FULL LUTZ TWIST ALONG THE BINDING OF AN OPEN BOOK
BURAK OZBAGCI AND MEHMETCIK PAMUK

ABSTRACT. LetT denote a binding component of an open bgke¢) compatible with a closed
contact3-manifold (M, £). We describe an explicit open bo@X’, ¢’) compatible with(M, ¢),
where( is the contact structure obtained fr@gnby performing a full Lutz twist along". Here,
(X', ¢') is obtained from(X, ¢) by alocal modification near the binding.

1. INTRODUCTION

Let 7" denote a binding component of an open bdbk¢) compatible with a closed contact
3-manifold (M, £). Then, by definition]" is a transverse knot. By performing a full Lutz twist
alongT’, we get a new contact structufen M. Our intention in the present note is to give an
explicit open booK>, ¢') compatible with(M, ¢).

Our construction can be outlined as follows. First we usddbethat there is a Legendrian
approximation; of the binding componerit, which is included in a page (see[20]). Then
we express the effect of a full Lutz twist alofigby a contact+1)-surgery on a four-component
link L = L, U Ly U L3I Ly in M, whereL, is a Legendrian push-off af; with two additional
up-zigzags/; is a Legendrian push-off af, and L, is a Legendrian push-off af; with two
additional up-zigzags. This resultis, indeed, analogotisd results in]4,19]. Next, we stabilize
the open book at hand to embed all four components of the Idegenlink IL into a page (cf.
[11]). Finally, we use the fact that a contgdet1)-surgery onlL corresponds to additional left-
handed Dehn twists along eaéh (: = 1,...,4), on the page. As a result, we observe that
(3, ¢') is obtained fromX, ¢) by alocal modification near the binding and, by construction,
the genus of is the same as the genusXit

From another point of view, what we describe in this noteptaaarrelative open book that is
compatible with the contad@t? x I layer we “insert” while performing a full Lutz twist. Relag
open books for contagtmanifolds whose boundary consists of convex tori werethiced and
studied by Van Horn-Moirris in his thesis [15]. In particylbe describes a relative open book
compatible with a basic slice. It turns out that the relatwpgen book we obtain for the full
Lutz twist through contact surgery can be essentially olethby appropriately gluing together
a string of relative open books for the basic slice.

Throughout this paper, we assume that all contact strusane positive and co-oriented, all
transverse knots are positively transverse, and all &abdns are positive. The reader may
turn to [10,/11[ 183, 19] for the basic material on contact togy.
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2. LUTZ TWISTS

Let T" be a knot transverse to the contact structurme a 3-manifold M. Then, in suitable
local coordinates, we can identifywith S* x {0} C S* x D2 for some, possibly smadl > 0
such thatt = ker(df + r*dy) andd, corresponds to the positive orientationZaf In order to
simplify the notation, we will work withS* x D? as a local model. A simple Lutz twist along
T is defined by replacing the contact structaien M by ¢7 which coincides witlf outside the
solid torusS* x D? and onS! x D? is given by

ker(hq(r)d0 + ho(r)dyp)

wherehy, hy: [0, 1] — R are smooth functions satisfying the following conditions:
(i) hi(r) = —1 andhy(r) = —r? nearr = 0,

(i) hi(r) =1andhy(r) =r?nearr =1,

(iii) (hi(r), ha(r)) is never parallel t@h' (r), hi(r)) for r # 0,

(iv) hy has exactly one zero on the intery@l1].
Note thaté™ is well-defined up to isotopy, i.e., the isotopy class¢bfdoes not depend on
the particular choice of the functiortls andh,. Moreover, it is clear that a simple Lutz twist
does not change the topology of the underlyfamanifold, but, in generak and¢” are not
homotopic as orientegtplane fields (see |13, Section 4.3]).

A full Lutz twist along T is defined similarly to a simple Lutz twist but the boundarydin

tions (i) and (ii) above are replaced by

hi(r) = 1andhy(r) = r* forr € [0,e] U [1 — ¢, 1]

for some smalk, (iii) still holds and we require that the cury&,(r), ho(r)) completes a full
turn around the origin. A full Lutz twist does not change tlmrotopy class of the contact
structure as a@-plane field, nor the topology of the underlying manifoldg4&3, Proposition
4.5.4]). Let¢ denote the contact structure obtained by applying a fulk ltwist along7". Note
that(M, £7) and (M, ¢) are both overtwisted.

