ON THE RELATIVE GIROUX CORRESPONDENCE
TOLGA ETGU AND BURAK OZBAGCI

ABSTRACT. Recently, Honda, Kazez and Mati¢ [9] described an adgpaeihl open book
decomposition of a compact contaemanifold with convex boundary by generalizing the
work of Giroux in the closed case. They also implicitly editied a one-to-one correspon-
dence between isomorphism classes of partial open bookgesitions modulo positive
stabilization and isomorphism classes of compact costacanifolds with convex bound-
ary. In this expository article we explicate the relativesien of Giroux correspondence.

0. INTRODUCTION

A sutured manifold M, T") is a compact orienteg-manifold with nonempty boundary,
together with a compact subsurface= A(I') U T(I') € OM, whereA(T") is a union of
pairwise disjoint annuli and’(I") is a union of tori. Moreover each componenai/ \ I'
is oriented, subject to the condition that the orientatibarges every time we nontrivially
crossA(l'). Let R, (I') (resp. R_(I")) be the open subsurface 8f\/ \ I" on which the
orientation agrees with (resp. is the opposite of ) the bagndrientation oroM. A
sutured manifold 2/, I') is balanced if\/ has no closed components( A(I")) — mo(0M)
is surjective, and((R (")) = x(R_(T")) on every component af/. It turns out that if
(M,T) is balanced, theii = A(I") and every component @)/ nontrivially intersectd".
Since all the sutured manifolds that we will deal with in thegper are balanced, we will
think of I as a set obriented curve®n oM by identifying each annulus ihi with its core
circle. Here we orienf as the boundary ok (I).

Let ¢ be a contact structure on a compact oriertedanifold M/ whose dividing set on
the convex boundar§ M is denoted by'. Then it is fairly easy to see that/, I') is abal-
ancedsutured manifold (with annular sutures) via the identifamatve mentioned above.
Conversely, given a balanced sutured manifdifl I'), there exists a contact structuyren
M which makesHM convex and realizeE as its diving set oM. One should keep in
mind, however, that such a contact structure is neithet tighunique in general.

Let (M,T") be a balanced suturédmanifold and le be a contact structure oW with
convex boundary whose dividing set 8/ is isotopic tol'. Recently, Honda, Kazez and
Matic [9] introduced an invariant of the contact structgnehich lives in the sutured Floer
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homology group defined by Juhasz [6]. This invariant is atre® version of the contact
class in Heegaard Floer homology in the closed case as ddiin€@ysvath and Szabo
[11] and reformulated in_[8]. Both the original definition jhl] and the reformulation

of the contact class by Honda, Kazez and Matic depend heawilthe so called Giroux

correspondence [5] which is a one-to-one corresponderteeebe open book decompo-
sitions modulo positive stabilization and isotopy classesontact structures on closed
3-manifolds.

In order to adapt their reformulation![8] of the contact slas the case of a contact
manifold (M, &) with convex boundary, Honda, Kazez and Matic describe@]jnd par-
tial open book decomposition df/ (adapted tct) by generalizing the work of Giroux
in the closed case. This description coupled with Theorein(dnd the subsequent dis-
cussion) in([9] induces a map from isomorphism classes ofpamincontac8-manifolds
with convex boundary to isomorphism classes of partial dpewk decompositions mod-
ulo positive stabilization. The inverse of this map is ingfilin [9], and here we spell out
this map by describing a compact contdatnanifold with convex boundary compatible
with an abstractpartial open book decomposition. One could possibly adspekplicit
construction of Thurston and Winkelnkemper|[13] in the elbsase to define a contact
structure compatible with an abstract partial open bookgosition but we rather chose
to mimic the analogous result of Torisu [12] which convetleallowed us to keep track
of the dividing set on the boundary. Consequently, one obfairelative version of Giroux
correspondence, namely the following theorem.

Theorem 0.1([9]). There is a one-to-one correspondence between isomorphasses of
partial open book decompositions modulo positive staddilim and isomorphism classes
of compact contaci-manifolds with convex boundary.

