MILNOR OPEN BOOKS OF LINKS OF
SOME RATIONAL SURFACE SINGULARITIES

MOHAN BHUPAL AND BURAK OZBAGCI

ABSTRACT. We determine Legendrian surgery diagrams for the canboar#act
structures of links of rational surface singularities thet also small Seifert fibred
3-manifolds. Moreover, we describe an infinite family of Minfillable contaci3-
manifolds so that, for each member of this family, the Milgenus and Milnor norm
are strictly greater than the support genus and support obthe canonical contact
structure. For some of these contact structures we constpporting Milnor open
books.

1. INTRODUCTION

The link of a normal complex surface singularity carries aaracal contact structure
¢ean (@.K.a. the Milnor fillable contact structure) which is soged by any Milnor open

book on this link[7]. The canonical contact structgrg, is known to be Stein fillable

[5] and therefore it is tight [11]. In fact,.,, is universally tight, i.e., the pullback to
the universal cover is tight [25].

In [17], three numerical invariants of contact structuresewlefined in terms of open
books supporting the contact structures. These invaraetshe support genug(¢)
(the minimal genus of a page of a supporting open book fpthe binding number
bn(¢) (the minimal number of binding components of a supportingropook for¢
with minimal genus pages) and the support neir() (minus the maximal Euler
characteristic of a page of a supporting open boolJor

Moreover, a new set of invariants were derived(in [1], speaify for the canonical

contact structuré,.,,, on the link of a complex surface singularity by restrictihg set

of open books to only Milnor open books on the link at hand.hiis article we will

call these invariants the Milnor gendi& (..., ), the Milnor binding numbedb(€...,.),
1
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and the Milnor normMn(&.,,,) of the canonical contact structugg,,,. Note that the
well-known Milnor numbercorresponds to the first Betti number of the page of the
Milnor open book in our context.

It follows by definition thatsg(&ean) < Mg(€ean) andsn(€eern) < Mn(&eqn), SiNCE
the set of Milnor open books is a subset of all open books orlikeof a surface
singularity. (No such inequality exists, however, betweeart,,,,) and Mb(&.q,), In
general.) In Sectiohl9, we show that for each positive intégehere is a rational
surface singularity whose canonical contact strucfuresatisfies

k' S Mg(fcan) - Sg(fcan) and k' S Mn(gcan) - Sn(gcan)-

An immediate consequence is the existence of links of sersargularities carrying
open books which are not isomorphic to Milnor open books. Aatleer consequence,
we deduce that Milnor open books are neither norm nor gennismaing although our
aim originally was to show that the support genus of a Milnitalfie contact structure
is realized by a Milnor open book. We find this result interegssince there are other
instances in geometric-topology, where the “complex regméatives” are minimizers.
Most notably, the link of a compleglanecurve singularity bounds a smooth complex
curve of genus equal to its Seifert genus.

The aforementioned examples are the canonical contactstes on links of some
rational surface singularities which are also small Sefibred 3-manifolds. In Sec-
tion [8, we identify the canonical contact structuresadinsuch manifolds via their
Legendrian surgery diagrams. Note that a Legendrian sudjagram is perhaps the
most efficient way of describing a contact structure—frora@otogical point of view,
since it also allows one to calculate many invariants of thetact structure (e.g., the
Euler class of the underlying oriented plane field) by easdyverting the diagram
into a smooth handlebody diagram.

2. OPEN BOOKS AND CONTACT STRUCTURES

A complete exposition of the correspondence between opekstend contact struc-
tures can be found in the lecture notes of Etnire [15]. Indbkigtion, we would like to
recall some basic definitions for the sake of completeness.
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Suppose that for an oriented lirf in a closed and orientettmanifold Y, the com-
plementY” \ B fibers over the circle as: Y \ B — S! such thap~!(¢) = ¥, is the
interior of a compact surface with>; = B, for all t € S'. Then(B, p) is called an
open book decompositigar just anopen bookof Y. For eacht € S!, the surfaces,

is called gpage while B is referred to as thkindingof the open book.

The monodromy of the fibratiop is defined as the diffeomorphism of a fixed page
which is given by the first return map of a flow that is transeeis the pages and
meridional near the binding. The isotopy class of this diff@rphism is independent
of the chosen flow and we will refer to that as thenodromyf the open book decom-
position. In order to describe the monodromy of an open bapkatly, one usually
writes it as a product of Dehn twists along some curves on dge pin this paper, we
will denote a right-handed (resp. left-handed) Dehn twish@ a curven asa (resp.

a~ 1), for simplicity.

