the We&insonjecture holds for
these tight contact structures, since the conjecture igegrdor every contact structure
compatible with a planar open book (df. JACH]). Planar openlts compatible with some
Stein fillable contact structures were also constructedpeddently by Schonenberger in
his thesis[[Sc], using completely different techniques.

Acknowledgement We are grateful to John Etnyre and Andras Stipsicz forrtbedical
comments on the first draft of this paper that helped us to ergour earlier results.
We would also like to thank Mohan Bhupal, Fe@tztiurk, and Meral Tosun for helpful
conversations.

2. OPEN BOOK DECOMPOSITIONS AND CONTACT STRUCTURES

We will assume throughout this paper that a contact stragtuf ker « is coorientable
(i.e., « is a global 1-form) and positive (i.ex, A da > 0). In the following we describe
the compatibility of an open book decomposition with a givemtact structure on a 3—
manifold.
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Suppose that for an oriented lirkkin a 3—manifoldY” the complement”\ L fibers over
the circle asr: Y \ L — S! such thatr—1(0) = X is the interior of a compact surface
boundingL, for all & € S'. Then(L, ) is called anopen book decompositidor just an
open bookof Y. For each) € S!, the surface’ is called apage while L the binding of
the open book. The monodromy of the fibrations defined as the diffeomorphism of a
fixed page which is given by the first return map of a flow thatass$verse to the pages and
meridional near the binding. The isotopy class of this diff@rphism is independent of the
chosen flow and we will refer to that as thenodromyof the open book decomposition.

An open booK L, 7) on a 3—-manifold” is said to besomorphido an open bookZ’, 7’)
on a 3—manifold”’, if there is a diffeomorphisnf : (Y, L) — (Y’,L’) suchthatr’'o f =7
onY \ L. In other words, an isomorphism of open books takes bindingirtding and
pages to pages.

Theorem 1(Alexander [Al]). Every closed and oriented 3—manifold admits an open book
decomposition.

In fact, every closed oriented 3—manifold admits a plan@andpook, which means that
a page is a dislO? with holes [R]. On the other hand, every closed oriented Jifolal
admits a contact structur2 [M]. So it seems natural to strergthe contact condition
a A da > 0in the presence of an open book decompositiofydsy requiring thatx > 0
on the binding anda > 0 on the pages.

Definition 2. An open book decomposition of a 3—manifdldand a contact structuré

on Y are calledcompatibleif £ can be represented by a contact formsuch that the
binding is a transverse linkja is a symplectic form on every page and the orientation of
the transverse binding induced hyagrees with the boundary orientation of the pages.

Theorem 3 (Giroux |GIi]). Every contact 3—manifold admits a compatible open book.
Moreover two contact structures carried by the same operk lao® isotopic.

In particular, in order to show that two contact structuresaogiven 3—manifold are
contactomorphic, it suffices to show that they are carriegsbynorphic open books. We
refer the reader td [Et2] and OS] for more on the correspnodéetween open books and
contact structures.

3. EXPLICIT CONSTRUCTION OF OPEN BOOKS

We will assume throughout the paper that the circle bundiesensider are oriented
and the base space is a closed oriented surface. An open ha@okingle circle bundle or
on a plumbing of circle bundles (according to a graph) isecHiorizontalif its binding is
a collection of some fibers in the circle bundles, its pagegsransverse to the fibers of the
circle bundles and the orientation induced on the bindingheypages coincides with the
orientation of the fibers induced by the fibration.
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We start with constructing an open book on a circle bundlé wégative Euler number.
We show that our construction yields a horizontal open bedigse compatible contact
structure is horizontal as well. Then we generalize the ttoason to circle bundles with
non-negative Euler numbers, but the open books we construthose bundles are not
horizontal.

3.1. Construction of an open book on an oriented circle bundle ovean oriented sur-
face. Let Y denote a closed oriented surface andietlenote the trivial circle bundle over
¥, i.e., M = S!' x . We pick a circle fiberk of M and perform+1-surgery alongx.
The resulting 3—manifold/’ is a circle bundle oveX whose Euler number is equal tel.
This can be verified using Kirby calculus (cf._[GS]), for exalay as shown in Figuild 1.