This paper grew from our attempt to understand, in simplensethe description of a
partial open book decomposition of Honda, Kazez and Maiitiamaybe considered as
a reinterpretation of their work with an “abstract” persipee The paper is organized as
follows: In Sectiorill we give aabstractdefinition of a partial open book decomposition
(S, P, h), construct a balanced sutured manifoMd, I') associated t9S, P, h), construct
a (unique)compatiblecontact structur€ on M which makes)M convex with a dividing
set isotopic td". In Sectiori.2 we prove Theordm D.1 after reviewing the reladsults due
to Honda, Kazez and Matic![9]. The reader is advised to tarGthyre’s noted [3] for the
related material on contact topology®manifolds.

1. PARTIAL OPEN BOOK DECOMPOSITIONS AND COMPATIBLE CONTACT STBCTURES

The first description of a partial open book decompositios &ygpeared ir_[9]. In this
paper we give an abstract version of this description.
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Definition 1.1. A partial open book decomposition is a tripl8, P, k) satisfying the fol-
lowing conditions:

(1) S'is a compact oriented connected surface with=- (),

(2) P= P UP,U...UP,is aproper (not necessarily connected) subsurface sdfich
that.S is obtained fromS \ P by successively attachinghandlesp,, P, .. ., P,,

(3) h : P — Sis an embedding such that, = identity, whered = 0P N 9S.

Remark 1.2. It follows from the above definition that is a 1-manifold with nonempty
boundary, andP \ 95 is a nonempty set consisting of some arcs (but no closed compo
nents). The connectedness conditionsas not essential, but simplifies the discussion.

S

S &

S\ P

I

FIGURE 1. An example ofS and P satisfying the conditions in Defini-
tion[1.1: S\ P is an annulus and is a once punctured torus.

A sutured manifold M, T") is a compact orienteg-manifold with nonempty boundary,
together with a compact subsurface= A(I') U T(I') € OM, whereA(T") is a union of
pairwise disjoint annuli and’(I") is a union of tori. Moreover we orient each component
of OM \ T, subject to the condition that the orientation changesyeae we nontrivially
crossA(I'). Let R, (T") (resp. R_(I")) be the open subsurface @f\/ \ T" on which the
orientation agrees with (resp. is the opposite of ) the banndrientation ord M.

Given a partial open book decompositiofi, P, h), we construct a sutured manifold
(M,T) as follows: Let

H= (S x[-1,0])/ ~
where(z,t) ~ (z,t') for z € 0S andt,t’ € [—1,0]. Itis easy to see that is a solid
handlebody whose oriented boundary is the surface {0} U —S x {—1} (modulo the
relation(x,0) ~ (z, —1) for everyz € 05). Similarly let

N =(Px|[0,1])/ ~
where(z,t) ~ (z,t') forx € Aandt,t’ € [0, 1]. SinceP is not necessarily connectédis
not necessarily connected. Observe that each componéni®hlso a solid handlebody.

The oriented boundary a¥ can be described as follows: Let the ar¢se,, . . ., ¢, denote
the connected components@® \ 0S. Then, forl < i < n, the diskD; = (¢; x [0,1])/ ~
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belongs tadN. Thus part oD N is given by the disjoint union ob;’s. The rest oV is
the surface” x {1} U —P x {0} (modulo the relatioriz, 0) ~ (x, 1) for everyz € A).

FIGURE 2. A partial open book decompositiof as the union ofV and H

Let M = N U H where we glue these manifolds by identifyifgx {0} C ON with
Px{0} Cc 0H andPx{1} C oON with h(P)x{—1} C 0H. Since the gluing identification
is orientation reversing/ is a compact orientegtmanifold with oriented boundary

OM = (S\ P)x{0}U—(S\h(P)) x{—1}U (0P \ dS) x [0,1]
(modulo the identifications given above).

Definition 1.3. If a compact3-manifold A/ with boundary is obtained froriS, P, h) as
discussed above, then we call the triple P, h) a partial open book decomposition bf.

We define the suturE on dM as the set of closed curves (see Remark 1.4) obtained by
gluing the arcs; x {1/2} C ON, for 1 < i < n, with the arcs iN0dS \ 0P) x {0} C 0H,
hence as an oriented simple closed curve and modulo ideitincs

I = (9S\9P) x {0} U—(9P\ 09) x {1/2} .

Remark 1.4. If a sutured manifold M, I") has only annular sutures, then it is convenient
to refer to the set of core circles of these annullas

Definition 1.5. The sutured manifol@}/, I") obtained from a partial open book decompo-
sition (S, P, h) as described above is called the sutured manifold assattates, P, h).

