CONTACT HANDLE DECOMPOSITIONS
BURAK OZBAGCI

ABSTRACT. We review Giroux’s contact handles and contact handlelattents in dimen-
sion three and show that a bypass attachment consists aof af gaintactl and 2-handles.
As an application we describe explicit contact handle dgumsitions of infinitely many
pairwise non-isotopic overtwistettspheres. We also give an alternative proof of the fact
that every compact contagtmanifold (closed or with convex boundary) admits a contact
handle decomposition, which is a result originally due tocoBx.

0. INTRODUCTION

Emmanuel Giroux announced the following result in a serfelectures he delivered
at Stanford University in the year 2000: “Every contaananifold is convex” — which
signified the closure of the program he initiated in his coutyepaper published in 1991,
where he proved that every orientddnanifold hassomeconvex contact structure ([7],
Theorem Ill. 1.2). Apparently, an essential motivatingtéador studying convexity in
contact topology is the following straightforward conseqce of the convexity theorem:
“Every contacB-manifold (closed or with convex boundary) admits a contestdle de-
compositiofi. We should point out that for a closed cont&emanifold the existence of
a contact handle decomposition and the existence of anediapen book decomposition
are equivalent. Despite the fact that several explicit gasof adapted open book decom-
positions of closed contaBtmanifolds have been published and fruitfully used in vasio
other constructions since Giroux’s breakthrough in 20&plieit examples of contact han-
dle decompositions of closed contdetanifolds have not yet appeared in the literature. In
this article, we show that a bypass attachmient [11] consfsigtopologically cancelling)
pair of contactl and 2-handles. As an application, for each positive intege/e describe
an explicit contact handle decomposition of the overtwistesphere whosés-invariant
is (2n + 1)/2. Recall that two overtwisted contact structures are isotdpand only if
they are homotopic as orient@eplane fields|[1]. Moreover the homotopy classes of ori-
ented2-plane fields orb? are classified by theifs-invariants (se€ [9] of [14] for a detailed
discussion).

2000Mathematics Subject ClassificatioB7R17, 57R65.
Key words and phrasesontact handle, contact handle attachment, contact hdedamposition, partial
open book decomposition, contact three-manifold with esrisoundary.
1



2 BURAK OZBAGCI

For the sake of completeness, we also offer a alternativef moGiroux’s handle de-
composition theorem for compact cont&etnanifolds (closed or with convex boundary).
Our proof is based on a recent result due to Honda, Kazez atid {{I2], Theorem 1.1),
which asserts that every compact contaatanifold with convex boundary has an adapted
partial open book decomposition. The technique that HoKdaez and Mati¢ apply in
constructing adapted partial open book decomposition®ofact3-manifolds with con-
vex boundary is a generalization of Giroux’'s method of carding adapted open book
decompositions of closed contatmanifolds. Giroux’s construction, in turn, is based on
contact cell decompositions of contagzmanifolds [8]. Hence the existence of contact
handledecompositions of compact contazianifolds can be viewed as a consequence
of the existence of contacell decompositions. Although we do not delve into the details
here, it seems feasible to set up a more direct connectiovebetthe two existence results
just as in the topological case. The reader is advised toteufbd] or [13] for necessary
background on handle decompositions of manifolds and!to[}] [9] and [14] for the
related material on contact topology.
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and Emmanuel Giroux for very useful comments on a draft & plaiper. We thank John
Etnyre, in addition, for sending us an English translatibooux’s paperConvexié en
topologie de contactyy Daniel Mathews. We also thank Tolga Etgu for helpful censa-
tions. The author was partially supported by the researahtdrO7T053 of the Scientific
and Technological Research Council of Turkey.