An open book can also be described as follows. First contfiganapping torus

Yo = 10,1 x X/(1,2) ~ (0, ¢(x))

whereX. is a compact oriented surface witlhoundary components agds an element
of the mapping class group;, of X. Since¢ is the identity map o@X, the boundary
0%, of the mapping toru&, can be canonically identified with copies of7? =
St x S, where the firstS! factor is identified with[0,1]/(0 ~ 1) and the second
one comes from a component@f. Now we glue inr copies ofD? x S! to cap off
¥, so thatdD? is identified withS* = [0,1]/(0 ~ 1) and theS* factor in D? x S*

is identified with a boundary component 8E. Thus we get a closeg-manifold

Y = ¥4 U, D?* x S* equipped with an open book decomposition whose binding is
the union of the core circles of thB? x S''s that we glue toX,; to obtainY. In
conclusion, an element € I's determines &-manifold together with ambstract
open book decomposition on it. Notice that by conjugatiregtfonodromyy of an
open book on a 3-manifold by an element if'y; we get an isomorphic open book on
a3-manifoldY” which is diffeomorphic tar".

It has been known for a long time that every closed and orietvmanifold admits an
open book decomposition. A new interest in open books-oranifolds arose recently
from their connection to contact structures, which we wasdribe very briefly.
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Recall that a (positive) contact struct@ren an oriented-manifold is locally the ker-
nel of al-form « such thaix A dae > 0. In this paper we assume thgis coorientable,
i.e.,a is a global 1-form.

Definition 2.1. An open book decompositigiB, p) of a 3-manifoldY is said tosup-
port a contact structureon Y if £ can be represented by a contact farrauch that
evaluates positively o andda is a symplectic form on every page.

In [34], Thurston and Winkelnkemper associated a contaatstre to every open
book. It turns out that the contact structure they constaies in fact supported by
the underlying open book. (Definitidn 2.1 was not availaliltha time.) To state the
converse we need a little digression.

Suppose that an open book decomposition with pagespecified by € I's,.. Attach
al-handle to the surfaceé connecting two points oflY to obtain a new surface’. Let

~ be a closed curve iR’ going over the new-handle exactly once. Define a new open
book decomposition with’ = ¢ o ¢, € I'sy, wheret, denotes the right-handed Dehn
twist alongy. The resulting open book decomposition is callgmbaitive stabilization

of the one defined by. Notice that although the resulting monodromy depends on
the chosen curve, the 3-manifold specified by}, ¢’) is diffeomorphic to the3-
manifold specified by, ¢). A converse to the aforementioned result of Thurston and
Winkelnkemper is given by

Theorem 2.2(Giroux [20]). Every contact structure on a&manifold is supported by
an open book. Two open books supporting the same contactwggladmit a common
positive stabilization. Moreover two contact structuregpgorted by the same open
book are isotopic.

3. LEGENDRIAN SURGERY DIAGRAMS

Recall that a knot in a contaétmanifold is called Legendrian if it is everywhere
tangent to the contact planes. In order to have a better stagheling of the topological
constructions in the later sections, we discuss a standaydawisualize Legendrian
knots inR? (and thereforeS®) equipped with the standard contact structéye =
ker(dz + x dy).
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Now consider a Legendrian knét C (R?, ;) and take itsront projection, i.e., its
projection to thez-plane. Notice that the projection has no vertical tange(since
—j—; = x # o0), and for the same reason at a crossing the strand with srabdfe is
in front. It turns out thatl can beC?-approximated by a Legendrian knot for which
the projection has only transverse double points @mpsingularities (see_[18], for
example). Conversely, a knot projection with these propeives rise to a unique

Legendrian knot inNR3, £,;) by definingz from the projection asrg—;. Since any

projection can be isotoped to satisfy the above properéiesty knot inS® can be
isotoped (non uniquely) to a Legendrian knot.

There are two classical invariants of a Legendrian kixoThe Thurston—Bennequin
numbertb(L) and the rotation numbent(L). Recall thatb(L) is the contact fram-

ing of L (measured with respect to the Seifert framingSi), which can be easily

computed from a front projection di. Definew(L) (thewrithe of L) as the sum of

signs of the double points. For this to make sense we need &ém fxientation on the

knot, but the result is independent of this choice:(lf) is the number of cusps, then
th(L) = w(L) — 1¢(L).

The rotation numberot(L) is defined by trivializingé,; along a Seifert surfac&
whose oriented boundary isand then taking the winding number 6. with respect
to this trivialization. For this invariant to make sense weed to orient’, and the
result changes sign by reversing the orientation. Si#iégs3; Z) = 0, this number is
independent of the chosen trivialization.clf{ L) (resp.c,(L)) denotes the number of
down (resp. up cusps in the projection, thent(L) = 3(ca(L) — c,(L)).