Definition 1.6 ([6]). A sutured manifold M, T") is balanced ifM has no closed compo-
nents;mo(A(I')) — mo(0M) is surjective, and((R,(I')) = x(R-(I")) on every component
of M.
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Remark 1.7. It follows that if (A, ") is balanced, thei = A(T") and every component of
OM nontrivially intersects the suture.

Lemma 1.8. The sutured manifoltl\/, I') associated to a partial open book decomposition
(S, P, h) is balanced.

Proof. It is clear that)/ is connected since we assumed thas connected. We observe
thatoM +# () sinceP is a proper subset df by our definition and thud/ has no closed
components. By our construction every componendbf contains a diskD; = (¢; x
[0,1])/ ~ for somel < i < n. Hence every component 6\ contains a; x {1/2} C T
and thereforery(A(I")) — m(OM) is surjective. Now letR, (I') be the open subsurface
in M obtained by gluing

(S\0S)\ P) x {0} CoH and U, (¢ x[0,1/2))/ ~ C ON
andR_(I") be the open subsurfacedd/ obtained by gluing
(S\0S)\ h(P)) x{—-1} c0H and U, (¢; x (1/2,1])/ ~ CON

under the gluing map that is used to constrlitt Sinceh : P — S is an embedding we
havey(P) = x(h(P)) and it follows thaty (R (I')) = x(R_(I)). O

The following result is inspired by Torisu’s work [12] in tlvdosed case.

Proposition 1.9. Let (M, I') be the balanced sutured manifold associated to a partiahope
book decompositiofS, P, k). Then there exists a contact structgren M satisfying the
following conditions:

(1) ¢ is tight when restricted té/ and NV,

(2) OH is a convex surface i/, ) whose dividing set i8S x {0},

(3) ON is a convex surface iV, ) whose dividing set i8P x {1/2}.

Moreover suclt is unique up to isotopy.

Proof. We will prove that there is a unique tight contact structure o isotopy) on each
piece H and N with the given boundary conditions. Then one can concludettiere is

a unique contact structure (up to isotopy) bhsatisfying the above conditions, since the
dividing sets oroH andoN agree on the subsurface along which we giiandN.

The existence of a unique tight contact structure on theleandy H with the assumed
boundary conditions was already shown by Torisu [12]. Wéuithe here a proof (see also
page 97 in[[10]) which is different from Torisu’s originalqof.

In order to prove the uniqueness we take a{gktds,...,d,} of properly embedded
pairwise disjoint arcs i whose complement is a single disk. (It follows that the set
{di1,ds, ..., d,} represents a basis éf, (5, 05).) Forl < k < p, letd, denote the closed
curve o H which is obtained by gluing the at; on .S x {0} with the arcd;, on S x {—1}.
Then we observe thqb,, 4, . . ., 0, } is a set of homologically linearly independent closed
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curves oroH so thaty;, bounds a compressing digk = (d; x [0, —1])/ ~in H. Itis clear
that when we cuff along D?’s (and smooth the corners) we get-ball B3. Moreovers,
intersects the dividing set twice by our construction. Nogvput each, into Legendrian
position (by the Legendrian realization principlé [7]) améke the compressing disRk?
convex[[4]. The dividing set o will be an arc connecting two points D¢ = ;. Then
we cut along these disks and round the edges (see [7]) to getreected dividing set on
the remaining3?. Consequently, the following fundamental theorem of Hiesg implies
the uniqueness of a tight contact structurefbmwith the assumed boundary conditions.

Theorem 1.10([1]). There is a unique tight contact structure or3-dall B? with a con-
nected dividing set 0832 up to isotopy fixing the dividing set.

The existence of such a tight contact structurgfoessentially follows from the explicit
construction of Thurston and Winkelnkemperl[13]. We jusbenhH into an open book
decomposition (in the usual sense) with p&gand trivial monodromy whose compatible
contact structure is Stein fillable by [5] (and hence tighf2)y. To be more precise, we
embedH into

Y = (S x[-2,0])/ ~
where(z,0) ~ (x,—2) for z € S and(x,t) ~ (z,t') for x € S andt,t’ € [-2,0]. Let¢’
be the tight structure ol which is compatible with the above open book decomposition.
ThenoH = S x{0}uU—S x{—1} which is obtained by gluing two pages along the binding
can be made convex with respecttso that the dividing set ofiH is exactly the binding
(seel[3] for example).