1. CONTACT HANDLES IN DIMENSION THREE

We first review Giroux’s contact handles in dimension thige [The contact structure
Co = ker oy, Whereoy = dz — ydx + xdy, is the standard tight contact structureRihand

the flow of the vector field

0 0 0

preserves. Let B® = {(z,y, 2) € R?® | 22 + y* + 2% < 1}. ThendB? is a convex surface
since Z, is transverse t@B3. It is clear thatZ, lies in the contact plane§ whenever
ao(Zo) = 0, i.e., whenz = 0. In other words, the dislB? N {z = 0} is the characteristic
surface inB* andoB? N {z = 0} is the dividing curve o B>.

A model for acontact0-handleis given ag B3, (,), whereZ, is used in gluing this han-
dle. Here the orientation of the contéehandle coincides with the usual orientationfof
(given bydz A dy A dz) and its boundary has the induced orientation. The dividunye
divides the convex sphefiB? into its positive and negative region8; = B3N {z > 0}
andR_ = 9B N {z < 0}. The characteristic foliation o83* appears as in Figufé 1,
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where the “equator” is the dividing curve.

FIGURE 1. Characteristic foliation and the dividing curve @83

Giroux’s criterion [7] implies that the dividing curve onamight 3-ball with convex
boundary is connected. Moreover there is a unique tightaobrgtructure on thaé-ball
with a connected dividing set on its convex boundary up toopfixing the dividing set
[1]. Hence we make the following definition.

Definition 1.1. A standard contaci-ball is a tight contacB-ball with convex boundary.

As a matter of fact, a contaGthandle is a model for a standard contadiall and when
we want to glue such a handle, we use the vector #igloh the model to obtain a “contact”
collar neighborhood. A model for eontact3-handle on the other hand, is also defined
as (B3, (), where we give opposite orientation to its boundary and-ugg to glue this
handle.

Let ¢; denote the contact structurelt given by the kernel of thé-form

oy = dz + ydzr + 2xdy,

and consider the vector field

0 0 0

21 =20— —y— + z2—

! Ox y@y + 0z

whose flow preserve§. Observe thaf; is isotopic to the standard tight contact structure
(o in R3. Moreover, for any > 0, Z, is transverse to the surfaces

{(z,y,2) e R®| 2® + 22 = &} and{(x,y,2) e R® | 4> = 1}
Note that the intersection of these convex surfaces is ngeharian. Let
Hy={(z,y,2) eR* | 2” + 2* < &, y* < 1} andF, = H; N {y = +1}.
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A model for acontact1-handleis given as(H, (;), whereZ; is used in gluing this
handle. Here the contatthandle acquires the usual orientationffand¢; orientsF
as the outward pointing normal vector field. The charadiersirface inH; is given by
H,Nn{z = 0}. The dividing curveéd)H, N{z = 0} dividesoH, into its positive and negative
regions:R, = 0H, N {z > 0} andR_ = JH; N {z < 0}. The characteristic foliation
on F is linear with sloper1 on H; N {y = +1} (viewed in a copy of the:z-plane) as
depicted in Figurgl2.

HiNn{y=1} Hyn{y= -1}

FIGURE 2. Characteristic foliation and the dividing set 6n= H; N {y = £1}

A model for acontact2-handleis defined a$H,, (1), whereH, = {(z,y, z) € R® | 22+
2? < 1, y? < €2}. Note that the intersection of the convex surfaees (),

{(x7y72) S Rg ‘ 33'2 + 22 = 1} and{(x,y,z) c RB | y2 = 62}

is not Legendrian. The characteristic surfaceHnis given by H, N {z = 0} and the
dividing curve on the boundary of the cont&ehandle is given by H, N {z = 0}. Let

Fy, = Hyn{z?+ 2? = 1}. Here the contad-handle is oriented by the usual orientation of
R3; —Z, orientsF, as the outward normal vector field and we usg, when we glue such
a handle alongd.

If we parametrizeF;, by (0,y) — (x =sinf,y, z = cos @) for (0,y) € [0,27] x [—¢, €],
then the equation for determining the characteristic fidimon F, becomes
(ycosf — sinB)dh + 2 sinfdy = 0,
where the orientation af; is given byd6 A dy. Therefore the characteristic foliation is the
singular foliation which is given as the integral curvesha# equation

dy 1
— = —(1— .
20 2( ycot h)
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FIGURE 3. Characteristic foliation and the dividing set i

It follows that the characteristic foliation ofi, appears as in Figufeé 3. Note that there are
two hyperbolic singular points corresponding(toy) € {(0,0), (7, 0)} and the dividing
set onF; consists of the lineé = 7 /2 andf = 37 /2.