To describe the Stein fillable contact structures that wéwlgth in this paper we use
Legendrian knots (actually their front projections) addats: Consider the standard
Stein 4-ball B* with the induced standard contact structure on its bound@hen
attach Weinsteirz-handles|[[35] along an arbitrary Legendrian linkdi* = S® to
this ball. By the work of Eliashberg[10] the Stein structore3* extends over the-
handles as long as the attaching framing of eablandle is one less than the Thurston—
Bennequin number. The resulting Stein domain has an indooethct structure on
its boundary which can be represented by the front projeaidahe Legendrian link
along which we attach th2-handles. Such a front projection is calledlegendrian
surgery diagran(see[21] for a thorough discussion). Notice that Legemdsizrgery
is equivalent to performing conta¢t-1)-surgery along the given Legendrian link in
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the standard contaét® [9]. To describe all Stein fillable contact structures in gye,
one needs-handles as well, but those will not appear in our discussion

4. MILNOR OPEN BOOKS AND CANONICAL CONTACT STRUCTURES

Let (X, z) be an isolated normal complex surface singularity (cf.! J2&Jix a local
embedding of X, z) in (CV,0). Then a small spher§?”~! c CV centred at the
origin intersectsX transversely, and the complex hyperplane distribugighon M =
X N 8?1 induced by the complex structure df is called thecanonicalcontact
structure. It is known that, for sufficiently small radiasthe contact manifold is
independent of and the embedding, up to isomorphism. Bamanifold M is called
the link of the singularity and//, ¢.,,,) is called thecontact boundaryf (X, z). Note
that whileY denotes a generdtmanifold, we usel for those which are Milnor-
filled.

Definition 4.1. A contact manifold(Y, ¢) is said to beMilnor fillable and the germ
(X, x) is called aMilnor filling of (Y, &) if (Y, &) isisomorphic to the contact boundary
(M, &..r,) Of SOmMe isolated complex surface singulatily, ).

In addition, we say that a closed and orienethanifold Y is Milnor fillable if it
carries a contact structugeso that(Y, ¢) is Milnor fillable. Such a contact structuge
is called a Milnor fillable contact structure.

By a theorem of Mumford [27], if a contact 3-manifold is Milnfillable, then it can
be obtained by plumbing oriented circle bundles over sedaccording to a weighted
graph with negative definite intersection matrix. Convistsefollows from a well-
known theorem of Grauelt [22] that any 3-manifold that isegivy plumbing oriented
circle bundles over surfaces according to a weighted gragihmnegative definite in-
tersection matrix is Milnor fillable. As for the uniquenedsMilnor fillable contact
structures, we have the following fundamental result.

Theorem 4.2([7])). Any closed and oriente&¥manifold has at most one Milnor fillable
contact structure up to isomorphism.

In summary, Milnor fillability of a closed and orientédmanifold Y is determined
entirely by its topology and it is Milnor fillable, then it carries a canonical contact
structuret,,,, which is unique up to isomorphism.
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Since the ground-breaking result of Giroux][20], the geaynet contact structures is
often studied via their topological counterparts, namgligrobook decompositions. In
the realm of surface singularities this fits nicely with sonwk of Milnor [26].

Definition 4.3. Given an analytic functiorf: (X, z) — (C, 0) vanishing at, with an
isolated singularity at, the open book decompositi@®s3 of the link M of (X, z)

with binding L = M N f~1(0) and projectionr = %: M\ L — S'c Ciscalled the
Milnor open booknduced byf.

Such functiong exist and one can talk about many Milnor open books on theutang
ity link M. Therefore, there are many Milnor open books on any givendfifillable

contact3-manifold (Y, £), since, by definition, it is isomorphic to the lifR/, .,,,) of

some isolated complex surface singulatily, ).

A Milnor open book on a Milnor fillable3-manifold Y has two essential features as
shown in [7]:

() It supports the canonical contact structgrg, and
(i) it is horizontal when considered on the plumbing dgsioin of Y.

Suppose that th&-manifoldY” is obtained by plumbing oriented circle bundigs —
S;, fori =1,2,...,r. For anyr-tuple of nonnegative integers= (n,ns,...,n,) a
vertical link of typen consists of a disjoint union of; generic fibers from each bundle
M; — S;. An open book ort” is calledhorizontalif its binding is a vertical link and
its pages are transverse to the fibres. We also require thatrigntation induced on
the binding by the pages coincides with the orientation efftbres induced by the
fibration.

5. RATIONAL SURFACE SINGULARITIES

Let (X, x) be a germ of a normal complex surface having a singularity Recall that
(X, z) is called rationall[2] if the geometric genpsg := dim:H' (X, Ox) is equal to
zero, whereX — X is a resolution of the singular pointe X. This definition does
not depend on the resolution.

Now fix a resolutionr : X — X and denote the irreducible components of the excep-
tional divisorE' = 7~ (z) by |;_, E;. Thefundamental cyclef E is by definition the



8 MOHAN BHUPAL AND BURAK OZBAGCI

componentwise smallest nonzero effective diviSor ) z; E; satisfyingZ - E; < 0
foralll <i<r.