By a similar argument we will prove the existence of a uniqgbkttcontact structure on
N (each of whose components is a handlebody) with the assuowedibry conditions. By
the definition of a partial open book decompositi¢h) P, ), P is a proper subsurface of
S such thatS is obtained fromS' \ P by successively attachinghandlespP;, P, ..., P,.
Then it is easy to see that there are properly embedded paidisjoint arcs, as, . . ., a,
in P with endpoints on4 so thatS \ U;a; deformation retracts ont§ \ P: just take a
suitable cocore; of eachl-handleP; in P (see Figurél3 for an example). It follows that
P\ Uja; is a disjoint union of some disks. (In fat,, as,...,a,} represents a basis of
Hy(P, A).)

Forl < j <r, leta; denote the closed curve oV which is obtained by gluing the arc
a;j on P x {0} with the arca; on P x {1}. Then we observe that; is a closed curve 0N
which bounds the compressing disk* = (a; x [0,1])/ ~in N. Thus we conclude that
we can find pairwise disjoint compressing disks\ineach of whose boundary intersects
the dividing set twice in such a way that when we cut alongeldisks we get a disjoint
union of B%'s with connected dividing sets after rounding the edgese Thiqueness of
a tight contact structure oi¥ with the assumed boundary conditions again follows from
Eliashberg’s Theorem 1.110.
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S\ P

FIGURE 3. A basis ofH; (P, A): cocoresi,, ay, . . ., ag Of the 1-handles inP

To prove the existence of such a tight contact structur& ome first observe thaiP x
{1/2} is the union ofA x {0} and the arcg; x {1/2}, for 1 < i < n. Note that we can
trivially embedXN into H. Then we claim that the restriction 16 of the above tight contact
structure o will have a convex boundary with the required dividing satotder to prove
our claim we observe that the dividing setBnx {1} U —P x {0} = ON N 0H is the set
A x {0} =0N N (0S x {0}). The rest o\ consists of the disk®; = (¢; x [0,1])/ ~.
Each one of these disks can be made convex so that the divgdirig a single arc since
its boundary intersects the dividing set twice. It follovast the dividing set oWN is as
required after rounding the edges. O

Propositiori 1.9 leads to the following definition of compdiiy of a contact structure
and a partial open book decomposition.

Definition 1.11. Let (M, I") be the balanced sutured manifold associated to a partiahope
book decompositioS, P, h). A contact structurg on (M, I") is said to be compatible
with (S, P, h) if it satisfies condition$l), (2) and(3) stated in Proposition 119.

Definition 1.12. Two partial open book decompositiofts P, h) and (~§, ﬁ, E) are isomor-
phic if there is a diffeomorphistfi: S — S such thatf(P) = Pandh = foho (f7)|5.

Remark 1.13. It follows from Propositiofi 119 that every partial open batdcomposition
has a unique compatible contact structure, up to isotopythenbalanced suture mani-
fold associated to it, such that the dividing set of the cerivaundary is isotopic to the
suture. Moreover if S, P, h) and (S, P, h) are isomorphic partial open book decomposi-
tions, then the associated compatible contantanifolds(A/, I, £) and(M I, ¢) are also
isomorphic.

The definition of a positive stabilization of a partial opesok decomposition in page 9
of [9] can be interpreted as follows.
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Definition 1.14. Let (S, P, h) be a partial open book decomposition. A partial open book
decompositionS’, P’, 1) is called a positive stabilization @, P, h) if there is a properly
embedded are in S such that
e S’ is obtained by attaching &handle toS alongos,
e P'is defined as the union @t and the attached-handle,
e I/ = R, o h, where the extension &fto S’ by identity is also denoted byand R,,
denotes the right-handed Dehn twist along the closed cumviich is the union of
s and the core of the attachddhandle.

The effect of positively stabilizing a partial open book dexposition on the associ-
ated sutured manifold and the compatible contact strucsueking a connected sum with
(53, £,:a) away from the boundary.