Roughly speaking, &-dimensional contack-handle is a topologicat-handle which
carries a tight contact structure whose diving set on thenBary is depicted in Figuiig 4.
Moreover the characteristic foliations on the gluing regiof these handles are shown in

Figured 1[ P anf]3.

Dl

l\ J
0 and3-handleD? 1-handleD! x D?

2-handleD? x D!

FIGURE 4. 3-dimensional contact handles

Recall [11] that if two convex surfaces inside an ambienttaci8-manifold admit a
Legendrian curve as their common boundary, then the divimges on these convex sur-
faces will intersect that Legendrian curve in an “altemgtifashion. In the description
of the contact:-handle, fork = 1,2, however, the diving curves on the convex surfaces
which make up the boundary of the contaehandle do not meet the intersection of these
convex surfaces at an alternating fashion (see Figure 4% i$mot a contradiction since
the intersection of those convex surfaces is not Legendrian
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Next we would like to discuss contact handle attachmentsBy]attaching contadt-
handles we will just mean taking a disjoint union of some aotfi-handles. In order to
attach a contact-handle to a contad-manifold (M, &) with convex boundary, we require
thatoM has at least one component which issphere with a connected dividing set. Then
a contact3-handle attachment is just filling in thissphere by a standard contaeball.
The key point is that the image of the characteristic fadiaton the boundary; = 0H;
of the3-handle under the attaching map is adapted to the dividingedy,, and therefore
Giroux's Theorem ([7], Proposition 11.3.6) allows us to glthe corresponding contact
structures.

Suppose that)M, £) is a contacB-manifold with convex boundary, wheitg),, denotes
the dividing set ordM. In order to attach a contatthandle toM along two pointg and
q onT'5y; we identify the attaching regiof;, = D° x D? of the 1-handleH, = D! x D?
with regular neighborhoods of these point®itd. The difference from just a topologica
handle attachment is that we require the dividing set onttaelaing region of the contatt
handle to coincide witli'y,; ondM so that we can glue the contact structuredfand the
contactl-handle again by Giroux’s Theorem {([7], Proposition 11)3.Bhe idea here is that
once we initially identify the dividing curves then we cantolathe characteristic foliations
on theconvexpieces that we glue by appropriate isotopies in the collghmrhoods given
by the contact vector fields. Also we need to make sure thgtalk#ive and the negative
regions on the corresponding convex boundaries match upasthe new convex boundary
after the handle attachment has well-defigetkgions divided by the new dividing set.

—1 —1496 1-0 1
FIGURE 5. Modification of the contact-handle

Note that a contact-handle is a manifold witltorners To get a smooth contact man-
ifold as a result of a contadthandle attachment we propose the following modification
(similar to Honda’s edge rounding technigluel[11]) to thedtanLet) < e be a sufficiently
small positive real number and I¢t: [0, 1] — R be a function defined as follows:

o flyy=e—dforye|[-1+4,1-9],
e fis smooth on—1,1),
e fis concave up on botfh—-1, -1 +4) and(1 — 6, 1),
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e lim, .1y f'(y) = fo0, and
o f(£l) =e.

Such a function is depicted in Figure 5. Now consider theaegn the upper half;z-
plane under the graph of the functigrdefined over-1 < y < 1. By revolving this region
around thej-axis, topologically we get &handle (which looks like a vase). One can verify
that the contact vector field; is still transverse to the side surface as well as the top and
the bottom disks. When we glue this (modified) contattandle to a contact manifold
with convex boundary we get a smooth manifold carrying aacirgtructure which makes
the resulting boundary convex. In Figure 6, we illustrated possible contact-handle
attachments (taking into account the compatibility of theegions), where corners should
be smoothed as explained above.