It turns out that the singularityX, =) is rational if each irreducible componeht of
the exceptional divisoF is isomorphic taCP! and

Z-Z+ z(—E} -2)=-2,
=1
whereZ = ) z;E; is the fundamental cycle of. Note that once a dual resolution
graph of a surface singularity is given, then the so-calladfer algorithm[[24] can
be applied to calculate the corresponding fundamentakcytherefore the criterion
above makes it particularly simple to identify the givenggilarity as rational.

Suppose thatX, =) is a germ of a normal complex surface having a rational sargyl
atz. Then we have the following

Theorem 5.1([1]). Both the page-genus and the page-genus plus the numbersf bin
ing components of the Milnor open boO}3 ; are minimized whetf is taken to be the
restriction of a generic linear form o@” to (X, z) for some / any local embedding of
(X, z)in (CN,0).

If OB,.;, denotes the Milnor open book given by taking the restricoba generic
linear form onC¥ to (X, z) for some local embedding dfX, z) in (CV,0), then
Theoreni 5.1l implies thatlg(&....) = g(OB,in) @andMb(&.q,) = be(OB,uin ), Where
g(OB) (resp.bc(OB)) denotes the page-genus (resp. the number of binding compo-
nents) of the open boakR5. We will call OB,,,;,, the minimalMilnor open book. For

the Milnor norm, note that, from the definition,

Mn(€ean) = min{2g(OB) — 2 + be(OB)},

where the minimum is taken over all supporting Milnor opepnksx¥B. Hence it also
follows from Theoreni 51 that

Mn(gcan) - QQ(OBmm) — 2 + bC(OBmzn)
=2 Mg(gcan) -2+ Mb(gcan)'

Remark 5.2. The equationn(&) = 2sg(£) — 2 + bn(&) is not necessarily true for an
arbitrary contact structurg as illustrated in[[3, 12].
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Suppose that: X — X is a good resolution of X, z) and letF,, ..., E, denote
the irreducible components of the exceptional divigorGiven an analytic function
f: (X,z) — (C,0) vanishing atz, with an isolated singularity at, the open book
decompositionD5; is a horizontal open book with binding a vertical link of type
n = (ny,...,n,.), Where then; are defined as follows: Consider the decomposition
(form)=(fom)e+ (fon), of the divisor(f o ) € Div(X) into its exceptional and
strict parts such thatf o ). is supported orZ anddim(|(f o ), N E| < 1. Then

n; is the number of components ©f o 7) which cutE;. It is known that the--tuple

n = (ny,...,n,) satisfies
(5.1) I(T(m)m' = —n'

for somer-tuplem = (my,...,m,) of positive integers, wheré(I'(7)) denotes the
intersection matrix of the dual resolution grapfir) associated ta andt is used for
transpose. Inf]1, Lemma 3.1] it is proved that

2 )

(5.2) g(OBy) =1+ Z (v

wherev; denotes the number of irreducible curdes j # i, in E intersectingE; for
i1=1,...,r. Also

be(OBs) = .
=1

On the other hand, it follows from the work of Artial[2] thatrfany r-tuple n of
nonnegative integers which satisfies[5.1) for sorngplem of positive integers there
is a Milnor open book decomposition of the boundary(af, ) whose binding is
equivalent to a vertical link of type.

The upshotisthati¥Z =Y., 2 E; is the fundamental cycle of the resolutionthen
the above construction for thetuplem = (21, . . ., 2,) gives the minimal Milnor open
book OB8,,,, which we will also denote b B(m).

Remark 5.3. A generalization of Theorem 5.1 is given for all Milnor fillgtrational
homology3-spheres in[31] (see also [30]), where the following forasuére proven:

Mg(&ean) =2 - E—Z-7Z and Mb(&eon) = —Z2 - E.
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6. TIGHT CONTACT STRUCTURES ON SMALLSEIFERT FIBRED3-MANIFOLDS

A smallSeifert fibored3-manifold Y is a closed and orienteddmanifold which admits

a Seifert fibration oves? with at most three singular fibres. Equivalently, such a man-
ifold Y = Y'(eq; r1,72,73) can be described by the rational surgery diagram depicted
in Figure[1, where, € Z andr; € (0,1)NQ, fori = 1,2, 3.

FIGURE 1. Rational surgery diagram for the small Seifert fibied
manifoldY (eq; 71, 72, 73)

One can also obtain an integral surgery description’ adis follows. Consider the
continued fraction expansion ef%:

for some uniquely determined integeﬁ@, ce aﬁf} < —2. Let K(()i) denote the unknot
with framing e, in Figure[d, fori = 1,2, 3. Now replace the unknot with coefficient
—L, by achain of unknots (", ..., K\ with integral framings:\”, . . ., '}, respec-
tivély, so that

1 if [j— k=1

(@) (N _
(K", K, )—{ 0 otherwise

J
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for0 < j,k < n; andi = 1,2,3. As we discuss below, this “star shaped” integral
surgery presentation is very convenient in terms of deswilbtein fillable contact
structures ory’.