We now digress to review basic definitions and properties eéddard diagrams of
sutured manifolds (cf. [[6]). A sutured Heegaard diagramivem by (¥,a,3), where
the Heegaard surface is a compact oriented surface with nonempty boundaryand
{ag,ag,...,a,} andB= {31, 0., ..., B, } are two sets of pairwise disjoint simple closed
curves inX \ 0X. Every sutured Heegaard diagrdM,«,3), uniquely defines a sutured
manifold (M, T") as follows: Let) be the3-manifold obtained fronk x [0, 1] by attach-
ing 3-dimensionak-handles along the curves x {0} and3; x {1} fori = 1,...,m
andj = 1,...,n. The suturd” on OM is defined by the set of curvés: x {1/2} (see
Remark14).

In [6], Juh&sz proved that ifM/, T") is defined by(¥,«,3), then (M, T') is balanced if
and only if|a| = |3, the surface: has no closed components and batland 3 consist
of curves linearly independent ifi; (3, Q). Hence a sutured Heegaard diagréfija,3)
is called balanced if it satisfies the conditions listed a&owe will abbreviate balanced
sutured Heegaard diagram as balanced diagram from now on.

A partial open book decomposition @¥/, I') gives a sutured Heegaard diagréia, 3)
of (M, —T) as follows: Let

Y=Px{0}u-Sx{-1}/~COH
be the Heegaard surface. Observe that, modulo identifitstio
0¥ = (0P \0S) x {0} U—(0S\0P) x {—1} ~ —T".

As in the proof of Proposition 1.9, let, as, . . . , a, be properly embedded pairwise disjoint
arcs inP with endpoints or4 such thatS \ U,a; deformation retracts ont8 \ P. Then
define two familiesx= {ay, ag, ..., a,.} andB= {f, B, . . ., 5.} of simple closed curves
in the Heegaard surfacéby o; = a; x {0} Ua; x {—1}/ ~andp; = b; x {0} Uh(b;) x
{—1}/ ~, whereb;, is an arc isotopic ta; by a small isotopy such that
e the endpoints of;; are isotoped alongs, in the direction given by the boundary
orientation ofS,
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e a; andb; intersect transversely in one pointin the interior ofS,
e if we orienta;, andb, is given the induced orientation from the isotopy, then the
sign of the intersection af; andb; atz; is +1.

(3,c,8) is a sutured Heegaard diagram(aff, —I'). Here the suture is-I" sincedX is
isotopic to—T".

Lemma 1.15. The balanced sutured manifold associated to a partial opmoklnlecompo-
sition and the compatible contact structure are invariantar positive stabilization.

Proof. Let (S, P, h) be a partial open book decomposition(af, "), s be a properly em-
bedded arc in5, and(S’, P’, h') be the corresponding positive stabilization(6f P, h).
Consider the sutured Heegaard diagfainx,3) of (M, —I") given by(S, P, h) using prop-
erly embedded disjoint ares, ao, . .., a, in P.

Let ag be the cocore of the 1-handle attached tduring stabilization. The endpoints of
ap are onA’ = 9P'NAS" andS"\U;_,a; deformation retracts ont§/\ P’ = S\ P. Using the
properly embedded disjoint arag, a1, as, . . ., a, iIn P’ we get a sutured Heegaard diagram
(X,a/,3") of (M',—TI"), where(M’',T") is the sutured manifold associated(ts§, P’, 1’).
Observe thaty' = {ap}U o, 3’ = {5 }U 3, and

Y =P x{0}U—-8" x{-1}/~ XT*#% .

Sinceh’ is a right-handed Dehn twist along composed with the extension afwhich
is identity on P’ \ P, « intersectss, at one point and is disjoint from every othgy.
Therefore(YX',a’,3') is a stabilization of the Heegaard diagr&ma,3), and consequently
(M',T") = (M, T'). The contact structug compatible with(.S’, P’, h') is contactomorphic
to ¢ since¢’ is obtained fron¢ by taking a connected sum witt$?, £,;4) away from the
boundary. O

2. RELATIVE GIROUX CORRESPONDENCE

The following theorem is the key to obtaining a descriptidmgartial open book de-
composition of M, T, £) in the sense of Honda, Kazez and Mati€.