FIGURE 6. Attaching contact-handles

FIGURE 7. Attaching a contac@-handle

Next we explain how to attach a cont&handle on top of a conta8tmanifold (M, £)
with convex boundary. As expected, attachment of a contheindle requires more work
compared to the other contact handles. The attaching csithie image of the core circle of
the annulug™, = 9D? x D! under the attaching malg, — OM of the2-handle. It is well-
known that in order to attach a topologi@ahandle one only has to specify the attaching
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curve ongM. To attach a contac-handle, however, we require the attaching curve to
intersectl'y,, transversely at two distinct points. This will allow one tlug the contact
structures onV/ and the2-handle as explained in great details by Giroux in ([7], Leanm
[11.3.2). The idea here is that one can construct a singolétion adapted td'y,, which
conjugates to the characteristic foliation 85 (see Figur€l3) in an annulus neighborhood
of the attaching curve on the convex surfage. In addition, just as in attaching a contact
1-handle, we need to pay attention so that theegions in the corresponding boundaries
match up appropriately. Moreover, one can smooth the cewfehe contacg-handle by

a modification which preserves the convexity of the boundsasiynilar to the modification
we explained for contadt-handles.

2. CONTACT HANDLE DECOMPOSITIONS

Theorem 2.1(Giroux). Every compact contag-manifold (closed or with convex bound-
ary) admits a contact handle decomposition.

Proof. Suppose that)M, ¢) is a connectedccontact3-manifold with convex boundary. It
follows that (M, T'syr, £) admits a compatible partial open book decomposition [12] an
in particular,(M, ) can be decomposed into two tight contact handlebodies | ) and
(N, &|n) where H is connected by our assumption thit is connected (seé[2] for no-
tation). Now we claim thatH, ¢|y) has a contact handle decomposition with a unique
contact0-handle and some contacthandles. This is becau$é/, £| ) is product disk de-
composablgl?], i.e., there exist some pairwise disjoint compressligis in H each of
whose boundary interseclsy transversely in two points, so that when we élitalong
these disks we get a standard contabiall. Clearly the resulting standard contaeball
can be considered as a contadttandle. On the other hand, the thickening of a compressing
disk satisfies our definition of a contalchandle which is attached to the contadtandle.
This proves our claim about the tight contact handleb@dy¢|;). Moreover each com-
ponent of the handlebody is also product disk decomposable. By turning the handles
upside down we conclude th@t/, £|,,) is obtained from H, £| ) by attaching some con-
tact2 and3-handles. Thus we proved th@t/, £) admits a contact handle decomposition.
Suppose thatY, ) is aconnectedandclosedcontact3-manifold. Letp be an arbitrary
pointin Y. Then, by Darboux’s theorem, there is a neighborhoogd iof Y which is just
a standard contagtball. Now the closure of the complement of this ballvins a contact
3-manifold (M, £| /) whose boundary is a convéxsphere with a connected dividing set
Lsnr. We proved above thafl/, £) admits a contact handle decomposition. Furthermore we
can obtainY, &) from (M, £| ) by gluing back the standard contaeball that we deleted
at the beginning, which is indeed equivalent to a contaeandle attachment. Hence we
proved that Y, £) has a contact handle decomposition with a unique cofitheindle and
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some contact, 2 and3-handles. If(Y,¢) is not connected then we can apply the above
argument to each of its components to obtain a contact haediemposition.
0

3. BYPASS ATTACHMENT

Recall that a bypass [11] for a convex surfacén a contact3-manifold is an oriented
embedded half-disk with Legendrian boundary, satisfying the following:

e 0D is the union of two arcs; and~, which intersect at their endpoints,
e D intersects: transversely alongs,,
e D (or D with the opposite orientation) has the following tangea@ngoD:
(1) positive elliptic tangencies at the endpointsyaf
(2) one negative elliptic tangency on the interioref and
(3) only positive tangencies along, alternating between elliptic and hyperbolic,
e 7, intersects the dividing sétexactly at three points, and these three points are the
elliptic points of~s,.

