STEIN AND WEINSTEIN STRUCTURES ON DISK COTANGENT BUNDLES
OF SURFACES
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ABSTRACT. In [5], Gompf describes a Stein domain structure on the ditkngent bun-
dle of any closed surfacg, by a Legendrian handlebody diagram. We prove that Gompf's
Stein domain is symplectomorphic to the disk cotangent lueguipped with its canonical
symplectic structure and the boundary of this domain isacntnorphic to the unit cotan-
gent bundle of5 equipped with its canonical contact structure. As a corgllae obtain a
surgery diagram for the canonical contact structure on tfiiscotangent bundle of.

1. INTRODUCTION

Let S be a closed, connected and smooth surface, which we do nahas® be ori-
entable. The disk cotangent bundé™S of S carries the canonical symplectic structure
Wean = dAcan, @nd the unit cotangent bundi€DT*S) = ST*S carries the canonical con-
tact structur€.,,, = ker(Acan|sr=s), Wherel,, is the Liouville one form orf™*S. In [5],
Gompf showed thaD7™*S admits the structure of a Stein domain, by explicitly extiiiy
DT*S as a Legendrian handlebody diagram.

Here we prove that Gompf’s Stein domain is symplectomorphi®7™S, w..,) and the
boundary contaci-manifold is contactomorphic t&7*5, £..,). As a corollary, we obtain

a contact surgery diagram f@®7*5, £...), using a technique described by Ding and Geiges
[2, Theorem 5].

Theorem 1.1. (a) Suppose that, is a closed, connected, smooth and orientable surface of
genusy > 1. Then the Stein handlebody diagram depicted in Figure lrigodgctomorphic
to (DT*%,, wean) @and its boundary is contactomorphic (87>, &.an ).

(b) Suppose thaiv, is a closed, connected, smooth and nonorientable surfagemis
k> 1,i.e., N, = #,RP2. Then the Stein handlebody diagram depicted in Figure 2ris sy
plectomorphic tqD7T™* Ny, w..,) and its boundary is contactomorphic 87 Ny, {can)-

Remark 1.2. (i) The facts that the Stein handlebody diagram depictedguarel] is diffeo-
morphic toD7™Y, and the Stein handlebody diagram depicted in Figlre 2 isafifiorphic

to DT* N, were already proven by Gompf|[5].
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FIGURE 2. Stein handlebody
diagram for DT*N, with k
one-handles

FIGURE 1. Stein handlebody
diagram forD7*%, with 2g
one-handles

(i) The unit cotangent bundIBT*S? is diffeomorphic to the real projective spaB&?,
andé.,., is the unique tight contact structure &P°, up to isotopy (cf. [[8]). Moreover,
McDuff [12] showed that any minimal symplectic filling 0RP?, £..,,) is diffeomorphic to
DT*S? and Hind [7] showed thad7*S? is the unique Stein filling up to Stein homotopy.
Furthermore, Wend| [16, Corollary 9.44] (based on his eaxiork [15]) showed that any
minimal strong symplectic filling of RP?, ¢.,.,,) is symplectic deformation equivalent to
(DT*S?, wean)- A Stein structure o7 (S?), which is diffeomorphic to the disk bundle
over the2-sphere with Euler number2, can be described by a single Stein handle attach-
ment along a trivial Legendrian knot in the standard coriasgihere. The boundary of this
Stein domain is indeed contactomorphid$a™ (S?), £.a..)-
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(ii) The unit cotangent bundI87*T? is diffeomorphic to thé-torusT? and Eliashberd [3]
showed that.,,, is the unique strongly symplectically fillable contact sture onT?, up
to contactomorphism. Moreover, according to Wend| [15}; amnimal strong symplectic
filling of (T3, £..,,) is symplectic deformation equivalent tB7*T? = T? x D?, wean)-