Remark 2.1. A full Lutz twist is equivalent to replacing the contact stture in thel™ x I layer
(corresponding te € I = [¢, 1 — €]) by another contact structure with an additioRaitwist in
the /-direction.

3. THE SURGERY DIAGRAM FOR A FULLLUTZ TWIST

In a recent series of papefs [1]2, 3], a notion of contagtrgery along Legendrian knots in
contact3-manifolds is described, wherec (Q \ {0}) U {oo} denotes the framing relative to
the natural contact framing. This generalizes the contatfesy introduced by Eliashbergl [6]
and Weinstein[[21], which corresponds to the contact)-surgery.

On the other hand the classical notion of a Lutz twist (seg11§ played an important role in
constructing various contact structures. It turns out &wtmpleLutz twist along a transverse
knot in a contacB-manifold is equivalent to conta¢t1)-surgery along a Legendrian two-
component link[[2]. Moreover, an explicit Legendrian suygdescription for the simple Lutz
twistis given in[4[9]. Similarly, dull Lutz twist along a transverse knot in a contaehanifold
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is equivalent to contagtt1)-surgery along a Legendrian four-component link (cfL[2)12he
idea here is that a full Lutz twist is equivalent to two itesimple Lutz twists.

Theorem 3.1. Let L; be an oriented Legendrian knot {7, ¢), represented by its front projec-
tion in (R?, &) disjoint from the link describing), £) and letL, be a Legendrian push-off of
L, with two additional up-zigzagd,; be a Legendrian push-off d@f, and L, be a Legendrian
push-off ofL; with two additional up-zigzags. L&t:= L, U L, U Ls LI L, (see Figuréll) and’
be the contact structure obtained frgny contact(+1)-surgery oriL. If ( denotes the contact
structure obtained from by a full Lutz twist along a positive transverse push7ofif L, then
¢ and( are isotopic.

Ly
Ls
Lo
Ly

FIGURE 1. Legendrian linkL = L U Ly LI L3 L Ly

Proof. We first show that conta¢ti-1)-surgery on the Legendrian lidk does not topologically
change the underlying manifold. To see this, note that an additional zigzag adds a negative
twist to the contact framing. Hence, topologically contget )-surgery onL, is the same as
a contact(—1)-surgery along a Legendrian push-off bf. Therefore, byl[l, Proposition 8],
the contac{+1)-surgery onL; topologically cancels out the contaet1)-surgery onL,. The
same argument holds for the conté¢tl )-surgeries orl; and L,.

We know that( is overtwisted. It is not too hard to see tlgats also overtwisted (cf.[]18]).
Once we show that is homotopic ta, as an oriented-plane field, then the result immediately
follows from Eliashberg’s classification of overtwistedchtact structures [5]. Since a full Lutz
twist does not change the homotopy clasg ek a2-plane field, i.e.£ is homotopic tal, we
need to verify that is homotopic ta¢’. Recall that for any tw@-plane fields¢ and¢’ on M,
there is an obstructiod? (¢, ¢') € H?(M;Z) for £ to be homotopic t@’ over the2-skeleton of
M and ifd?(¢, €¢') = 0, after applying a homotopy which takéso ¢’ over the2-skeleton, there
is another obstructiod® (£, ¢’) for ¢ to be homotopic t@’ over all of M.

Consider the standard tight cont@st x 52, ¢), which can be represented by contaet )-
surgery on a Legendrian unknbg with only two cusps. Lel, be a Legendrian push-off df.
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Note that, by the neighborhood theorem for Legendrian kritcgsiffices to prove the vanishing
of the two-dimensional obstructiaft (¢, ¢’) for this particularL, (cf. [4]). So for the rest of
this proof we takeV/ = S* x S2. It is well-known thate(¢) = 0. Here we claim that(¢') = 0,
as well. It follows thati? (¢, &) = 0, by the formulad? (€, &) = e(€) — e(¢') (see 18, Remark
4.3.4)).