FIGURE 1. The diagram on top shows? x ¥ (whose boundary i$* x
Y)) along with a+1-surgery curve transverse ¥ One can visualize the
surfaceX: as the disk (bounded by tleframed knot) unior2-dimensional
1-handles going over the-dimensional—handles. We blow down thel
curve to get a disk bundle ov&rwith Euler number-1. The boundary of
this disk bundle at the bottom is a circle bundle o¥ewith Euler number
—1.

In order to describe an open book &ff we first consider the affect of removing a solid
torus neighborhood' = K x D? of K from M. By removingN from A we puncture
once eactt in M = S! x ¥ to getS! x ¥, whereX = X\ D2. Now we will glue a solid
torus back toS! x X along its boundary torus! x 9% in order to perform our surgery.
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Consider the solid torus* x D? shown on the left-hand side in Figure 2. Leand\
be the meridian and the longitude pair$f x 0D?. Letm and! denote the meridian and
the longitude pair in the boundary 6f x 3. Note that the base surface is oriented (as we
depicted in FigurEl2) and the orientation induced)@nis the opposite of the orientation of
m. We glue the solid torus' x D? to S! x 3 by anorientation preservingliffeomorphism
St x 9D* — S' x 0% which sends: to m + [ and to I. The resulting 3—manifold/’
will be oriented extending the orientation 6t x 3> induced fromM/. We use orientation
preserving map rather than reversing because of our chbm#entations above.

FIGURE 2. The surgery torus is obtained by identifying the top arel th
bottom of the cylinder shown on the left-hand side. On thatritgand side
we depict the complement obtained by removing a neighbatleba circle
fiber from St x X,

In Figure2, we also depict a leaf (an annulus) of a foliatiartlee solid torusS* x D?
that we will glue to perform+-1-surgery. Note tha§' x D? is a trivial circle bundle over
D? where the circle fibers are transverse to the annuli folatibhe boundary of a leaf
consists of the core circlé’ of S' x D? and a(1, —1)—curve onS! x 9D? i.e., a curve
homologous tq: — \. Each leaf is oriented so that the induced orientation o tumdary
of a leaf is given as indicated in Figurk 2. The gluing diffeyphism mapg: — A ontom
so that by performing the-1-surgery we also glue each annulus in the foliation oia
St x 3 identifying the outer boundary component (i.e., fpe- \)—curve) of the annulus
with 9X. Hence this construction yields an open book\édhwhose binding ig” (the core
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circle of the surgery torus) and pages are obtained by glamgnnulus to each along
d%. Notice that the pages will be oriented extending the oaiton onX. induced froms.
Finally we want to point out that the core ciradlébecomes an oriented fiber of the circle
fibration of M’ overX..

Next we will describe the monodromy of this open book. In otdemeasure the mon-
odromy of an open book we should choose a flow which is trassver the pages and
meridional near the binding. Takevartical vector field pointing along the fiber direction
in S! x ¥ and extend it inside the surgery torus (along every ray tdsvéire core circle)
by rotating clockwise so that it becomes horizontal neactre circle. Observe that since
the vector field is horizontal near the binding, the first netonap of the flow generated by
this vector field will fix the points near the binding on anyfledow take a horizontal arc
(on a leaf) connecting the core circle to the other boundétiiat leaf. Then one can see
that the flow will move the points of this arc further to thehidf we move towards the
boundary. Note that the first return map will fix the pointsX@as well as the points near
the binding. Combining this discussion we conclude thafitisereturn map is given by a
right-handed Dehn twist along the core circle of the leaficlwhs indeed a curve parallel
to the boundary of the open book.

FIGURE 3. The vector field depicted along a ray towards the coreeircl

inside the surgery torus extending the vertical oneSérx . The vector
field becomes horizontal near the core (binding) along apy ra
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In summary we constructed a horizontal open book on a cinetelle over a genug
surfaceX. with Euler number-1 by performing a+1—surgery on a circle fiber of a trivial
circle bundle. It is clear that if we takedisjoint fibers inS* x ¥ and perform+1-surgery
along each of these fibers, we will get a horizontal open book circle bundle oveE
with Euler numbee = —s < 0. The binding of the resulting open book will be the union
of s circle fibers and a page will be a genpsurface withs boundary components. The
monodromy will be the product of right-handed Dehn twistsngl boundary components.
Consequently the compatible contact structure is Steabfal (cf. [Gi]). Thus we get

Proposition 4. There exists an explicitorizontalopen book on a circle bundle with nega-
tive Euler number which is compatible with a Stein fillabl@tawt structure.