(iv) The unit cotangent bundIBT*RP? is diffeomorphic to the lens spadg(4,1) and
¢.an IS the unique universally tight contact structurelify, 1), up to contactomorphism.
Moreover, McDuff [12] showed thatl(4, 1), ..,) has two minimal symplectic fillings
up to diffeomorphism: the disk cotangent bunfl&*RP?, which is a rational homology
4-ball and the disk bundle over the sphere with Euler numbér Furthermore, Hind
[7] showed that the uniqueness of the Stein fillings in eadteamnorphism class, up to
Stein homotopy. More recently, Plamenevskaya and Van WNaorris [14] showed that, in
each diffeomorphism class, there is a unique minimal syatigléilling, up to symplectic
deformation, based on the work of WendI [15].

2. UPGRADING THE DISK COTANGENT BUNDLE TO AWEINSTEIN, AND HENCE STEIN
FILLING

Let ¢;, ¢o denote local coordinates @y andp,, p» denote dual coordinates for the cotan-
gent fibers. Then we have,,, = ¥ p;dq;, andw..,, = d\.q, = X dp; N dg;. It follows that
¥ p;0,, is a Liouville vector field for the symplectic manifold7™S, w..,) transversely
pointing out ofo(DT™*S), which shows thatD7™*S, w..,) is an exact symplectic filling of
its contact boundaryST*S, £..,). Now we briefly explain how this exact symplectic fill-
ing can be upgraded to the canonical Weinstein fillingS¥f*S, £...,) as described ir[1,
Example 11.12 (2)]. Fix any Riemannian metric rand a Morse functiorf : S — R.
Let X =X p;0,, + Xr, WwhereXr is the Hamiltonian vector field of = \...(Vf). Then,
provided thatf is small enoughX is Liouville for w.,,, and gradient-like for the Morse
functiong(v) = 1/2||v||x) + f o (v), wherer denotes the bundle projecti@i ™S — S.
Thus,(DT™*S, wean, X, @) is a Weinstein filling of ST*S, £..,,). Therefore, according to][1,
Theorem 13.5]DT7™*S admits a Stein domain structufé, ¢) such that the Weinstein do-
main associated t@7™S, J, ¢) is homotopic tqDT™*S, wean, X, ¢). The main goal of this
paper is to show that such a Stein domain structur®®hS is given by the handlebody
diagrams in Figurdd 1 amd 2, up to isotopyaf*S.

3. WEINSTEIN HOMOTOPIES

3.1. Orientable case. In this section we give a proof of Theorém11.1 (a).
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Proof. Let (Jy, ¢o) denote the Stein structure &YX, given by the diagram in Figufe 1.
We first observe that, (IDT*X,, .J;) = 0 since the rotation number of tiehandle is zero
(cf. [5, Proposition 2.3]). On the other hand/jf,,, denotes an almost complex structure on
DT™*¥, which is compatible wittv,,,,, thenc; (DT*%,, J..,) = 0 as well. In fact, any exact
filling of (ST*X,, £..,) has vanishing first Chern class [10, Theorem 1.4]. Note fhat
belongs to the unique homotopy class of almost complextsire€ onD7*Y,, compatible
with w..,. Moreover, sinceH?(DT*Y,;Z) = Z has no2-torsion, the homotopy class
of an almost complex structure @i™%, is determined by its first Chern class (see, for
example, [[6, page 437]). We conclude that the integrablestiroomplex structurd,

is homotopic to thev.,,-compatible almost complex structusfg,, on D7*>,. Now, by
takingV' = DT*Y,, w = wean, X and¢ as defined in Sectidd 2, and= .J,, we deduce
by Theoreni 311 below that the Stein handlebody diagram thapin Figuré 1l is Weinstein
homotopic the canonical one, up to isotopyDaf*>:,.