In this section we show that a bypass attachment consistpair af contactl and 2-
handles—which cancel each other out only topologically.eH® a bypass attachment we
mean attaching a thickened neighborhood of the bypasg/aligkhe attaching arg, of an
exteriorbypass is a Legendrian arc on the convex boundary of a cahtaanifold, where
v intersectd” transversely ap,, andp;, p3 € I' are the endpoints of,, as we depict in
Figure8.

FIGURE 8. The attaching arc of a bypass intersecting the dividing s {p, p2, p3 }

In order to attach a bypass along the asdndicated in Figur&l8, we first attach a con-
tact 1-handle whose feet are identified with the neighbailkaxd p; andps, respectively.
Here we pay attention to the compatibility of theregions in the surfaces that we glue
together. To be more precise, we describe the gluing mayhich identifies the gluing
region F; of the contactl-handle with two disjoint disks aroungd andp; as follows: ¢
takes(0, —1,0) to p;, the dividing arc{—1 < = < 1,y = —1,z = 0} to an arc aroungy
inT"and the ardz = 0,y = —1, —1 < z < 0} to an arc ony,. Similarly, ¢ takes(0, 1,0)
to p3, the dividing arc{—1 < = < 1,y = 1,z = 0} to an arc aroung in I" and the arc
{r =0,y =1,0 <z < 1} to an arc ony, (see Figurél9). Now we claim that we can attach
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a topologically cancelling contagthandle so that the union of the conta@nd2-handles
that we attach has the same effect as attaching a bypass-glomtence this procedure
gives the contact anatomy of a bypass attachment, whiclpistéd (locally) in Figuré .
In the following, we explain how to glue the contaehandle so that the union of the con-
tact 1 and2-handles can be viewed as a neighborhood of a bypassidisk D, U D,
whereD; is a disk in the contacthandle, fori = 1, 2.

FIGURE 9. Anatomy of a bypass attachment

Construction ofD;: The idea here is to perturb the (rectangular) disk= 0} N {x < 0}
in the contactl-handle(H, ¢;) so that the boundary of that disk is a “Legendrian” curve
on which there are one positive hyperbolic and two positlirpte singular points. To be
more precise, let; denote the Legendrian afe = z = 0} in H;; as denote the Legen-
drian arc{y = 1} N{z = —z} n{z > 0}; a3 denote a Legendrian arc connecting the points
<_ﬁ’ 1, %) and(—%, -1, —%) on 9H, (see Figure_10) and, denote the Legen-
drian arc{y = —1} N {z = z} N {z < 0}. Thena; U as U a3 U a4y bounds a surfac®,
in (Hy,¢1), where(0, 0,0) is a hyperbolic singular point an@, +1, 0) are elliptic singular
points ondD;. Moreover we orienD; such that all the singularities @hD, are positive.

Construction ofD,: The idea here is to perturb the diglk = 0} N H; in the contace-
handle( H,, ;) into a disk whose boundary is a Legendrian circle on whichetigea unique
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FIGURE 10. The diskD; has boundary; U a; U a3 U ay.

elliptic singularity. To achieve this we first perturb theneei{y = 0} on F, as follows:

Fix the points(d,y) € {(7/2,0),(37/2,0)} and push the ar¢r/2 < 0 < 37/2,y = 0}
slightly in the upward direction andthe a6 < 0 < 7/2,y =0} U{37/2 <0 < 27,y =

0} slightly in the downward direction as shown in Figlre 11; &edrian realize the per-
turbed curve and then consider the spanning diskWith a little bit of care, we can make
sure thath D, has a unique elliptic singular point &t= 7/2. More precisely, to have an
elliptic singularity at? = 7/2, the slope of the perturbed curve should agree with the slope
of the characteristic foliation at that point éf, which certainly can be arranged.