In [36], all tight contact structures odri are classified up to isotopy under the assump-
tion thate, < —3. It turns out that they are all Stein fillable and can be regme=d

by Legendrian surgery diagrams which are obtained by aliptesLegendrian real-
izations (without double points) of the unknots imposedhm/durgery coefficients in
the integral surgery description &f. Moreover, in[19], it was shown that the same
classification scheme works for the cage= —2, as long ag” is assumed to be an
L-space. Recall that a rational homology sphere is callefl-apace if its Heegaard

Floer homology is as simple as possible, itk HF(Y) = |H, (Y Z)|.

Note that the link of any rational surface singularity is &space by a theorem of
Némethi [29]. A necessary condition for tBemanifold Y = Y (eq; 7,72, 73) to be
the link of a rational singularity is that < —2; however, it is not sufficient.

7. PLANAR MILNOR OPEN BOOKS

By a weighted plumbing graph we mean a graph such that eatéxvierdecorated
by some integer “weight”. Such a graph naturally representsosed oriented-
manifold—called a graph manifold, which can be describddléswns. For each vertex
of the graph, one takes an oriented circle bundle 6#ewhose Euler number is equal
to the weight of that vertex and plumbs these bundles togettenrding to the given
graph. This means that if there is an edge connecting twaceerin I', then one
plumbs the circle bundles corresponding to these vertibése precisely, one first
removes a neighborhood of a circle fibre on each circle bundieh is given by the
preimage of a disk on the base sphere. The resulting boundary on each circle
bundle can be identified wit! x S! using the natural trivialization of the circle
fibration over the disk that is removed. Now one glues theselles together using
the diffeomorphism that exchanges the two circle factortherboundary tori.

If the graph is a tree, in particular, then an integral syrgaesentation of thé-
manifold is readily available by replacing each vertex byuaknot framed by the
weight of that vertex such that any two of these unknots ateetli once if there is an
edge between the vertices they represent and they are edlotkerwise.
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Recall that the degree of a vertex in a graph is the numbergdsdmanating from
that vertex. A vertex in a weighted plumbing graph is calldzhd vertex if the sum of
the weight (the Euler number) and the degree of that vertpasgive.

Proposition 7.1. If Y is the link of a rational surface singularity presented bylampb-
ing tree without any bad vertices, th&nhcarries a planar Milnor open book.

Proof. Let I" be a plumbing tree fo¥” with r verticesvy, ..., v, so thaty; has Euler
numbere; and degreel;. Suppose thal' has no bad vertices, i.ez; + d; < 0 for
1 =1,...,r. An explicit planar horizontal open bo@R with binding a vertical link
of type

n = (—61—dl,—eg—dg,...,—er—dr)
was constructed on such a graph manifbléh [13]. Now it is easy to check that for
m=(1,1,...,1), we have

I(D)m' = —n',

where(I") denotes the intersection matrix of the tiéavhich definesy’. Suppose
thatY” is the link of some rational surface singularity, z). Thenm corresponds
to the fundamental cycle of the minimal resolution(&f, ). As we indicated in the
last paragraph in Sectidn 5, the binding of the minimal Milopen book?5,,,;,, is a
vertical link of typen as well. Since the open book35 and0B,,,;,, on the rational
homology3-sphereY have equivalent bindings, it follows, by a result of Caubed a
Popescu-PampUll[8], thé&s is isotopic toOB,,.;,. This proves thal” carries a planar
Milnor open book, i.e.Mg(&..,) = 0. Moreover, since the binding @5 is a vertical

link of type n, we haveMb (&ean) = — Y (e;+d;) and henc@in(&ean) = Mb(&ean) —
=1

2. UJ

In the proof of Proposition 711 we showed that the horizootan bookOB con-
structed in[[13] is isotopic to a Milnor open book, which ingsl that the horizontal
contact structure supported l§y53 is isomorphic to¢.,,, on such rational singular-
ity links. On the other hand, Legendrian surgery diagramsuch horizontal contact
structures (which are known to be Stein fillable) were stdidie[32]. A lens space
L(p, q), for example, is given by a linear plumbing diagram withouoy &ad vertices.
Equivalently an integral surgery diagram bfp, ¢) is given by a chain of unknots so
that linking number between every two consecutive unkmnotsgual to+1 and the
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framing of every unknot is less than or equaHd. The next result is a rewording of
Proposition 3.2 in[[32].

Proposition 7.2. Orient the unknots in the linear integral surgery diagranvigg
L(p, q) so that the linking number is 1 between any two consecutive unknots. A Leg-
endrian surgery diagram fof..,, on L(p, q) is obtained by Legendrian realizing each
unknot with maximum possible rotation number imposed tsurigery coefficient.