Theorem 3.1. [1, Theorem 13.8Let(V,w, X, ¢) be a Weinstein manifold. Letbe an in-
tegrable complex structure dn which is homotopic to an almost complex structure com-
patible withw. Then there exists a diffeomorphigm V' — V isotopic to the identity
such that the function o h is J-convex and the Weinstein structure associated to the Stein
structure(h*J, ¢) is homotopic tqV, w, X, ¢), with fixed functionp.

Since Weinstein homotopic manifolds are symplectomorfifiicCorollary 11.21], it fol-
lows that the Stein handlebody diagram depicted in Figueitideed symplectomorphic
to (DT*%,, wean). Therefore, the boundary the Stein handlebody diagramgoreil is
contactomorphic tdST*%,, &.qn)- O

Remark 3.2. Let IV, be the Stein domain with boundary described by the Legemdria
handlebody diagram depicted in Figlfe 1 and}edenote the contact structure induced on
0W,. An independens-dimensional proof of the fact thavV,, ¢,) is contactomorphic
to (ST*X,, &.4n) Can be given as follows. Note thatV, is the circle bundle over, with
Euler numbeRg — 2, which is diffeomorphic to the unit cotangent bun8lg*%,. Letn,
denote this circle fibratiodW, — ¥,. As shown by Lisca and Stipsicdz [11, Lemma 2.1],
&, has negative twisting number, and thus it is horizontal, {gis isotopic to a contact
structure transverse to the circle fibers, by Honda’s diaasion [9, Theorem 2.11] of tight
contact structures on circle bundles over surfaces. lofiddlthaté, is universally tight
by the work of Giroux[[4, Proposition 2.4 (c)] and Honda [9,numa 3.9]. As a matter
of fact, the twisting number of, is equal to—1 since there is a Legendrian knétin
(0W,,&,) as depicted in Figuriel 3, which is isotopic to a fibermgf(see [11, pages 289-
290]). On the other hand,,,, onST*%, is tangent to the fibers of the natural circle fibration
ST*¥, — ¥,, by definition. Nevertheless, it can be made horizontal bgréitrarily small
isotopy [4, Proposition 1.4] and thus,, is also universally tight. Moreovet,.,, has



STEIN AND WEINSTEIN STRUCTURES ON DISK COTANGENT BUNDLES OSURFACES 5

twisting number—1, by [4, Lemma 3.6]. Sinc87*%, is diffeomorphic todW, and there
is a unique isomorphism class of universally tight contéittctures oro,, with twisting
number—1 (cf. [4, Theorem 3.1 (c)]), we conclude th@lV,, £,) is contactomorphic to
(ST*%,, Ecan) foranyg > 1.

s

L

FIGURE 3. The Legendrian knat linking the 2-handle at the bottom of Figuré 1

3.2. Nonorientable case. In this section we give the proof of Theoréml1.1 (b).

Proof. Let V}, be the Stein domain with boundary described by the Legemtiaadlebody
diagram depicted in Figuld 2. As observed![in [5, page 680§ @an check via Kirby
calculus that/, is diffeomorphic to the disk bundle ové¥, with Euler number — 2 =
—x(Ny), which is the disk cotangent bunddd ™ N,. It follows thatoV, is the circle bundle
over N, with Euler numbetk — 2, which is indeed diffeomorphic t87* V.

Let &, denote the contact structure 0V, induced by the Stein handlebody diagram in
Figure[2. We first observe thgt has twisting number is-1, which follows from the fact
that there is a Legendrian unknétin (ONy, &) which is isotopic to a fiber of the circle
fibration of 9V}, over V., just as in the orientable case discussed above. Note #rat ith

a double covek,_; — N, and hence by pulling back the circle fibration and the contact
structure we have a contact double co(/Mk,ék) — (OVk, &), where M, is the circle
bundle over:,_; with Euler numbeRk — 4. The twisting number o@ is also—1 and thus
(M, &) is universally tight just as in Remafk 8.2. Therefore, weabode thatdV;,, &) is
universally tight as well, since it has a contact double cew@ch is universally tight.