The Thurston-Bennequin invariants of the Legendrian krgts.,, ..., L, can easily be
computed from their front projections & L,) = —1, tb(Ly) = —1, tb(L2) = tb(Ls) = —3
andtb(Ls) = —5. Thus, the topological framings of the surgeries are givenf{L,) =
tf(L1) =0,tf(Ls) =tf(L3) = —2andtf(L,) = —4. Write u, for the meridional circle td;
as well as the homology classes they represent in the homofdbge surgered manifold. It is
well-known thatH,(M; Z) is generated by the meridiafig,, . . ., 1.4} with relations given by

tf (L) + Y Uke(Li, Ly)p; =0, i =0,... 4.
J#
These equations imply that = 1 = s = —p2 = —pus3. Now with PD denoting the Poincaré
duality isomorphism, we have (see [3, Corollary 3.6])

e(¢') = T rot(L;)PD ™ (1)
= —2PD'(u2) — 2PD ™ (1) — 4PD™" (ua) = 0.

Finally, let us see the effect of the surgery aldngn the3-dimensional obstruction. It is
sufficient to consider an oriented knbt in (S3,&,;). The absolutels-invariant (for 2-plane
fields in.S?) of the contact structur€ obtained by these surgeries is given by (§ée [3, Corollary
3.6])

a(€) = 7( = 30(X) ~ 2(X)) +q.

whereX denotes the handlebody obtained frar by attaching fouR-handles corresponding
to the surgeries; denotes the number of componentd.ion which we perforn{+1) surgery
andc € H?(X;Z) is given byc([%;]) = rot(L;) on [X;] € Hy(X;Z) whereY; is the Seifert
surface forL,. Itis clear thaty(X) = 5.

Lemma 3.2. We haver(X) = 0 andc® = 8.

Proof. Let? denote the Thurston-Bennequin invarianf.gf Hence we havé)(L,) = tb(L3) =
t — 2 andtb(L4) =t — 4. Then the topological framings of the surgeries are

The linking number betweeh, andL; is given bylk(L;, L;) = ¢ for j = 2,3 and4. Also we
havelk(Lsy, Ls) = lk(Ly, Ly) = t — 2 andlk(Ls, Ly) = t — 2. Theno(X) is the signature of
the linking matrix

t+1 t t t

t t—1 t—2 t—-2
t t—2 t—-1 t-2
t

t—2 t—-2 t—3
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If we slide L, over L3 and slideL, and L3 over L, then the linking matrix becomes

t+1 -1 -1 0
-1 0 -1 0
-1 -1 0 -1
0 0 -1 0

The characteristic polynomial for the matrikis A* — (¢ + 1)\3 — 4X\? + 2(¢ + 2)\ + 1. By
analyzing the coefficients of this polynomial one can settti@eigenvalues,, . . ., A\, satisfy
the following equalities:
(1) M2+ (A1 + A) (A3 + Ay) + Aghy = —4,
(||) )\1)\2)\3)\4 == 1
A'is a real symmetric matrix, so the eigenvalues must be rebbgiii) we have three cases
for the eigenvalues of.:

() all the eigenvalues are positive,
(I all the eigenvalues are negative,
(111 there are two positive and two negative eigenvalues.
Clearly, (i) implies that the matri¥ has two positive and two negative eigenvalues and hence
o(X)=0.
In order to compute?, setr = rot(L,). Thenrot(L,) = rot(Ls) = r — 2, androt(L,) =
r — 4. As in Sectior3 of [3], we have

E=ar+ylr—2)+z2(r—2)+wlr—4),
where(z, y, z, w) is the solution of the system of equations

A:

t+1 t t t T T
t t—-1 t—-2 t-2 y| | r—2
t t—2 t—1 t—2 2| | r—=2
t t—2 t—2 t—3 w r—4

It follows thatz = r,y = 2 = —2 — r,w = 4 + r, and hence? = 8.