Theorem 2.1([9], Theorem 1.1) Let (M, T") be a balanced sutured manifold and {ebe
a contact structure o/ with convex boundary whose dividing $&t, on 0\ is isotopic
to I'. Then there exist a Legendrian graphC M whose endpoints lie on C M and a
regular neighborhoodV(K) ¢ M of K which satisfy the following:

(A) () T =0ON(K) \ OM is a convex surface with Legendrian boundary.
(if) For each component; of 9T, v; N I'yy, has two connected components.
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(iii) There is a system of pairwise disjoint compressingsi®¢ for N(K') so
thatoD$ is a curve oril intersecting the dividing sét; of T" at two points and
each component df (K) \ U; D¢ is a standard contact-ball, after rounding
the edges.

(B) (i) Each component of M \ N(K) is a handlebody (with convex boundary).
(i) There is a system of pairwise disjoint compressing slisg for H so that
eachd D intersects the dividing sétyz of 9H at two points and? \ U, D! is
a standard contaci-ball, after rounding the edges.

Remark 2.2. Here note that we use a slightly different notation than the that is used
in Theorem 1.1 i1f9] to denote the compressing disks. Thejrcorresponds to ouDs in
part (A) and their D¢ corresponds to ouP;, in part (B). We hope that our notation here
is consistent with our notation in the previous sections.

Remark 2.3. Given a balanced sutured manifdld/, I"), there exists a contact structuge
on M which make$)M convex and realizeE as its diving set oM. Conversely given
a contact3-manifold (), &) (with convex boundary) whose diving set is denoted loy
OM, then(M,T') is a balanced sutured manifold.

Definition 2.4. A standard contaci-ball is a tight contacB-ball with a convex boundary
whose dividing set is connected.

Based on Theorem 2.1, Honda, Kazez and Mati¢ describe &lpapen book decom-
position on(M, T") in Section 2 of their article [9]. In this paper, for the sakesionplicity
and without loss of generality, we will assume thdtis connected. As a consequence
M\ N(K)in Theoreni 2.l is also connected.

We claim that their description gives a partial open bookodggosition(S, P, k), the
balanced sutured manifold associated4pP, 1) is isotopic to( M, I'), and¢ is compatible
with (S, P, h) — all in the sense that we defined in this paper. In the restigk#rction we
prove these claims and Leminal2.6 to obtain a proof of Thebrd&m 0

The tubular portiori” of —ON(K) in Theoreni2ZIL(A)(i) is split by its dividing set into
positive and negative regions, with respect to the oriematf (M \ N(K)). Let P be the
positive region. Note that the negative regibn P is diffeomorphic toP. Since(M,T")
is assumed to be a (balanced) sutured manitald,is divided intoR. (I') and R_(I") by
the suturd’. Let R, = R (I') \ U;D;, whereD;’s are the components ofN(K) N oM
and letS be the surface which is obtained fraRy by attaching the positive regioR. If
we denote the dividing set @f by A = 0P N 05, then it is easy to see that

N(K) = (P x[0,1])/ ~

where(z,t) ~ (z,t') for x € A andt,t’ € [0,1], such that the dividing set @GfN(K) is
given byoP x {1/2}.



ON THE RELATIVE GIROUX CORRESPONDENCE 11
In [9], Honda, Kazez and Mati¢ observed that
M\ N(K) = (5 x[=1,0])/ ~

where(z,t) ~ (z,t') forz € 0S andt, t’ € [-1, 0], such that the dividing set af/ \ N(K)
is given byoS x {0}.

Moreover the embeddinly: P — S which is obtained by first pushing acrossV (K)
to7\ P C (M \ N(K)), and then following it with the identification af/ \ N (K') with
(S x [-1,0])/ ~ is called the monodromy map in the Honda-Kazez-Mati¢ dpson of
a partial open book decomposition.

In conclusion, we see that the tripl8, P, h) satisfies the conditions in Definition_1.1:

(1) The compact oriented surfadeis connected since we assumed thats connected
and it is clear thadS # 0.

(2) The surfaceP is a proper subsurface ¢f such thatS is obtained fromS \ P by
successively attachinghandles by construction.

(3) The monodromy map : P — S is an embedding such thatfixesA = 0P N 0S
pointwise.