Note that a Legendrian realization of an unknot with maxinpossible rotation num-

ber imposed by its surgery coefficient is given by a front@ctipn without any double

points and with a single up cusp or a single down cusp, depgraii the chosen orien-
tation. Once we orient any knot in the chain descrihirig, ¢), the orientations of the

other knots are determined uniquely, by the hypothesisaop@sitiod 7.2. Hence there
are two choices of overall orientations inducing two Legeandsurgery diagrams for

¢.an Which are mirror images of each other. In other worgls, is represented by a
Legendrian surgery diagram where all the zigzags of all tegelndrian unknots are
on the left or all on the right (see Figure 4 in [32]). Nevel#ss, these two diagrams
induce isomorphic contact structures, where the undeylgiane fields are obtained
from each other by simply reversing the orientations.

There are two key properties used to prove Propositioh 7)2thé¢ linear plumb-
ing diagram ofL(p, q) does not have any bad vertices and (ii) all the tight contact
structures on.(p, ¢) are Stein fillable and given by all possible Legendrian eeali
tions (without double points) of the unknots in the plumbdiggram. In Sectiofl6,
we described a star shaped plumbing diagram of a small Séileed 3-manifold
Y = Y(eo;r1, 12, 73) Which does not include any bad vertices as long@as< —3.
Therefore it is straightforward to generalize Proposifioa to all rational singularity
links which are small Seifert fibred spaces with< —3, using the methods in [32]
coupled with Wu’s classification [36] of tight contact sttues on such manifolds.
This generalization is included in the statement of ThedBelrfor which we present
a more conceptual proof.

8. LEGENDRIAN SURGERY DIAGRAMS FOR
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CANONICAL CONTACT STRUCTURES

Theorem 8.1.LetY = Y(eg; r1,79,73) be a small Seifert fibred-manifold which is
diffeomorphic to the link of some rational surface singujar Orient the unknots in
the star-shaped integral surgery diagram givilig so that the linking number is 1
between any two consecutive unknots in every chain. A Legerglrgery diagram
for .., ONY is obtained by Legendrian realizing each unknot with maxmpossible
rotation number imposed by its surgery coefficient.

Proof. Suppose thatY’, £..,,) is diffeomorphic to the link of the rational surface singu-
larity (X, x). Then the minimal resolution: X — X provides a holomorphic filling
(W, J) of (Y, &.an)- In particular,)V is a regular neighborhood of the exceptional divi-
sorE = |J E; of n. Since the curveg&; are holomorphic, by the adjunction formula,
we have

<Cl(J), [E]]> = Ej . Ej — 2genus(Ej) —+ 2 = Ej . Ej + 2.

Recall that in Sectioh]6 we discussed the classificationghit ttontact structures on
a small fibred3-manifold Y under the assumption that is an L-space for the case
eo = —2, which is satisfied for a rational singularity link. For easich3-manifold
Y, there are finitely many tight contact structuggs. . ., &, all of which are Stein
fillable. Moreover, fori = 1,...,m, a Stein filling(W?, J%) of & is given by taking
a Legendrian surgery diagram, obtained from the plumbieg ttescribing”, with
the zigzags chosen in a certain way. Denotéjl;f))a component of the corresponding
Legendrian link and les denote the associated surface in the Stein fil[iig, J*)
obtained by pushing a Seifert surface drinto to the4-ball and capping off by the
core of the correspondingthandle (se€[21]). Notice that eatli’ is diffeomorphic
to W by a diffeomorphism which carrieSj. to E; for eachj.

Now, using the well-known identities

S]". . S]". = tb(Uj) -1, {cr(J1), [Sj]} = rot(Uj)
(see [21] for the second), observe thaf(.J*), [Si]) = Si - Si + 2 precisely when
rot(U?) = th(U}) + 1. Since the latter equality holds exactly when all the cudps o
U; except one are up cusps, it follows that(J), [E)]) = <c_1_(J’), [S3]) for eachy
precisely when all the extra zigzags are chosen so that tieéadhl cusps are all up
cusps, that is, when all the extra zigzags are chosen on the fseed side (which is
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determined by the orientation of the Legendrian unknotk froof is now completed
by noting that in the finite list of tight contact structuras ¥ there is only one such
Stein fillable contact structure up to isomorphism (cf.| [36]). O

9. MILNOR VERSUS SUPPORT GENUS

In this section, we describe an infinite family of Milnor fitlee contacB-manifolds so
that for each member of this family, the support genus (reepn) of the canonical
contact structure istrictly less than its Milnor genus (resp. norm).