On the other handST*X;_1, .n) IS the contact double cover ¢87™ Ny, £can), Which
implies in particular thatST* Ny, £..,) IS universally tight. Moreover, according tol [4,
Lemma 3.6], the twisting number ¢87* Ny, £..,) IS —1, just as in the orientable case.
Now we simply observe that the contact double coN8F*> . 1, {an) O (ST Ny, Ecan)

is contactomorphic to the contact double coy#f,, &) of (94, &) by the proof given
in Remark 3.2. Moreover, we may assume that this contacteimi®gm respects the circle
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fibrations (cf. [4, Section 3 E]) and hence yields a contactgrhism of(ST™* Ny, £..,,) and
(0Vk, &) after taking the quotients. This finishes the proof of ouinal¢hat (0Vy, &) is
contactomorphic tdST™ Ny, &can)-

In the following, we prove the first assertion in Theorem h)l (Let .J, denote the Stein
structure orDT™* N, given by the diagram in Figufe 2, and 1&t,,, denote an almost com-
plex structure compatible with,.,,,. Note that there is a unique homotopy classugf,-
compatible almost complex structures and we claim thatelongs to that class. Recall
that almost complex structures @Y™ NV, correspond bijectively t&'pin® structures. We
denote bys; the Spin© structure onD7™ N, associated to an almost complex structure
(see, for examplel, [13, Chapter 6]). Note that there is attije map

Spin®(DT*N;) -2 Spin®(ST* Ny)

such that for any almost complex structufeon D7 N, we havey(s;) = t¢,, where
¢ is the oriented2-plane field onS7™N,, induced byJ, andt,, is the Spin® structure
associated t@;. By the second assertion in Theorem| 1.1 (b), which we probede
we havet;, = t¢, ,andthuss, =s,,,, sincey is injective. This implies thaf, is
homotopic toJ..,, proving our claim. Now, the first assertion in Theorenl 1 Jf¢tlows
by Theoreni 311 just as in the orientable case we discussegabo O

4. SURGERY DIAGRAMS FOR THE CANONICAL CONTACT STRUCTURES

As explained in[[2, Theorem 5], eadkhhandle in a Stein handlebody diagram can be re-
placed by a contacgt-1)-surgery along a Legendrian unknot, to obtain a surgeryrdiag

of the contact boundary of the Stein handlebody. Therefsen immediate corollary to
Theorem 1.1, we obtain a surgery diagram for the cortamanifold (ST*S, ..., ) for any
closed surface. In Figurel4, we depicted the contact surgery diagrangfgron ST*%,

for g > 1. Forg = 0, see Remark 1.2 (ii). In Figui€ 5, we depicted the contagesyr
diagram for¢,.,,, onST*N,, for k > 1.

Remark 4.1. In Figure[®, we depicted a simple surgery diagram (& (RP?), £.qn),
without any contact+1)-surgeries. The conta8tmanifold described by the surgery di-
agram in Figurél5 fok = 1 is contactomorphic to the one in Figure 6. As smodth
manifolds the diffeomorphism between them can be given gaence of Kirby moves.
Namely, after converting the diagram in Figlfe 5 fo& 1 into a smooth surgery diagram,
we just perform a Rolfsen twist along thdramed unknot and then blow-down the result-
ing +1-framed unknot to obtain a4-framed unknot, which is the usual smooth diagram
of L(4,1). Itis plausible that the aforementioned contactomorpliambe shown directly
by using the set of moves in contact surgery diagrams intredlby Ding and Geiges|[2].
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FIGURE 4. Surgery diagram for the canonical contact strucfuygeon the
unit cotangent bundle of,, where the dashed box is repeated 1 times,
forg>1
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FIGURE 5. Surgery diagram for the canonical contact strucfureon the
unit cotangent bundle a¥,, where the dashed box is repeated 1 times,
fork > 1

FIGURE 6. A simple surgery diagram f@S7™* (RP?), £,.,,)
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