Next we consider the contact structure compatible with @endbook.

Proposition 5. The contact structure compatible with the open book we cocitstd on a
circle bundle with negative Euler numberherizonta) i.e., the contact planes (possibly
after an isotopy of the contact structure) are positivegngverse to the fibers.

Proof. By Lemma 3.5 in[[Et2] we may assume that the contact planearargarily close
to the tangents of the pages away from the binding. So cleébdycontact planes are
positively transverse to the fibers away from the bindingeithe pages of our open book
are already positively transverse to the fibers.

Note that near a compone@tof the binding we have explicitly constructed the pages,
and the fibers of the circle fibration can be viewed as strarghiical lines in the solid
cylinder on the left-hand side in Figurk 2 before we idertify top and the bottom. On the
other hand, by the compatibility condition, there are comates(z, (r, 0)) nearC, whereC'
is{r = 0} and a page is given by settiiggqual to a constant such that the contact structure
is given by the kernel of the forniz + r2dd. In these new coordinates the neighborhood
of C in Figurel2 is seen as in Figutk 4, where the annulus is stexigld out and the circle
fibers are wrapped once around the cylinder in a right-hanteather. More precisely, the
tangent vector to an (oriented) fiber is givendpy+ 0.. Hence one can see that the contact
planes will remain positively transverse to the circle fébiera neighborhood af', since

(dz +7%d0)(0p + 0.) =7* +1 > 0.
U

Remark 6. In fact, the same argument can be generalized to prove teatdhtact struc-
ture compatible with any horizontal open book on a circledieris horizontal. Any hori-
zontal contact structure on a circle bundle is universaigt by Lemma 3.9 ifH]

Note that the same construction of an open book will work whenperform—1—
surgeries along fibers, but in that case the orientation emitfiding induced by the pages
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FIGURE 4. A circle fiber is given by &1, 1)—curve in a neighborhood of a
component” of the binding.

will be the opposite of the fiber orientation. Thus the opeakoae construct using-1—
surgeries will not be horizontal. Moreover we will get Iéf#nded Dehn twists along
boundary components instead of right-handed Dehn twistseitheless, by takingdis-
joint fibers inS* x ¥ and performing a-1-surgery along each of these fibers, we will get
an open book on a circle bundle ovemwith Euler numbee = s > 0.

Finally, to obtain an open book on a circle bundle with zeréeEaumber we first ob-
serve that by performing &1—surgery on a fiber and-al—surgery in another fiber does
not change the topology of the 3—manifold which fibers ovearréase. Hence by perform-
ing a canceling pair of &1 surgeries on distinct fibers, we can construct an open boak on
circle bundle with zero Euler number with two binding compots, where the monodromy
is given by a right-handed Dehn twists along one boundarypoorant and a left-handed
Dehn twist along the other.

3.2. Construction of an open book on a plumbing of oriented circlebundles over ori-
ented surfaces.We will construct open books for plumbings of circle bundl¥ge start
with describing an open book on the plumbing of two circledies. We obtain our open
book by suitably gluing the open books we constructed onitiskedoundles in the previous
section.
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Let M; denote a circle bundle over a closed surfagewith Euler number; for i =
1,2. In the previous section we constructed an open book/nWe observed that by
performing a+1-surgery on a fiber and-al—surgery in another fiber does not change the
topology of the 3—manifold which fibers over a surface. Thesoan assume that; is
obtained fromS? x X by +1-surgeries along (disjoint fibers) such that there are ayyman
fibers as we wish on which we perforril—surgeries.

Fix one of the circles where we performedtd—surgery to obtainl/;. Consider the
surgery process we described in the previous section. Takea#er solid torus neighbor-
hood J; (see Figur&l5) of the surgery torus we glued in to perfertasurgery. To obtain
a plumbing ofM; and M, we removeJ; from M; and identify boundary tod.J;, 0.J; by
an orientation reversing diffeomorphisiy; — 0.J; takingu; to A\, and); to u,. Here as
in the previous sectiofy;, A\;) denote the meridian and the longitude pair JarNote that
this diffeomorphism will takes; — Ay t0 —(p5 — As).