4 v

y // ﬁ /]

0 /2 ™ 3m/2 2m

FIGURE 11. Perturbation of the curvg; = 0} N F5

In order to exhibit the bypass disk, we glue the diskd); and D, along some parts
of their boundaries as follows. Let us expréds, as a union of two arck, andb, where
by = 0D, N{0 <0 < 7}andby = 0D, N {m < 0 < 27} onF,. ThenD is obtained by
gluing D; andD, where we simply identifyi; andb,. This can be achieved if the attaching
diffeomorphism takes the cofg) = 0} of the attaching regio#:, of the 2-handle?; to the
attaching curve that is indicated in Figlre 12. Note thabitnendary of the diskO consists
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of the Legendrian arcg; = a; andvy,; = as U by U ay and hence we can isotogeto be
convex. If we orientD keeping the orientation ab;, then the sign of the unique elliptic
point ondD, becomes negative. The characteristic foliation on the @osk D appears
as in Figuré_IR, since the negative elliptic singular pard isource whereas the positive
elliptic singular points are sinks and there is a unique hyplec singular point o D.

I

A 4

attaching curve

FIGURE 12. Left: Bypass diskD = D, U D, inside a bypass attachment;
Right: The characteristic foliation obR

4. AN INFINITE FAMILY OF OVERTWISTED CONTACT 3-SPHERES

An overtwisted contact3-sphere: In the following we describe a contact handle decom-
position of an overtwisted contact structyggein S3. We start with attaching a bypass to a
contact)-handle along the Legendrian arc depicted in Figufe 13 ondheex spheré 53,
where thesoutherrhemisphere is the- region.

FIGURE 13. The result of a bypass attachment to a corttdeindle
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The Legendrian arc has its endpointgaip; € I and intersect transversely gb;. The
diving set on the convex boundary of the resultiRball B3, after the bypass attachment
consists of three connected components (see Higlire 13)fatidws, by Giroux’s criterion
[7], that B, is overtwisted. Moreover we claim tha, is the standard neighborhood of
an overtwisted disk. To prove our claim we first describe d@iglawpen book ofB3,. The
partial open book of a contaéthandle is described in[3]. The pageis an annulus,
P is a neighborhood of a trivial arc connecting the distinanhponents of the boundary
of this annulus, and the monodromy is a right-handed Dehsttalfong the core of the
annulus. In[[12], Honda, Kazez and Matic describe how taiobéa partial open book
of the resulting contaci-manifold after a bypass attachment. According to theiipesc
a 1-handle is attached to the pagj@o obtain the new pagé’ as depicted in Figure_ 14.
Moreover P = P U P;, and the embedding of the new pieég into S’ is described
explicitly in Figure[14: The solid arc i#; is mapped to the dashed arc going once over the
new 1-handle. It follows that when we attach a bypass to a coft@etndle along the arc
given in Figuré 1B, the resulting partial open book (see IEid4) is nothing but a positive
stabilization of the partial open book of a standard neighbod of an overtwisted disk
([12], see alsa [3]).

FIGURE 14. Left: The new pag#’is S U the attached 1-handle af =
P U P;; Right: Thel-handleP and a right-handed Dehn twist aroundan
be viewed as a stabilization of the rest.

Next we attach another bypassBj, along the given arc 0AB2, as depicted in Fig-
ure[1%. The diving set on the convex boundary of the resuitibgll is connected as shown
in Figure[15 and therefore we can cap off the convex boundagydontacB-handle. The
resulting contacB-sphere(S3, &), which consists of a contaéthandle, two contact-
handles, two conta@-handles and a contagthandle, is indeed overtwisted. In fact, we
will show thatds(&y) = 1/2, which determines the homotopy (and hence the isotopy3 clas
of the overtwisted contact structuggin S3.

To prove our claim we observe that
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Remark 4.1. We can turn contact handles upside down and a coritdwndle becomes a
contact(3 — k)-handle when turned upside down. Moreover, a bypass turpseidie down
is another bypass attached from the other side.