Consequently,

B(E) = (&~ 30(X) = 2x(X)) +q = ~1/2 = d (£,

which implies that?3(¢, ¢’) = 0. Therefore, sincd?(¢,¢') = d3(€,€') = 0, we conclude thag
is homotopic ta¢’, i.e., the contact+1)-surgery onlL does not change the homotopy class of
the contact structure. OJ

4. THE EFFECT OF A FULLLUTZ TWIST ALONG THE BINDING OF AN OPEN BOOK

In this section, we describe the effect of a full Lutz twistrad the binding of an open book.
Let 7" denote a binding component of an open b¢bk¢) compatible with a closed contagt
manifold (M, £). The first step of our construction is to realize a push-off'afs a Legendrian
curve on the pag&. If T is notthe only binding component db, ¢), then a push-off of"
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can be Legendrian realized ah otherwise this is impossible. The next result, which is ttue
Vela-Vick [20], allows us to handle the case where the bigdif(X, ¢) is connected.

Lemma 4.1. Suppose thal’ is the only binding component Of, ¢). Then there is a Legen-
drian approximation.; of T', realized as a curve on a page of the open b@ok ¢,) obtained
from (X, ¢) by stabilizing once, without changing the transverse igptype of7".

Proof. Although this was shown ir 20, Lemma 3.1], here we give aeratditive proof of this
fact. Suppose thaf' is the only binding component db, ¢). We take a small meridional
circle m linking 7" once and hence intersecting every pagegansversely. Now we perform
+1 surgery alongn and extend the open book into the glued in solid torus asvigligeell3]):
Foliate the solid torus we glue in by annuli so that each amhés the core of this solid torus
as one of its boundary components. The other boundary coempoheach annulusis@, 1)-
curve which is identified with a meridional circle to during the surgery. So we delete a disk
from every page: and glue in an annulus to get an open book with pagand monodromy
¢1, Whereg, is obtained frony by composing with a right-handed Dehn twist along a curve
parallel to the newly introduced binding component. In faee just stabilizedy, ¢). The
contact structure compatible witk;, ¢,) is isotopic to and we did not touch the transverse
knotT" in M while performing the surgery.

T

L1 @+

FIGURE 2. Legendrian knoL; on the page:;

The knotL; which is a push-off of” on the new pag&, as shown abstractly in Figuté 2 can
now be Legendrian realized since it is homologically nomition ;. Consequentlyl; is a
Legendrian knot on the paga whose positive transverse push-offlis

0]

Since L, is obtained from a push-off af; by adding two zigzags, we can realizg on a
page of an open book’,, ¢,) obtained by stabilizindX;, ¢;) twice (cf. [9]). To be more
precise,L, is a push-off ofL; on3,, except thatl, goes over the two new-handles glued to
Y1 in the stabilization process. By continuing in this manmex,see that there is an open book
(3, ¢), compatible with(A/, £), containing the Legendrian link on a page. Then the open
book (3, ¢ o Dy ) is compatible with M, ¢'), whereD; denote the composition of left-handed
Dehn twists along each component of the link- ¥ (see Figur&l3). Consequently, by Giroux’s
correspondencé_[14] coupled with Theorem 3.1, we conclhde(E, ¢ o Dy ) is compatible
with (M, ¢).

Remark 4.2. The discussion above gives an explieiative open book for the full Lutz twist.
In other words, the contadt? x I layer with a2r-twist inserted while performing a full Lutz
twist has a compatible relative open book whose page is awixtured sphere, and whose
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FIGURE 3. Modification near the binding which corresponds to thecafbf a
full Lutz twist. The solid curves without a sign are the bimglicomponents.

monodromy is the product of the Dehn twists along the curtesva in Figurd¥. Note that
a relative open book compatible with a basic slice is desdrib Section 4.2 in[15]. It turns
out that the relative open book we obtain for the full Lutzgithrough contact surgery, can be
essentially obtained by appropriately gluing togetheriagbf relative open books compatible
with the basic slice.

FIGURE 4. Relative open book compatible with the cont&étx I layer with a
2m-twist in the I-direction. The dashed curves induce the bound@fy x I).
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