Next we observe thalV(K) (resp. M \ N(K)) corresponds taV (resp. H) in our
construction of the balanced sutured manifold associateal gartial open book decom-
position proceeding Definition 1.1. The monodromy miapmounts to describing how
N = N(K)andH = M \ N(K) are glued together along the appropriate subsurface of
their boundaries. This proves that the balanced suturedofthassociated t@S, P, h) is
diffeomorphic to(M, I').

Lemma 2.5. The contact structuré in Theoreni 2J]1 is compatible with the partial open
book decompositiofS, P, h) described above.

Proof. We have to show that the contact structgia Theorem 2.1l satisfies the conditions
(1), (2) and(3) stated in Theorerin 1.9 with respect to the partial open boo&mgosition
(S, P, h) described above. We already observed thiat N(K) andH = M \ N(K).
Then

(1) The restrictions of the contact structento N(K) and M \ N(K) are tight by
conditions (A)(iii) and (B)(ii) of Theorerh 211, respectlyeThis is because in either case
one obtains a standard contaeball or a disjoint union of standard contattalls by
cutting the manifold along a collection of compressing diskch of whose boundary geo-
metrically intersects the dividing set exactly twice.

(2) 0H = 0(M \ N(K)) = (OM \ U;D;) UT is convex by the convexity @i/ and the
convexity of T (condition (A)(i) in Theoreni 2]1). Its dividing set is theian of those of
OM \ U;D; andT, hence it is isotopic t¢0S \ OP) x {0} U A x {0} = 95 x {0}.
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(3) ON = ON(K) = U;D; U T is convex by the convexity oD; C 0OM and the
convexity ofT'. Its dividing set is the union of those @};’s and 7", hence it is isotopic to
(0P \ 0S) x {1/2} U A x {0} = 0P x {1/2}. O

The following lemma is the only remaining ingredient in tire@f of Theoreni 0J1.

Lemma 2.6. Let (S, P, h) be a partial open book decompositiqid/, I') be the balanced
sutured manifold associated to it, afjdbe a compatible contact structure. Thes\ P, h)
is given by the Honda-Kazez-Matlescription.

Proof. Consider the graplx” in P that is obtained by gluing the core of eatimandle in
P (see Figurél4 for example).

LA

FIGURE 4. Legendrian graplk’ in P

It is clear thatP retracts onta/. We will denoteK” x {1/2} C P x {1/2} also by
K. We can first make® x {1/2} convex and then Legendrian realizéwith respect to
the compatible contact structu¢eon N C M. This is because each component of the
complement ofK in P contains a boundary component (see Remark 4.30 in [3]). élenc
K is a Legendrian graph i/, ¢) with endpoints imP x {1/2} \ 0S x {0} c T C oM
such thatV = P x [0, 1]/ ~ is a neighborhoodV (K) of K in M. Then all the conditions
except (A)(i) in Theorem 2]1 oW (K) = N andM \ N(K) = H are satisfied because
of the way we constructed in Propositio_ 1.9. SincéN is convexT is also convex.
It remains to check that the boundary of the tubular porfioof N is Legendrian. Note
that each component of this bound&®; = 0(¢; x [0,1]) C 9N is identified withy; =
¢; x {0} Uh(c;) x {—1} in the convex surfac@H = S x {0} U—S x {—1}. Since each
intersects the dividing s€ty; = S x {0} of 0H transversely at two pointk; x {0}, the set
{71,7,---,7a} iS NON-isolating iNDH and hence we can use the Legendrian Realization
Principle to make each; Legendrian. O

Proof of Theorerh 011By Propositiori 1.B each partial open book decompositioniispat-
ible with a unique compact contagimanifold with convex boundary up to contact isotopy.
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This gives a map from the set of all partial open book decoiipas to the set of all com-
pact contacB-manifolds with convex boundary and by Remark 1.13 this mescdnds

to a map from the set of isomorphism classes of all partiahdpeok decompositions to
the set of isomorphism classes of all compact cortani@anifolds with convex boundary.
Moreover by LemmB1.15 this gives a well-defined niafsom the isomorphism classes of
all partial open book decompositions modulo positive sitedtion to that of isomorphism
classes of compact contagztmanifolds with convex boundary. On the other hand, Honda-
Kazez-Matic description gives a well-defined mBjin the reverse direction by Theorems
1.1 and 1.2 in[[B]. Furthermord; o ® is identity by Lemma 2]5 and o V is identity by
Lemmd2.6. O
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