FIGURE 5. Removing a smaller neighborhood of the binding

The point here is that when we remaygfrom M; we remove a (small) annulus neigh-
borhood of a binding component from every page. The remgipant of the annulus in the
pages will intersect the boundary tor@$; as a curve homologous g — ;. Hence when
we plumb the circle bundles we actually glue the pages (aft@oving a binding compo-
nent) of the open books oM/; to obtain an open book on the plumbing. The new page
will be obtained from the pages of the open books\énand M, by gluing together one
boundary component of the open book &h with one boundary component of the open
book on; (both of which were induced by-1-surgery). Note that the glued up page
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will be oriented extending the orientations of the pages wWeglue together. Moreover
the pages will be transverse to the fibers by construction.

To calculate the monodromy of the open book on the plumbedfoldnve just observe
that the flows we used to calculate monodromies of the opeksboo each piece in the
plumbing will also glue together: We can assume that the flasvehconstant slode(given
by tangents to the curves + \;) on each boundary torus so that the gluing map will take
one to the other to define a flow on the closed 3-manifold obthby plumbing. When we
glue the two flows, since each flow will have the affect of magvihe points on the half
annuli (see FigurEl5) to the right y0-degrees we get a right-handed Dehn twist along
the annulus obtained by gluing the two half annuli.

Next we describe an explicit open book on arbitrary plumbiofcircle bundles accord-
ing to a weighted graph. Suppose that we are given a plumluiogrding to a weighted
graph withk vertices such that each vertex is decorated with a pair efers(e;, g;),
wheree; is the Euler number angl is the genus of the base surface of the i’ circle
bundle); in the plumbing. Let/; denote the degree of thé vertex.

First assume that > 0. Then we can view/; as obtained frony! x ¥; by performing
—1-surgeries om; distinct fibers. To be able to plumHld; to other circle bundleg; times,
we need to usé; fibers with+1—surgeries. So we apply extral—surgeries o fibers as
well as—1-surgeries on some othéy fibers not to change the topology #f;. Since we
will use all the+1-surgeries in the plumbing process we will end up with- d; fibers on
which we performed-1-surgeries.

Now assume that; < 0. Then we can view/; as obtained frons! x ¥; by performing
+1-surgeries on-¢; distinct fibers. If we further assume thgt> —e; we performd; + ¢;
extra+1 and—1-surgeries and use all thel—surgeries for the plumbing to end up with
d; + e; fibers on which we applied-1-surgeries. The only remaining caseljs< —e;
whene; < 0. In this case we can usk of these+1-surgeries in the plumbing and we will
end up with—e; — d; fibers on which we applied 1-surgeries.

Combining all the discussion above, a page of the open bodkismplumbing will be
obtained by gluing together surfacés of genusg; with |e; + d;| boundary components
according to the given graph. (Note, however, that we witl use these boundary com-
ponents in the gluing.) Each edge in the graph will becometamidie (a neck) in the
page connecting the surfaces corresponding to the vecdoasected by that edge. The
monodromy of the open book will be given as a product of onendauy-parallel Dehn
twist for each boundary component of the page and one rightid Dehn twist along the
cocore circle of each 1-handle coming from an edge; # d; > 0 (e; + d; < 0, resp.)
for somei, then the boundary parallel Dehn twistshihwill be left-handed (right-handed,
resp.). Here we will assume thidiere is at least one vertex in a plumbing graph such that
e; + d; 1S non-zergto avoid the case of empty binding which we do not want tovailo
the definition of an open book. In particular, note that if pthembing graph is non-positive
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then our open book will be horizontal since we do not use -aiysurgeries in that case.
Moreover the compatible contact structure is Stein fillgbfe [GI]) since the monodromy
of the open book for a non-positive plumbing is a product ghtihanded Dehn twists.
Hence we get

Theorem 7. There exists an explicliorizontalopen book on aon-positiveplumbing of
circle bundles over surfaces which is compatible with arSfitable contact structure.

Furthermore we have

Proposition 8. The contact structure compatible with the open book we coctstd on a
non-positiveplumbing of circle bundles over surfacedisrizontal i.e., the contact planes
(possibly after an isotopy of the contact structure) areifpady transverse to the fibers.