Consider the small Seifert fibreimanifoldY, = Y (-2; 1, 2, 7). for p > 2. First,
we observe that,, whose dual resolution gragh is shown in Figurél2, is the link of a
rational complex surface singularity. By the classificatdthe tight contact structures
onY,, given by Ghigginil[19], there are exactly two nonisotopgtti contact structures
& and&, on'Y), both of which are Stein fillable. A Legendrian surgery dagrof¢;
is depicted on the bottom right in Figuré 2. By putting ther@xtigzag on the blue

curve on the opposite side, we get a diagrantfor

-2 -2 =2 -2 -2 =2
[ T XXX
-

pcurves 3

=) p curves

p curves

FIGURE 2. The contact structure= &; = &.,, 0nY,

Proposition 9.1. For i = 1, 2, we havesg(¢{;) < 1 andsn(¢;) = 2.
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Proof. We first construct a supporting elliptic (i.e. genus one)ropeok with two
binding components for some Stein fillable contact strectuon Y, following the
recipe in [16]. We start from the plumbing diagram on the &fpih Figure[2 (which

is equivalent to a smooth surgery diagram including onlynatg linked according to
the given tree) and “roll up” this diagram by appropriateligiag handles to obtain
the surgery diagram df,, on the bottom left. Next we Legendrian realize the given
surgery curves in a certain way (as depicted on the top nighigure 2) to obtain the
Legendrian surgery diagram for some Stein fillable contmattures onY,, which is
isomorphic ta¢; depicted on the bottom right. We refer to [16] for the juséfion of
such statements.

a3

[12

Oy @5

3 a

FIGURE 3. The page of an open book compatible w§th

In order to construct an open book Bf supportingé, we start from an open book
of S® and then embed the surgery curves onto the pages as depictbe ¢eft in
Figure[3. Note that we used a color coding to make it easiethfreader to follow
how the surgery curves are embedded on the page. The iragalig a torus with one
boundary component and the monodromy of this open bodk dfefore the surgery
is given bySay, wherea; and generate the first homology group of the page. Now
we apply Legendrian surgeries along the given curves torgepan book of, with
monodromyy, = ayy? 3 3a;d, whered is parallel to the small puncture on the torus,
which occurs as a result of stabilizing the page approgyiatéext we moves over

73 to the left and use the fact thatt = o, to geto, = asfBaifPad. Then we use
the well-known braid relations and some simple overall agajions to obtain a more
symmetrical presentation of the monodromy as

op = (a23)* (a1 3)?BP26.
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What we described here is abstractopen book which is compatible witfy where
the page is a torus with two boundary components and mongdi®g),. Note that

& is isomorphic to&; (which is isomorphic t&,, since one can not distinguish the
abstract open books correspondingt@nd(,). It follows thatsg(¢;) < 1, since we
have already constructed a genus one open book compatihbl€.wi

Using the handlebody diagram &f, depicted on the bottom left in Figufé 2, it is
straightforward to calculate that

23@23 p:2m0d3,
Zgy otherwise.

Hl(Y;%Z) = {

Moreover, one can show that the Poincaré ddal(e(¢;)) € H(Y,,Z) of the Euler
classe(¢;) is a generator of one of thé;-factors wherp is congruent t@ mod 3.
Similarly PD(e(¢;)) is a generator off; (Y, Z) whenp is not congruent t@ mod 3.
Therefore the contact structuggcan not be compatible with an elliptic open book with
connected binding by Lemma 6.1 in[17], sing&;) # 0. Note thate(&;) = —e(&2),
which implies that; is not homotopic t@, as oriented plane fields, although they are
isomorphic to each other. In fagt, is obtained front; by reversing the orientation of
the underlying plane field.

Now we claim thatn(¢;) = 2. To prove our claim we need to exclude the possibility
that¢; is compatible with a planar open book with less than four imgd¢omponents.
Suppose thag; is compatible with a planar open book, isg(¢;) = 0. If bn(&;) < 2,
then¢; is the unique tight contact structure on the lens spagen — 1) for some

n > 0 (cf. [17]) which is indeed impossible sing§ is not a lens space.

Next we rule out the possibility thaih(¢;) = 3. Let X be the planar surface with three
boundary components. Any diffeomorphism %fis determined by three numbers
q,7, s, that give the number of Dehn twists on curvesr,, 73 parallel to each boundary

component. Itis easy to see that the 3-manifold determigekdopen book with page

>} and monodromy given by 7 is the Seifert fibred-manifoldY (0, —¢, -1, —).

Note that the first homology group &f(0, —¢, —, —) has ordegr + gs + rs.

r
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Suppose thag; is compatible with an open book with pagieand monodromy-/75 75 .
The tightness of; implies that the integerg r, ands are all nonnegative, because oth-
erwiser{ ;75 is not right-veering[[23]. Moreover, since the order of thrstfhomol-
ogy group ofY, is 9, for all p > 2, we conclude thatg, r, s) is equal to eithe(0, 1,9),
(0,3,3) or (1,1,4). Hencey, is diffeomorphic to eitherL(9, 8), L(3,2)#L(3,2) or
L(9,4), which is a contradiction. Hencén(¢;) > 4. This finishes the proof of our
claim thatsn(¢;) = 2. O

One can ask whether or ngi(¢;) = 1, although it is not essential for the purposes
of this paper. There are two known methods (cf/ [14, 33]) adifig obstructions to
planarity of a contact structure, but unfortunately bothifeour case. That is because
Y, is anL-space and it is not an integral homology sphere.