Thus the second bypass and the last cortdtandle attached t®2, can be viewed
as a copy ofB3, when the contact handles are turned upside down. This isubedae
upside down bypass is attached to the coniakcaindle along an arc isotopic to the one
in Figure[I3. Hence we conclude th@?, &) can be obtained by taking the double of
the standard neighborhodsf, of the overtwisted disk instead of attaching the second by-
pass and the last contatthandle. Since we know a partial open book f8f, we can
actually construct an open book for the double by “gluing® thartial open books along
their boundaries as explained in[12]. It turns out [3] thet bpen book fof.S3, &) has a
twice punctured disk as its page and the monodromy is givem fysitive and a negative
Dehn twists along the two punctures, respectively. It isvkm@see, for example [5]) that
theds-invariant of the contact structure corresponding to surchEen book is equal tb/2.

[
iy

FIGURE 15. Left: The attaching arc of a second bypass; Right: Theeldiv
ing set after the second bypass attachment

An infinite family of overtwisted contact 3-spheres: We can generalize our discussion
above to obtain contact handle decompositions of infinitelny pairwise non-isotopic
overtwisted contac3-spheres. We first fix a positive integey and choose a sequence of
nearby pointg, po, . .., p3, on the dividing set on the boundaf3? of the contact-
handle, where theoutherrhemisphere is the region. Fork = 1,4,7,...,3n — 2, let;

be an arc isotopic to the one depicted in Fidure 13 startipg,gtassing through,, 1, and
ending atp,.». Next we attach a bypass along eaglto this contac-handle. The result
of attaching these bypasses is indeed an overtwistesll where the dividing set on the
convex boundary haz: + 1 connected components as shown in Figuie 16.

The resulting partial open book can be constructed similahén = 1 case (that we
already discussed), since a bypass attachment is just lanhachfication. Then by tak-
ing the double of the resulting overtwistaeball we get an overtwistegksphere(S3, &,).
The page of the open book compatible wits#, £,,) is a disk with2n-punctures. Let,,
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FIGURE 16. Left: The attaching arcs far bypasses; Right: The dividing
set after attaching bypasses along the given arcs

denote a right-handed Dehn twist aroumg, whereq,,, is a curve around theith punc-
ture. Then the monodromy of this open book is given[§y_, tit;}ri. It follows that,
ds(&,) = (2n + 1)/2, since¢,, can be obtained frorg,_; by a positive stabilization fol-
lowed by a negative stabilization, where a negative stadiibn increases th&-invariant
by one while a positive stabilization does not affect thetaonstructure (see, for exam-
ple, [14]). Similar to then = 1 case, instead of doubling the overtwiste8all to obtain
(53, &,), we can attach more bypasses to thisball along then arcs shown in Figurie17
and a contact-handle to cap off the resulting boundary (see Rerhaik 4.&hcl, for each
positive integem, we get an explicit contact handle decomposition of the tewsted 3-
spherg 53, £,) consisting of a conta¢khandle 2n contactl -handles2n contact2-handles
and a contacd-handle.

FIGURE 17. The attaching arcs for the second set of bypasses

5. HNAL REMARKS

It is well-known that one can slide handles in a given handlsothposition of a smooth
manifold. The natural question which arises from the dismrsin this paper is that
whether there is an analogue of handle sliding in contaablbgy. Similarly one can
ask whether there is a contact handle cancellation? It seenossthat both questions have
affirmative answers and we are planning to investigate ssties in a future work.

In addition, it may be possible to compute thé/-class of a contaci-manifold via its
contact handle decomposition. In order to achieve this goalcan first obtain a partial
open book decomposition of the cont@manifold based on its handle decomposition.
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The idea here is that the pageof a partial open book will acquire &handle once we
attach a contact-handle to the contac&-manifold at hand. The attachment of a contact
2-handle (in fact just its attaching curve) will simply detene P and its embedding in

S. The attachments of contatand3-handles will manifest themselves merely as suitable
stabilizations. Finally, to compute th8H-class of the resulting conta8tmanifold, we
apply the techniques recently developed by Honda, KazeMatid [12].
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