Proof. In Propositiorib, we proved that the contact structure cdileavith the open book

we constructed on a circle bundle with negative Euler nurigbleorizontal. Recall that the
open book on a plumbing of two circle bundles is obtained byaeng a neighborhood
of a binding component from each open book and gluing aloagebulting boundary tori.

The result follows, by the same argument used in Propodij@ince we proved that the
resulting open book on the plumbing is horizontal. O

Remark 9. In fact, the same argument can be generalized to prove teatdhtact struc-
ture compatible with any horizontal open book on a plumbsgigarizontal.

Example 1. Consider the 3—manifold; obtained by plumbing circle bundles over tori
according to the graph in Figuté 6. Degree-one vertices haved; = —1 but the other
two vertices have degree equal to three and d; = 0.

(=2.1) (-3,1) : -3 (21

FIGURE 6. The integer weights at each vertex are the Euler numbethand
genus of the base of the corresponding circle bundle, réspic

Therefore the horizontal open booek; we construct according to the recipe above will
have a twice punctured (one puncture for each of the degreerertices in the graph)
genus 5 surface as a page and the product of 2 right-handedtidedts along 2 disjoint
separating curves, 2 right-handed Dehn twists along 2 idisjmn-separating curves and
one right-handed Dehn twist parallel to each boundary carapbas its monodromy (see
FigurelT). The open boak; is an explicit horizontal open book dn.
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FIGURE 7. The open bookb,

Remark 10. In [G&l], using 4—dimensional symplectic handle attachments, Gaygves
a construction of open books on plumbings of circle bundtearns out that the page and
the monodromy of the open book we construct on a given plgnadoincides with the one
given in[Gd]. This shows that the open book we construct on a plumbindostrctly)
isomorphic to Gay’s open book, showing that the open booksrcdnstruction can be
made horizontal for a non-positive plumbing.

Corollary 11. A Seifert fibered 3—manifold with an orientable base of genysand Seifert
invariants (sedOS] for conventions)

{g,mir1, 79, i}
admits a horizontal open bookiif+ k& < 0. If g = 0, this open book can be chosen to be
planar.

Proof. By [Or], any Seifert fibered 3—manifold is isomorphic (as a 3—manifold wit'—
action) to the boundary of a 4—-manifold witH—action obtained by equivariant plumbing
of disk bundles according to a weighted star-shaped graphFigurel8, where

[bih bi27 EICR) blsl] = bil 1

bis.
is;

is the unique continued fraction expansionligf; with eachb,; > 2. Since eaclb;; > 2,
every vertex except for the central one satisfies the noitijggsassumption. If the central
vertex also satisfies+ k& < 0, then the Seifert fibered 3—manifold admits a horizontahope

book.
O
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FIGURE 8. The plumbing graph of the Seifert fibered 3—manifgldvith
Seifert invariants{g, n; 1,7, -+ , 7 }. All bundles except the one at the
central vertex are over spheres.

4. MILNOR OPEN BOOKS

Let (X, z) be an isolated complex-analytic singularity. Given a loeaibedding of
(X, z) in (C¥,0). Then a small spherg?V~! c CV centered at the origin intersects
X transversely, and the complex hyperplane distribugian Y = X N S?¥~! induced
by the complex structure oX is a contact structure. For sufficiently small radiuthe
contact manifoldY’, £) is independent of the embedding angp to contactomorphism and
this contactomorphism type is called tbentact boundaryf (X, z). A contact manifold
(Y’ ¢ is said to beMilnor fillable and the gerni X, z) is called aMilnor filling of (Y, ¢)
if (Y’,¢') is contactomorphic to the contact bound&yy¢) of (X, z). Even though these
definitions are valid in all dimensions, we will focus on swé singularities and their
boundaries of real dimension 3. Note that any surface samigyican be normalized without
changing the contact boundary and normal surface singjekdre isolated.

It is a well-known result of Grauerit[(Gr] that an oriented 3anifold has a Milnor fillable
contact structure if and only if it can be obtained by plungoamiented circle bundles over
surfaces according to a weighted graph with negative defintersection matrix. On the
other hand, arecent discovery (¢f._ICNP]) is that any 3—fhaésthadmits at most one Milnor
fillable contact structure, up to contactomorphism. Thsuheis obtained by using Milnor
open books.