Proposition 9.2. For the canonical contact structuig,,, on the rational singularity
link Y, we haveMg(&..,,) = 2 andMn(&.,,,) = 3.

Proof. Enumerate the vertices of the plumbing graplptlepicted in Figurél2 from
left to right along the top row with the bottom vertex comiragt. It is then easy
to check that thep + 4)-tuple of positive integersn corresponding to the funda-
mental cycle of the minimal resolution of the singularitywfich Y), is the link is
given bym = (1,2,3,3,...,3,3,2,1,1). The construction in_[4] now gives an open
book decompositiot0B(m) = OB,.;, of Y, with binding a vertical link of type
n=(0,0,1,0,...,0), wherem andn are related by

I(T,)m' = —n'.

Using formula [B.R) withr = p + 4, one hasMg(¢.on) = g(OB(m)) = 2 for the
canonical contact structurg,,, on Y,. Also one hasVb({..,) = be(OB(m)) =
21;:4 n; = 1 and thereforéVin(¢..,) = 3, completing the proof of the proposition.

0
Corollary 9.3. Forp > 2, we havesg(£ean) < Mg(Eean) @andsn(€een) < Mn(&eqy,) for
the canonical contact structugg,,, on the singularity linky,.

Proof. Since any Milnor fillable contact structure is Stein fillaldg,,, is isomorphic
to &; by Ghiggini’s classification [19]. Note that it does not maense to distinguish
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—2 -2 -2 -2 -2 -2 -2
*—0 o —0
\/‘J \//
n vertices n vertices
—(n+1)

FIGURE 4. The plumbing graph foP,

& andé, here since they are isomorphic to each other. Thus Propo&id coupled
with Propositiod 9.2 clearly implies the corollary. O

Remark 9.4. Note, however, thatlb(¢..,) = 1 while bn(&..,) > 2, which shows that
the binding number is not necessarily less than or equaktdilnor binding number.

We can improve Corollarly 9.3 as follows.

Theorem 9.5.For each positive integek, there is a Milnor fillable contact-manifold
such thatMg(&.an) — sg(€can) = k andMn(&een) — sn(Eean) > k.

Proof. The small Seifert fibred-manifold P, = Y (—2; HLH, e, 0g) forn > 2,isa
rational singularity link, whose dual resolution grapheépdtted in Figurél4. There are
exactlyn nonisotopic tight contact structurés . . ., &, on P,, each of which is Stein
fillable [18]. On the other hand; is supported by an elliptic open book withhinding
components, fot < i < n [16]. This proves thatg({..,,) < 1 andsn(&..,) < n since

the canonical contact structufg,, on P, is isomorphic tc; for somel < i < n.

Now enumerate the vertices of the graph in Figure 4 from leftight along the
top row with the bottom vertex coming last and consider (e + 2)-tuple m =
(1,2,3,....n—1,n,n+ 1,n,n—1,...,3,2,1,1) of positive integers. This corre-
sponds to the fundamental cycle of the minimal resolutiothefsingularity of which
P, is the link. It follows thatMg(..,,) = n andMn(&..,,) = 2n— 1. Takingk = n—1
now proves the theorem. O
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FIGURE 5. Pages of two different Milnor open books Biti—2; 1, 3, 1)

10. ANAL REMARKS

The minimal Milnor open boolOB,,;, onY = Y (eg;ry, 19, 73) realizesMg(&ean),
Mb(&ean) @andMn(&.,,,). In fact, it follows from the proof of Theorein 8.1 given in
[1] that OB,,.;,, is the unique Milnor open book that realize€g;({..,), Mb(&..,) and
Mn(&..r,). Thus any other Milnor open book dnthat realizedig(¢..,,) cannot realize
Mb(&ean) @ndMn(E.,,). For example, consider tiiemanifoldY = Y/(—2; 1,1, 1),
which is the link of the singularityD,. The pages of two Milnor open books oh
are given in Figuré]5. The first one is the minimal Milnor opesok OB,,;, =
OB((1,2,1,1)) with page a once-punctured torus and monodrgmy («3)?; the sec-
ond one is the Milnor open boaRB = OB((2,2, 1, 1)) with page a twice-punctured
torus and monodromy satisfyingy? = d,d.a3. Using the uniqueness result from [6]
and the two-holed torus relation one can check that o as8a3Bas. Itis easy to see
thatOB is related ta0B,,,;, by a single positive stabilization.
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