Definition 12. Given an analytic functiorf : (X, xz) — (C, 0) with an isolated singularity
at z, the open book decompositioih; of the boundaryy” of (X, z) with binding L =
Y N f71(0) and projectionr = l—ff‘ : Y\ L — S!' c Cis called theMilnor open book
induced byyf.
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Naturally, one can talk about Milnor open books on any Milfitable manifold. Milnor
open books have certain features that are used in the prabéafniqueness result men-
tioned above: they are all compatible with the natural cons&ructure on the boundary
and they are horizontal when considered on the plumbingigisn of the Milnor fillable
3—manifold.

Remark 13. By Remark19 any Milnor fillable contact structure is horizaint

On the other hand, ¥ is obtained by plumbing circle bundles, we obtain &-tuple
n = (nq,...,n) for each horizontal open book &f, wheren; is the number of distinct
fibers in thei’” circle bundle which appear in the binding. Eaghs nonnegative by defini-
tion. According to Proposition 4.6 in [CNP], if eaeh is positive and the plumbing graph
has a nondegenerate intersection matrix, thamiquely determines the horizontal open
book up to isomorphism. This proposition can be applied tthdfifillable 3—manifolds
since they are obtained by plumbing circle bundles accgrttinnegative definite inter-
section matrices. Also note that, by Giroux correspondeiscenorphic open books are
compatible with contactomorphic contact structures.

As aresult, given a 3—-manifold with a Milnor fillable contact structurg, to show that
any other Milnor fillable contact structugéon Y is contactomorphic tg, it is suffices to
show the existence offa-tuplen of positive integers such that for any Milnor fillind(, =)
of (Y, ¢’) there is a holomorphic functiofi : (X, z) — (C,0) with an isolated singularity
atz and a Milnor open bookb; which generates the-tuplen. It turns out that such a
k—tuplen exists, and in fact, eveny that satisfies the following two conditions works (see
Theorem 4.1 in[CNP]):

(1) n; > d; + 2g; for eachi, whereg; is the genus of the base of tié circle bundle
andd; is the degree of thé" vertex,

(2) there exists a—tuplem of nonnegative integers such tiatm = —n , wherel is
the (negative definite) intersection matrix of the weighpédnbing graph, anen
andn are considered as column vectors.

5. EXPLICIT MILNOR OPEN BOOKS

Let (Y, £) be a Milnor fillable contact 3—manifold. Thén can be obtained by plumbing
circle bundles. Let: be the weighted graph (with vertices and a negative definite inter-
section matrixI) of such a plumbing, and; and(e;, g;) denote the degree and the weight
of the " vertex ofG respectively.

Proposition 14. Suppose that

e; +2d; + 29, <0
holds for every vertex aff. Then the open book &f we construct in Sectidd 3 is hori-
zontal and isomorphic to a Milnor open book, for any Milnolitid of Y. Moreover the
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monodromy of this horizontal open book is given by a prodiicight-handedehn twists
along disjoint curves.

Proof. This open book is horizontal and its monodromy is given by @dpct of right-
handed Dehn twists along disjoint curves simply becausehin@bing is non-positive.
The entries of thé—tuplen it generates are; = |e; + d;|. The inequalitye; + 2d; +
2g; < 0 implies thatn; > d; + 2g;, and the systenh - m = —n has a solution, namely
m = (1,...,1). Therefore the conditions (1) and (2) in Sectldn 4 are satisfor the
vectorn implying the isomorphism between this horizontal open baon#é a Milnor open
book.

0

Example 2. Consider the 3—manifoltl; obtained by plumbing circle bundles over spheres
according to the graph in Figulré 9.

(-2,0) (-6,0) (-2,0)
® ®

(-2,0)
FIGURE 9.

The vertices with degree one hayet d; = —1 and the fourth vertex has + d, = —3.
Note that the intersection matrix

2 0 0 1
| 0o —=2 0 1
|l o 0o -2 1

of the plumbing graph is negative definite and helgeadmits a Milnor fillable contact
structure. The horizontal open boek, we construct for this non-positive plumbing ac-
cording to the recipe in Sectidd 3 will have a 6-times puredwsphere as a page. The
monodromy ofob, is depicted in FigureZ10.

The quadruple generated by this horizontal open boak is (1,1,1,3). The system
I-m = —n has a solutiom = (1, 1, 1, 1) and as a consequence the horizontal open book
0b, is isomorphic to a Milnor open book for any Milnor filling df;. In particular,ob,
is compatible with the unique Milnor fillable contact struet onY,. Note thatYs is the
Seifert fibered manifold with invariant®), —6;1/2,1/2,1/2}.
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FIGURE 10. The open bookb,

6. TIGHT PLANAR OPEN BOOKS

In [Etll], Etnyre showed that any overtwisted contact strreeon a closed 3—manifold
is compatible with a planar open book. He also provided tls¢ dibstructions for fillable
contact structures to be compatible with planar open books.

Recall that for any given contattform « there is a unique vector field,, defined by
the conditions:

a(X,) =1andux, da = 0.

The vector fieldX,, is called the Reeb vector field af Weinstein conjecture says that any
Reeb vector field has a closed orbit. For example, every caemaf the binding of an
open book is a closed orbit of the Reeb vector field of any abitdorm o with o > 0 on
the binding andla. > 0 on the pages of the open book. Recently, the conjecture v&gro
for every contact structure compatible with a planar opevki{of. [ACH]).

In this section we give examples of horizontal, Stein filkabbntact structures compat-
ible with planar open books. As a consequence the Weinstaijecture holds for these
tight contact structures.

Corollary 15. LetY be a 3—manifold obtained by a plumbing of circle bundles spéieres

according to a tree. Then the open book we construct on thisiping is planar. If we

assume that the plumbing is non-positive then our planandpaok is horizontal and
compatible with a Stein fillable and horizontal contact stuue onY'. Suppose furthermore
that the inequality

holds for every vertex of the graph. Then our planar horiabopen book is compatible
with the unique Milnor fillable contact structure on.
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Proof. Consider the open book &f constructed in Sectidd 3. The first claim immediately
follows by the fact that the plumbing is according to a tred #re circle bundles involved
are over spheres. The second claim follows from the first drebiienil. To prove the last
claim we just observe that the conditien+ 2d; < 0 trivially implies that the plumbing is
negative, i.ee; + d; < 0. Hence the plumbing is negative-definite, Y is Milnor fillatZnd
also the open book is horizontal. The open book is isomorgh&cMilnor open book for
any Milnor filling of Y by Proposition_TK.

O

For example, the open book, depicted in Figur€Z10 is a planar horizontal open book
compatible with the unique Milnor fillable contact struewnY>. In fact, a surgery dia-
gram of this contact structure is given in Figlré 11. We otgtdithis diagram by comparing
our construction with the one described[inl[Sc]. In Figurk W2 illustrate how to slide a
2-handle to show that; is diffeomorphic to the 3—manifold in Figukell1.

IR
[

-1

FIGURE 11. A surgery diagram for the unique Milnor fillable contatus-
ture onY,. (The framings are relative to the contact framing.)

7. AN OVERTWISTED EXAMPLE

Example 3. Consider the singularity given by the equation
2+ P+ 2" =0
in C®. From the minimal resolution we obtain theal graphdepicted in Figur€13 and

hence the 3—manifold; obtained by plumbing circle bundles of Euler number over
spheres according to this graph is the boundary of the sanitpalNote that the intersection
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FIGURE 12. Sliding a 2-handle.

matrix of this weighted graph is negative definite and thendp@okob; we construct on
Y3 (which is just is the Poincaré homology sph&i, 3, 5)) is depicted in FigurgZ14.

(-2,00 (=200 (=200 (=2,0) (-2,0) (-2,0) (-2,
® ® ® ® ® ®

(=2,0)

FIGURE 13. Negative definité’s—plumbing

31 5 23 D N O € A
=

FIGURE 14. obs : An overtwisted open book on the Poincaré homology sphere.

We note that the contact structure compatible wiikis overtwisted since the Poincaré
homology sphere does not admit any planar open book conkpatith its unique tight
contact structure |[El1]. On the other hand, a contact syrdiegram of the unique tight
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contact structure on the Poincaré homology sphere is tipin Figurd_1b. This contact
structure is clearly the unique Milnor fillable contact sture on¥(2, 3, 5).

RN\

-1

FIGURE 15. A surgery diagram of the unique Milnor fillable contacust
ture on the Poincaré homology sphere. (The framings agtivelto the
contact framing.)
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